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PREFACE.

j^BOUT thirty years ago I commenced to develop the consequences of 

certain important geometrical and dynamical discoveries properly 

associated with the illustrious names of Poinsot and Chasles, Hamilton 

and Klein. The result of my labours I have ventured to designate as 

“ The Theory of Screws.”

As the theory became unfolded I communicated the results in a long 

series of memoirs read chiefly before the Royal Irish Academy. To 

this learned body I tender my grateful thanks for the continual kind­

ness with which they have encouraged this work.

I published in 1876 a small volume entitled The Theory of Screws: 

A Study in the Dynamics of a Rigid Body. This contained an account 

of the subject so far as it was then known.

But in a few years great advances were made, the geometrical 

theories were much extended, and the Theory of Screw-chains opened 

up a wide field of exploration. The volume just referred to became 

quite out of date.

A comprehensive account of the subject as it stood in 1886 was 

given in the German work Theoretische Mechanik starrer Systeme: Auf 

Grund der Methoden und Arbeiten und mit einem Vorworte von Sir Robert 

S. Ball, herausgegeben von Harry Gravelius, Berlin, 1889. This work was 

largely a translation of the volume of 1876 supplemented by the sub­

sequent memoirs, and Dr Gravelius made some further additions.

The theory was still advancing, so that in a few years this considerable 

volume ceased to present an adequate view of the subject. For example, 

the Theory of Permanent Screws which forms perhaps one of the most
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instructive developm ents w as not com m unicated to  the R oyal Irish  A cadem y  

until 1890. T he tw elfth and la test m em oir of the series contain ing the  

so lu tion of an im portan t problem w hich had been under consideration  

for tw enty-five years did not appear until 1898.

It therefore seem ed that the tim e had now com e w hen an attem pt 

should be m ade to set forth the T heory of Screw s as it stands at 

present. T he present w ork is the resu lt. I have endeavoured to include  

in these pages every essential part of the T heory as contained in the  

tw elve m em oirs and m any other papers. B ut the w hole subject has  

been rev ised and rearranged and indeed largely rew ritten , m any of the  

earlier parts have been recast w ith im provem ents derived from la ter 

researches, and I should also add that I have found it necessary to  

in troduce m uch that has not been previously published .

T he pleasant duty rem ains of expressing m y thanks for the help that 

I have received from friends in preparing th is book. I have received  

m ost usefu l aid from Prof. W . B urnside, M r A . Y . G . C am pbell, 

M r G . C haw ner, M r A . W . Panton , M r H . W . R ichm ond, M r R . R ussell, 

and D r G . Johnstone Stoney . In the labour of revising the press I have  

been aided by M r A . B erry , M r A . N . W hitehead , and lastly by Professor 

C . J. Jo ly, w ho it w ill be seen has contribu ted several valuable notes.

Finally , I m ust express m y hearty thanks to the C am bridge U niver­

sity Press for the liberality w ith w hich they undertook the publication  

of th is book and for the w illing consent w ith w hich they have m et 

all m y w ishes.

R O B E R T S . B A L L .

O b s e r v a t o r y ,

C a m b r i d g e , 17 May, 1900.
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THE THEORY OF SCREWS.

INTRODUCTION.

Th e Theory of Screws is founded upon two celebrated theorems. One 

relates to the displacement of a rigid body. The other relates to the forces 

which act on a rigid body. Various proofs of these theorems are well known 

to the mathematical student. The following method of considering them 

may be found a suitable introduction to the present volume.

ON THE REDUCTION OF THE DISPLACEMENT OF A RIGID BODY TO ITS 

SIMPLEST FORM.

Two positions of a rigid body being given, there is an infinite variety 

°f movements by which the body can be transferred from one of these 

positions to the other. It lias been discovered by Chasles that among these 

movements there is one of unparalleled simplicity. He has shown that a 

free rigid body can be moved from any one specified position to any other 

specified position by a movement consisting of a rotation around a straight 

line accompanied by a translation parallel to the straight line.

Regarding the rigid body as an aggregation of points its change of

place amounts to a transference of each point P to a new point Q. The

initial and the final positions of the body being given each point P corre­

sponds to one Q, and each Q to one P. If the coordinates of P be given

then those of Q will be determined, and vice versa. If we represent P by 

its quadriplanar coordinates xlt x2, xa, x4, then the quadriplanar coordinates 

36, ^2, 2/3, y4 of Q must be uniquely determined. There must, therefore, 

be equations connecting these coordinates, and as the correspondence is 

essentially of the one-to-one type these equations must be linear. We 

shall, therefore, write them in the form

y4 = (11) Xj + (12) x2 + (13) x3 4- (14) x4, 

3/2 = (21) x, +(22) x.j+ (23) x3 + (24) x4, 

y3 = (31) x4 + (32) x2 + (33) x3 + (34) x4, 

yt = (41) x4 + (42) x2 + (43) x3 + (44) x4.

B. 1
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If we make ;yx = y2 = px.2, y3 = pa;3, y4 = px4 we can eliminate x2, x3, x4 

and obtain the following biquadratic for p,

(11) -p, (12) (13) (14)

(21) (22) -p, (23) (24)

(31) (32) (33) -p, (34)

(41) (42) (43) (44) — p

The four roots of this indicate four double points, i.e. points which remain 

unaltered. But these points are not necessarily distinct or real.

What we have written down is of course the general homographic trans­

formation of the points in space. For the displacement of a rigid system is 

a homographic transformation of all its points, but it is a very special kind of 

homographic transformation, as will be made apparent when we consider what 

has befallen the four double points.

In the first place, since the distance between every two points before the 

transformation is the same as their distance after the transformation it 

follows that every point in the plane at infinity before any finite trans­

formation must be in the same plane afterwards. Hence the plane at infinity 

remains in the same position. Further, a sphere before this transformation is 

still a sphere after it. But it is well known that all spheres intersect the 

plane at infinity in the same imaginary circle fl. Hence we see not only that 

the plane at infinity must remain unaltered by the transformation but that a 

certain imaginary circle in that plane is also unaltered.

A system of points P,, P2, P, &c. on this circle fl will, therefore, have 

as their correspondent points Qt, Q.2, Q3, &c. also on fl. As all anhar- 

inonic ratios are unaltered by a linear transformation it follows that the 

systems Plt P.,, P3, &c. and Qt, Q2, Q:„ &c. are homographic. There will, 

therefore, be two double points of this homography, 01 and 0.2, and these will 

be the same after the transformation as they were before. They are, there­

fore, two of the four double points of which we were in search.

It should be remarked that the points 0, and 0., cannot coincide, for if 

they coincide in 0, then 0 must be the double point corresponding to a 

repeated root of the biquadratic for p. But such a root is real. Hence 0 

must be real. But every point on £1 is imaginary. Hence this case is 

impossible.

As fl is unaltered and 01 and 02 are fixed, the tangents at 0, and 02 

are fixed, and so is therefore T, the intersection of these tangents; this is 

accordingly the third of the four points wanted. It lies in the plane at 

infinity, but is a real point. The ray 0j0a is also real; it is the vanishing 

line of the planes perpendicular to the parallel rays, of which T is the 

vanishing point.
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In general in any homographic transformation there cannot be four distinct 
double points in a plane, unless every point of the plane is a double point.

01 suppose Pj, P2, P3, Pt were four distinct coplanar double points and that 

any other point R had a correspondent R'. Draw the conic through Plt P2, 

1 R. 1 hen R must lie on this conic because the anharmonic ratios 

i. P2, Ps, Pt) and R'(Plt P2t P3> P4) are equal. We have also 
Pi(P2, P3, Pit R) and P1(P.2, P3t P4> R') equal, but this is impossible if R 

and R be distinct. R is therefore a double point.

In the case of the displaced rigid body suppose there is a fourth distinct 

double point in the plane at infinity. Each ray connected with the body 

will then have one double point at infinity, so that after the transformation 

the ray must again pass through the same point, i.e. the transformed position 

of each ray must be parallel to its original position. This is a special form of 

displacement. It is merely a translation of the whole rigid system in which 

every ray moves parallel to itself.

In the more general type of displacement there can therefore be no 
double point distinct from T, (\, 0, and lying in the plane at infinity. Nor 

can there be in general another double point at a finite position T'. For if 

so, then the ray T1 is unaltered in position, and any finite point T" on the 

lay TT’ will be also unaltered, since this homographic transformation does 

not alter distances. Hence every point on TT’ is a double point. Here 

again we must have fallen on a special case where the double points instead 

of being only four have become infinitely numerous. In this case every point 

on a particular ray has become a double point. The change of the body from 

one position to the other could therefore be effected by simple rotation around 
this ray.

There must however be four double points even in the most genera] case. 
Not one of these is to be finite, and in the plane at infinity not more than 

three are to be distinct. The fourth double point must be in the plane at 

infinity, and there it must coincide with either Olt 02 or T. Thus we learn 

that the most general displacement of a rigid system is a homographic trans­

formation of all its points with the condition that two of its double points are 

on the imaginary circle fl in the plane at infinity, while the pole of their chord 

gives a third. Of these three one, we shall presently see which one, is to be 

regarded as formed of two coincident double points.

All rays through T are parallel rays, and hence we learn that in the 

general displacement of a rigid body there is one real parallel system of 

rays each of which L is transformed into a parallel ray L'. Let A be any 

plane perpendicular to this parallel system. Let L and L' cut A in the points 

R and R'. Then as L and L' move, R and R' are corresponding points in two 

plane homographic systems. Any two such systems in a plane will of course

1 — 2
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have three double points. The special feature of this homographic trans­

formation is that every circle is transformed into a circle. Each circle passes 

through the two circular points at infinity in its plane. These two points in 

A are therefore two of the double points of the plane homographic trans­

formation. There remains one real point X in A which is common to the 

two systems. The normal S to A drawn through X is therefore the one and 

only ray which the homographic transformation does not alter.

This shows that in the most general change of a rigid system from one 

position to another there is one real ray unaltered Hence every point on »S' 

before the transformation is also on S afterwards. There must therefore be 

two double points distinct or coincident on S. But we have already proved 

that in the general case there is no finite double point. Hence S must 

have two coincident double points at T. Thus we learn that in the general 

transformation of a system which is equivalent to the displacement of a rigid 

body, there is one real point at infinity which is the result of two coinciding 

double points, and the polar of this point with respect to the imaginary 

circle on the plane at infinity cuts that circle in the two other double points.

The displacement of the rigid body can thus be produced either by 

rotating the body around ,S’ or by translating the body parallel to S, or by 

a combination of such movements. We are therefore led to the funda­

mental theorem discovered by Chasles.

Any given displacement of a rigid body can be effected by a rotation about 

an axis combined with a translation parallel to that axis.

Of much importance is the fact that this method of procedure is in 

general unique. It is easily seen that there is only one axis by rotation about 

which, and translation parallel to which, the body can be brought from one 

given position to another given position. Suppose there were two axes P 

and Q, which possessed this property, then by the movement about P, all the 

points of the body originally on the line P continue thereon; but it cannot 

be true for any other line that all the points of the body originally on that 

line continue thereon after the displacement. Yet this would have to be true 

for Q, if by rotation around Q and translation parallel thereto, the desired 

change could be effected. We thus see that the displacement of a rigid body 

can be made to assume an extremely simple form, in which no arbitrary 

element is involved.

ON THE REDUCTION OF A SYSTEM OF FORCES APPLIED TO A RIGID BODY

TO ITS SIMPLEST FORM.

It has been discovered by Poinsot that any system of forces which act 

upon a rigid body can be replaced by a single force, and a couple in a plane
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perpendicular to the force. Thus a force, and a couple in a plane perpen­
dicular to the force, constitute an adequate representation of any system of 

forces applied to a rigid body.

It is easily seen that all the forces acting upon a rigid body may, by 

transference to an arbitrary origin, be compounded into a force acting at the 

origin, and a couple. Wherever the origin be taken, the magnitude and 

direction of the force are both manifestly invariable; but this is not the case 

either with the moment of the couple or the direction of its axis.

The origin, however, can always be so selected that the plane of the 

couple shall be perpendicular to the direction of the force. For at any origin 

the couple can be resolved into two couples, one in a plane containing the 

force, and the other in the plane perpendicular to the force. The first com­

ponent can be compounded with the force, the effect being merely to transfer 
the force to a parallel position; thus the entire system is reduced to a force, 

and a couple in a plane perpendicular to that force.

It is very important to observe that there is only one straight line which 

possesses the property that a force along this line, and a couple in a plane 

perpendicular to the line, is equivalent to the given system of forces. Sup­

pose two lines possessed the property, then if the force and couple belonging 

to one were reversed, they must destroy the force and couple belonging to the 

other. But the two straight lines must be parallel, since each must be parallel 

to the resultant of all the forces supposed to act at a point, and the forces 

acting along these must be equal and opposite. The two forces would there­

fore form a couple in a plane perpendicular to that of the couple which is 

found by compounding the two original couples. We should then have two 

couples in perpendicular planes destroying each other, which is manifestly 
impossible.

We thus see that any system of forces applied to a rigid body can be 

made to assume an extremely simple form, in which no arbitrary element is 

involved.

These two principles being established we are able to commence the 

Theory of Screws.



CHAPTER I.

TWISTS AND WRENCHES.

1. Definition of the word Pitch.

The direct problem offered by the Dynamics of a Rigid Body may be 

thus stated. To determine at any instant the position of a rigid body 

subjected to certain constraints and acted upon by certain forces. We may 

first inquire as to the manner in which the solution of this problem ought to 

be presented. Adopting one position of the body as a standard of reference, 

a complete solution of the problem ought to provide the means of deriving 

the position at any epoch from the standard position. We are thus led to 

inquire into the most convenient method of specifying one position of a body 

with respect to another.

To make our course plain let us consider the case of a mathematical point. 

To define the position of the point P with reference to a standard point A, 

there can be no more simple method than to indicate the straight line along 

which it would be necessary for a particle to travel from A in order to arrive 

at P, as well as the length of the journey. There is a more general 

method of defining the position of a rigid body with reference to a certain 

standard position. We can have a movement prescribed by which the body 

can be brought from the standard position to the sought position. It was 

shown in the Introduction that there is one simple movement which will 

always answer. A certain axis can be found, such that if the body be rotated 

around this axis through a determinate angle, and translated parallel to the 

axis for a determinate distance, the desired movement will be effected.

It will simplify the conception of the movement to suppose, that at each 

epoch of the time occupied in the operations producing the change of position, 

the angle of rotation bears to the final • angle of rotation, the same ratio 

which the corresponding translation bears to the final translation. Under 

these circumstances the motion of the body is precisely the same as if it were 

attached to the nut ot a uniform screw (in the ordinary sense of the word),
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which had an appropriate position in space, and an appropriate number of 

threads to the inch.

In the Theory of Screws the word pitch is employed in a particular sense 

that must be carefully noted. We define the pitch of a screw to be the 

rectilinear distance through which the nut is translated parallel to the axis 

of the screw, while the nut is rotated through the angular unit of circular 

measure. The pitch is thus a linear magnitude. It follows from this 

definition that the rectilinear distance parallel to the axis of the screw 

through which the nut moves when rotated through a given angle is simply 

the product of the pitch (if the screw and the circular measure of the 

angle.

2. Definition of the word Screw.

It is a fundamental principle of the theory developed in these pages 

that the dynamical significance of screws is precisely analogous to their 

kinematical significance. It is, therefore, essential that in the formal 

definition of the particular sense the word screw is to bear in this volume 

no prominence can be assigned to kinematical terms or conceptions unless 

it can be equally given to dynamical terms and conceptions. This condition 

is fulfilled by excluding both Kinematics and Dynamics and constituting the 

screw as the geometrical entity thus described.

A screw is a straight line with which a definite linear magnitude termed the 

pitch is associated.

We shall often denote a screw by a symbol, and then usually by a small 

Greek letter. With reference to these symbols, a caution may be necessary. 

If, for example, a screw be denoted by a, then a is not an ordinary algebraic 

quantity. It is a symbol which denotes all that is included in the conception 

of a screw, and requires five quantities for its specification ; of these four are 

required to determine the position of the straight line, and the pitch must be 

specified by a fifth. It will often be convenient to denote the pitch by a 

symbol, derived from the symbol employed to denote the screw to which the 

pitch belongs. The pitch of a screw is accordingly represented by appending 

to the letter p a suffix denoting the screw. For example, pa denotes the pitch 

of a and is an ordinary algebraical quantity.

3. Definition of the word Twist.

We have next to define the use to be made of the word twist.

A body is said to receive a twist about a screw when it is rotated uniformly 

about the screw, while it is translated uniformly parallel to the screw, through 

a distance equal to the product of the pitch and the circular measure of the 

angle of rotation.
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4. A Geometrical Investigation.

We can now demonstrate that whenever a body admits of an indefinitely 

small movement of a continuous nature it must be capable of executing that 

particular kind of movement denoted by a twist about a screw.

Let A1 be a standard position of the body, and let P be any marked 

point of the body initially at P1. As the body is displaced continuously to a 

neighbouring position, P will generally pursue a certain trajectory which, as 

the motion is small, may be identified with its tangent on which Pn is a 

point adjacent to P,. In travelling from PT to Pn, P passes through the 

several positions, . In a similar manner every other point, Qt, of the

rigid body will pass through a series of positions, Q2, &c., to Qn. We thus 

have the points of the body initially at Plt Qlt Rlt respectively, and each 

moves along a straight line through the successive systems of positions 

-Pa, Qi, Ri, &c., on to the final position Pn, Qn, Rn. We may thus think of 

the consecutive positions occupied by the body A2, A3, &c., as defined by the 

groups of points P„ Q1; Rt and P2, Q.., R2, &c. We have now to show that if 

the body be twisted by a continuous screw motion direct from A, to An, it 

will pass through the series of positions yL, As, &c. It must be remembered 

that this is hardly to be regarded as an obvious consequence. From the 

initial position A1 to the final position .4(l, the number of routes are generally 

infinitely various, but when these situations are contiguous, it is always 

possible to pass by a twist about a screw from to An via the positions 

-4-2, -å-S • • ■ An_

Suppose the body be carried direct by a twist about a screw from the 

position to the position An. Since this motion is infinitely small, each 

point ol the body will be carried along a straight line, and as P, is to be 

conveyed to Pn, this straight line can be no other than the line j Pj P,,. 

In its progress P1 will have reached the position P2, and when it is 

there the points Qlt j?j will each have advanced to certain positions along 

the lines Q,Qn and RjRn, respectively. But the points reached by Qt and 

J?, can be no other than the points Q., and R2, respectively. To prove this 

we shall take the case where P1; Rt are collinear. Suppose that when 

Pi has advanced to P2, shall not have reached Q.,, but shall be at 

the intermediate point Q„. (Fig. 1.) Then the line P^Qx will have moved to 

PiQo, and as can only be conveyed along while at the same time 

it must lie along P2Q2, it follows that the lines P2Q„ and R1R2 must intersect 

at the point Ro, and consequently all the lines in this figure lie in a plane, 

further, P2Q2 and P2Q„ are each equal to as the body is rigid, and so 

also P2R„ and P2R2 are equal to P1R1. Hence it follows that QjQo and R1R0 

are parallel, and consequently all the points on the line P1Q1R1 are displaced 

in parallel directions. It would hence follow that the motion of every point 

in the body was in a parallel direction, and that consequently the entire



5] TWISTS AND WRENCHES.

movement was simply a translation. But even in this case it would be 

impossible for the points Qo and _R0 to be distinct from Q.2 and R2, because,

when a body is translated so that all its points move in parallel lines, it is 

impossible, if the body be rigid, for the distances traversed by each point not 

to be all equal. We have thus demonstrated that if a body is free to 

move from a position A2 to an adjacent position An by an infinitely small 

but continuous movement, it is also free to move through the series of 

positions A2, As, &c., by which it would be conveyed from At to An by a twist.

We may also state the matter in a somewhat different manner, as 

follows:—It would be impossible to devise a system of constraints which 

would permit a body to be moved continuously from A2 to An, and would at the 

same time prohibit the body from twisting about the screw which directly 

conducts from A2 to An. Of course this would not be true except in the case 

where the motion is infinitely small. The connexion of this result with the 

present investigation is now obvious. When A is the standard position of the 
body, and /] ail adjacent position into which it can be moved, then the body 

is free to twist about the screw defined by A and B.

5- The canonical form of a small displacement.

In the Theory of Screws we are only concerned with the small displace­

ments of a system, and hence we can lay down the following fundamental 

statement.

The canonical form to which the displacement of a rigid body can be 

reduced is a twist about a screw.

If a body receive several twists in succession, then the position finally 

attained could have been reached in a single twist, which is called the 

resultant twist.
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Although we have described the twist as a compound movement, yet in 

the present method of studying mechanics it is essential to consider the 

twist as one homogeneous quantity. Nor is there anything unnatural in 

such a supposition. Everyone will admit that the relation between two 

positions of a point is most simply presented by associating the purely 

metric element of length with the purely geometrical conception of a 

directed straight line. In like manner the relation between two positions of 

a rigid body can be most simply presented by associating a purely metric 

element with the purely geometrical conception of a screw, which is merely a 

straight line, with direction, situation, and pitch.

It thus appears that a twist bears the same relation to a rigid body which 

the ordinary vector bears to a point. Each just expresses what is necessary 

to express the transference of the corresponding object from one gi ven position 

to another*.

6. Instantaneous Screws.

Whatever be the movement of a rigid body, it is at every instant twisting 

about a screw. For the movement of the body when passing from one 

position to another position indefinitely adjacent, is indistinguishable from 

the twist about an appropriately chosen screw by which the same displacement 

could be effected. The screw about which the body is twisting at any 

instant is termed the instantaneous screw.

7. Definition of the word Wrench.

It has been explained in the Introduction that a system of forces 

acting upon a rigid body may be generally expressed by a certain force 

and a couple whose plane is perpendicular to the force. We now employ 

the won! wrench, to denote a force and a couple in a plane perpendicular to 

the force. The quotient obtained by dividing the moment of the couple by 

the force is a linear magnitude. Everything, therefore, which could be 

specified about a wrench is determined (if the force be given in magnitude), 

when the position of a straight line is assigned as the direction of the force, 

and a linear magnitude is assigned as the quotient just referred to. 

Remembering the definition of a screw (§ 2), we may use the phrase, 

wrench on a screw, meaning thereby, a foi-ce directed along the screw and 

a couple in a plane perpendicular to the screw, the moment of the couple 

being equal to the product of the force and the pitch of the screw. Hence 

we may state that

The canonical form to which a system of forces acting on a rigid body 

can be reduced is a wrench on a screw.

Compare M. René de Saussure, American Journal of Mathematics, Vol. xvm. No. 4, p. 337.
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It a rigid body be acted upon by several wrenches, then these wrenches 

could be replaced by one wrench which is called the resultant wrench.

A twist about a screw a requires six algebraic quantities for its complete 

specification, and of these, five are required to specify the screw a. The sixth 

quantity, which is called the AMPLITUDE o f  t h e t w is t , and is denoted by 

61, expresses the angle of that rotation which, when united with a translation, 

constitutes the entire twist.

The distance of the translation is the product of the amplitude of the twist 

and the pitch of the screw, or in symbols, a'pa. The sign of the pitch 

expresses the sense of the translation corresponding to a given rotation.

If the pitch be zero, the twist reduces to a pure rotation around a. If 
the pitch be infinite, then a finite twist is not possible except the amplitude 

be zero, in which case the twist reduces to a pure translation parallel to a.

A wrench on a screw a requires six algebraic quantities for its complete 

specification, and of these, five are required to specify the screw a. The sixth 

quantity, which is called the in t e n s it y  o f  t h e  w r e n c h , and is denoted by 

a > expresses the magnitude of that force which, when united with a couple, 

constitutes the entire wrench.

Ihe moment of the couple is the product of the intensity of the wrench 

and the pitch of the screw, or in symbols, a" pa. The sign of the pitch 

expresses the direction of the moment corresponding to a given force.

If the pitch be zero, the wrench reduces to a pure force along a. If the 

pitch be infinite, then a finite wrench is not possible except the intensity be 

zero, in which case the wrench reduces to a couple in a plane perpendicular

n the case of a twisting motion about a screw a the rate at which the 

amp i tude of the twist changes is called the t w is t  v e l o c it y  and is denoted 
by a.

8. Restrictions.

It is first necessary to point out the restrictions which we shall impose 

upon the forces. The rigid body M, whose motion we are considering, is 

piesuined to be acted upon by the same forces whenever it occupies the same 

position. The forces which we shall assume are to be such as form what is 

known as a conservative system. Forces such as those due to a resisting medium 

are excluded, because such forces do not depend merely on the position of 
the body, but on the manner in which the body is moving through that 

position. The same consideration excludes friction which depends on the 

direction in which the body is moving through the position under considera­

tion.
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But the condition that the forces shall be defined, when the position is 

given, is still not sufficiently precise. We might include, in this restricted 

group, forces which could have no existence in nature. We shall, therefore, 

add the condition that the system is to be one in which the continual creation 

of energy is impossible.

An important consequence of this restriction is stated as follows:—The 

quantity of energy necessary to compel the body M to move from the 

position J. to the position B, is independent of the route by which the change 

has been effected.

Let L and M be two such routes, and suppose that less energy was 

required to make the change from A to B via L than via M. Make the 

change viå L, with the expenditure of a certain quantity of energy, and then 

allow the body to return via M. Now, since at every stage of the route M 

the forces acting on the body are the same whichever way the body be 

moving, it follows, that in returning from B to A. via M, the forces will give 

out exactly as much energy as would have been required to compel the body 

to move from A to B via. M; but by hypothesis this exceeds the energy 

necessary to make the change via L, and hence, on the return of the body to 

A, there is a clear gain of a quantity of energy, while the position of the body 

and the forces are the same as at first. By successive repetitions of the 

process an indefinite quantity of energy could be created from nothing. This 

being contrary to experience, compels us to admit that the quantity of energy 

necessary to force the body from A to B is independent of the route 

followed.

It follows that the amount of work done in a number of twists against 

a wrench is equal to the work that would be done in the resultant twist.

For, the work done in producing a given change of position is independent 

of the route.

We may calculate the work done in a twist against a wrench by deter­

mining the amount of work done against three forces which are equivalent 

to the wrench, in consequence of the movements of their points of application 

which are caused by the twist.

We shall assume the two lemmas—1st. The work done in the displace­

ment of a rigid body against a force is the same at whatever point in its line 

of application the force acts. 2nd. The work done in the displacement of a 

point against a number of forces acting at that point, is equal to the work 

done in the same displacement against the resultant force.

The theorem to be proved is as followsThe amount of work done in a 

given twist against a number of wrenches, is equal to the work done in the 

same twist against the resultant wrench.
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Let n wrenches, which consist of 3n forces acting at Ait...A3n, compound 

into one wrench, of which the three forces act at P, Q, R. The force at J.* 

may generally be decomposed into three forces along PAk, QAk, RAk. By 

the 2nd lemma the amount of work (JF) done against the 3n original forces, 

equals the amount of work done against the 9n components. It, therefore, 

appears from the 1st lemma, that W will still be the amount of work done 

against the 9ra components, of which 3n act at P, 3n at Q, 3n at R. Finally, 

by the 2nd lemma, W will also be the amount of work done by the original 

twist against the three resultants formed by compounding each group at 

P> Q, R. But these resultants constitute the resultant wrench, whence 

the theorem has been proved.

We thus obtain the following theorem, which we shall find of great 

service throughout this book.

If a series of twists A1,...Am, would compound into one twist A, and 

a series of wrenches Blt...Bn, would compound into one wrench B, then 
the energy that would be expended or gained when the rigid body per­

forms the twist A, under the influence of the wrench B, is equal to the 

algebraic sum of the mn quantities of energy that would be expended or 

gained when the body performs severally each twist A1,...Am under the 

influence of each wrench B1,...Bn.

We have now explained the conceptions, and the language in which 

the solution of any problem in the Dynamics of a rigid body may be pre­

sented. A complete solution of such a problem must provide us, at each 

epoch, with a screw, by a twist about which of an amplitude also to be 

specified, the body can be brought from a standard position to the position 

occupied at the epoch in question. It will also be of much interest to know 

e instantaneous screw about which the body is twisting at each epoch, as 

e as its twist velocity. Nor can we regard the solution as quite complete, 
unless we also have a clear conception of the screw on which all the forces 

acting on the body constitute a wrench of which we should also know the 

intensity.

There is one special feature which characterises that portion of Dynamics 

which is discussed in the present treatise. We shall impose no restrictions 

on the form of the rigid body, and but little on the character of the con­

straints by which its movements are limited, or on the forces to which the 

rigid body is submitted. The restriction which we do make is that the body, 

while the object of examination, remains in, or indefinitely adjacent to, its 

original position.

As a consequence of this restriction, we here make the remark that the 

amplitude of a twist is henceforth to be regarded as a small quantity.
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If it be objected, that with so great a restriction as that just referred to, 
only a limited field of inquiry remains, the answer is as followsA perfectly 

general investigation could yield but a slender harvest of interesting or 
valuable results. All the problems of Physical importance are special cases 

of the general question. Thus, a special character m the constraints has pro­
duced the celebrated problem of the rotation of a rigid body about a fixed 

point. To vindicate our particular restriction it seems only necessary to 
remark, that the restricted inquiry still includes the theory of Equilibrium, 

of Impulsive Forces, and of Small Oscillations.

Whatever novelty may be found in the following pages will, it is 

believed, be largely due to the circumstance that, with the important 
exception referred to, all the conditions of each problem are of absolute 

generality.



CHAPTER II.

THE CYLINDROID.

9- Introduction.

Let a and ß be any two screws which we shall suppose to be fixed both 

ln Position and in pitch. Let a body receive a twist of amplitude a' about 

a’ flowed by a twist of amplitude ß' about ß. The position attained 

could have been arrived at by a single twist about some third screw p with 

an amplitude p. We are always to remember that the amplitudes of the 
twists are infinitely small quantities. With this assumption the order in 

which the twists about a and ß are imparted will be immaterial in so far 

as the resulting displacements are concerned. The position attained is the 

same whether a follows ß' or ß' follows a'.

Any change in a' or in ß' will of course generally entail a change both in 

the pitch and in the position of p. It might thus seem that p depended 

upon two parameters, and that consequently the different positions of p 

would form a doubly infinite series, known in linear geometry as a 

congruence. But this is not the case, for we prove that p depends only 

upon the ratio of a' to ß' and is thus only singly infinite.

lake any point P and let ha be the perpendicular distance from P to a, 

while pa is as usual the pitch of the screw; then the point P is transferred 

by the twist about a through the distance

Vp? + V a'.

The twist about ß conveys P to a distance

+ h? ß'.

The resultant of these two displacements conveys P in a direction which 

depends upon the ratio of a to ß', and not upon their absolute magnitudes.

Let P and Q be two points on p, then the resultant displacement will 

convey P and Q to points P' and Q' respectively which are also on the axis
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of p Suppose that a and ß' be varied while their ratio is preserved P 

and Q will then be transferred to P" and Q" while by the property just 

proved P P' P" will be collinear and so will Q, Q', Q"- It therefore follows 

that as P, P', Q, Q’ are collinear so will P, Q, P", Q." be collinear. The line 

PQ will therefore be displaced upon itself for every pair of values a and 

ß which retain the same ratio. The position of the resultant screw is thus 

not altered by any changes of a! and ß', which preserves their ratio.

Let w be the angle between a and ß. We take the case of a point P 

at an infinite distance on the common perpendicular to a and ß. 1 ns 

point is displaced through a distance equal to

h Va'2+/37?+ 2a'/3' cos &>,

where h stands for the infinite perpendicular distance from P to a or to ß. 

This displacement of P is normal to p which itself intersects at right angles 

the common perpendicular to a and ß. As the perpendicular distance from 

P to p can only differ by a finite quantity from h

bp' = A Va'2 + ß'2 + 2a ß' cos &>,

p' = Va'2 -I- ß'2 + 2a'ß’ cos w.

This determines the amplitude of the resulting twist which is, it may be 

noted, independent of the pitches.

Let d> be the angle between the directions in which a point Q on p is 

displaced by the twists about a and ß, then the square of the displacement 

of Q will be 
(p2 + V) a'2 + (pf + V) ß'2 + 2 V/V + V vaß' cos </>;

but this may also be written

pp2 (a'2 + ß'2 + 2a ß' cos cP), 

whence we see that pp depends only on the ratio of a to ß.

The pitch and the position of p thus depend on the single numerical 

parameter expressing the ratio of a' and ß'. As this parameter vanes so 
will p vary, and it must in successive positions coincide with the several 

generators of a certain ruled surface. Two of these generators will be the 

situations of a and of ß corresponding to the extreme values of zero and 

infinity respectively, which in the progress of its variation the parameter 

will assume.

We shall next ascertain the laws according to which twists (and wrenches) 

must be compounded together, that is to say, we shall determine the single 

screw, one twist (or wrench) about which will produce the same effect on t e
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b o d y  a s tw o  o r m o r e  g iv e n  tw is t s  ( o r w r e n c h e s )  a b o u t tw o  o r m o r e  g iv e n  

s c r e w s . I t  w il l b e  f o u n d  to  b e  a  f u n d a m e n ta l p o in t o f  th e  p r e s e n t th e o r y  

th a t  th e  r u le s  f o r  th e  c o m p o s i t io n  o f  tw is t s  a n d  o f w r e n c h e s  a r e  id e n t ic a l* .

1 0 .  T h e  V ir tu a l C o e f f ic ie n t .

S u p p o s e  a  r ig id  b o d y  b e  a c te d  u p o n  b y  a  w r e n c h  o n  a  s c re w  ß, of w h ic h  th e  

in te n s i ty  i s  ß". L e t th e  b o d y  r e c e iv e  a  tw is t  o f  s m a l l a m p l i tu d e  a' a r o u n d  a  

s c r e w  a. I t  i s  p r o p o s e d  to  f in d  a n  e x p r e s s io n  f o r  th e  e n e r g y  r e q u ir e d  to  e f f e c t  

th e  d is p la c e m e n t .

L e t d b e  th e  s h o r te s t d is ta n c e  b e tw e e n  a a n d  ß, a n d  l e t  0 b e  th e  a n g le  

b e tw e e n  a  a n d  ß. T a k e  a  a s  th e  a x i s  o f  x, th e  c o m m o n  p e r p e n d ic u la r  to  a 

a n d  ß a s  th e  a x i s  o f  z, a n d  a  l in e  p e r p e n d ic u la r  to  x a n d  z f o r y. I f  w e  

r e s o lv e  th e  w r e n c h  o n  ß in to  f o r c e s  X, Y, Z, p a r a l l e l to  th e  a x e s , a n d  c o u p le s  

o f m o m e n ts  L, M, N, in  p la n e s  p e r p e n d ic u la r  to  th e  a x e s  w e  s h a l l h a v e

X = ß" c o s  0; Y = ß" s in  9 ; Z =  0 ;

L = ß”pß c o s  9 — ß"d s in  9; M = ß”pß s in  9 + ß"d c o s  Q ;

2 V  =  0 .

W e  th u s  r e p la c e  th e  g iv e n  w r e n c h  b y  f o u r  w r e n c h e s , v iz . , tw o  f o r c e s a n d  

tw o  c o u p le s ,  a n d  w e  r e p la c e  th e  g iv e n  tw is t b y  tw o  tw is t s , v iz . , o n e  r o ta t io n  

a n d  o n e  t r a n s la t io n . T h e  w o r k  d o n e  b y  th e  g iv e n  tw is t a g a in s t th e  g iv e n  

w r e n c h  m u s t  e q u a l th e  s u m  o f  th e  e ig h t  q u a n t i t i e s  o f  w o r k  d o n e  b y  e a c h  o f  

th e  tw o  c o m p o n e n t tw is t s a g a in s t e a c h  o f  th e  f o u r c o m p o n e n t w r e n c h e s .  

S ix  o f  th e s e  q u a n t i t i e s  a r e  z e r o . I n  f a c t a  r o ta t io n  th r o u g h  th e  a n g le  a 

a r o u n d  th e  a x i s  o f  x c a n  d o  w o r k  o n ly  a g a in s t L, th e  a m o u n t  b e in g

aß" (pø c o s  9— d s in  9).

T h e  t r a n s la t io n  pad p a r a l l e l to  th e  a x i s o f  x c a n  d o  w o r k  o n ly  a g a in s t  

X, th e  a m o u n t  b e in g

a'ß"pa c o s  0.

T h u s  th e  to ta l q u a n t i ty  o f  w o r k  d o n e  i s

aß” {(Pa+Pß) c o s  0  -  d  s in  0 } .

T h e  e x p r e s s io n

|  [ ( p a  +  Pß) c o s  0 - d s in  0 ]

i s o f g r e a t im p o r ta n c e  in  th e  p r e s e n t th e o r y ]* . I t i s c a l le d  th e virtual

*  T h a t  th e  a n a lo g y  b e tw e e n  th e  c o m p o s i t io n  o f  f o r c e s  a n d  o f  r o ta t io n s  c a n  b e  d e d u c e d  f r o m  

th e  g e n e r a l p r in c ip le  o f  v i r tu a l  v e lo c i t i e s  h a s  b e e n  p r o v e d  b y  R o d r ig u e s  (Liouville's Journal, t . 5 ,  

1 8 4 0 , p . 4 3 6 ) .

+  T h e  th e o r y  o f  s c r e w s  h a s  m a n y  p o in t s  o f  c o n n e x io n  w ith  c e r ta in  g e o m e t r i c a l  r e s e a r c h e s  o n  th e  

l in e a r  c o m p le x ,  b y  P lü c k e r  a n d  K le in . T h u s  th e  l a t t e r  h a s  s h o w n  (Mathematische Annalen, B a n d  

i i . , p . 3 6 8  ( 1 8 6 9 ) ) ,  th a t  i f  pa a n d  pß b e  e a c h  th e  “ H a u p tp a r a m e te r ”  o f  a  l in e a r  c o m p le x , a n d  i f

+pß) c o s  O - d s in  0= 0 ,  

w h e r e  d a n d  O  r e la te  to  th e  p r in c ip a l a x e s  o f  th e  c o m p le x e s ,  th e n  th e  tw o  c o m p le x e s  p o s s e s s  a  

s p e c ia l  r e la t io n  a n d  a r e  s a id  to  b e  in  “  in v o lu t io n . ’

B .
2
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coefficient of the two screws a and ß, and may be denoted by the 
symbol

11. Symmetry of the Virtual Coefficient.

An obvious property of the virtual coefficient is of great importance. If 

the two screws a and ß be interchanged, the virtual coefficient remains 

unaltered.. The identity of the laws of composition of twists and wrenches 

can be deduced from this circumstance*, and also the Theory of Reciprocal 

Screws which will be developed in Chap. III.

12. Composition of Twists and Wrenches.

Suppose three twists about three screws a, ß, y, possess the property 

that the body after the last twist has the same position which it had before 

the first: then the amplitudes of the twists, as well as the geometrical rela­

tions of the screws, must satisfy certain conditions. The particular nature 

of these conditions does not concern us at present, although it will be fully 

developed hereafter.

We may at all events conceive the following method of ascertaining these 
conditions :—

Since the three twists neutralize it follows that the total energy ex­

pended in making those twists against a wrench, on any screw 7, must be 

zero, whence

a = 0.

This equation is one of an indefinite number (of which six can be shown 

to be independent) obtained by choosing different screws for y. From 

each group of three equations the amplitudes can be eliminated, and four of 

the equations thus obtained will involve all the purely geometrical conditions 

as to direction, situation, and pitch, which must be fulfilled by the screws 

when three twists can neutralize each other.

But now suppose that three wrenches equilibrate on the three screws 

a, ß, 7. Then the total energy expended in a twist about any screw y against 

the three wrenches must be zero, whence

« + ß"™^ + — 0.

An indefinite number of similar equations, one in fact for every screw y, must 

be also satisfied.

By comparing this system of equations with that previously obtained, it 

is obvious that the geometrical conditions imposed on the screws a, ß, 7, in

4iqT/1i87weSnant re“ark’ °r What is e1uivalent thereto, is due to Klein (Math. Ann., Vol. iv.
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the two cases are identical. The amplitudes of the three twists which 

neutralise are, therefore, proportional to the intensities of the three wrenches 
which equilibrate.

When three twists (or wrenches) neutralise, then a twist (or wrench) 

equal and opposite to one of them must be the resultant of the other two. 

once it follows that the laws for the composition of twists and of wrenches 

must be identical.

13. The Cylindroid.

We next proceed to study the composition of twists and wrenches, and 

we select twists for this purpose, though wrenches would have been equally 

convenient.

A body receives twists about three screws; under what conditions will 

t e body, after the last twist, resume the same position which it had before 

the first ?

The problem may also be stated thus:—It is required to ascertain the 

single screw, a twist about which would produce the same effect as any two 

given twists. We shall first examine a special case, and from it we shall 
deduce the general solution.

-fake, as axes of x and y, two screws a, ß, intersecting at right angles, 

whose pitches are pa and pß. Let a body receive twists about these screws 

amplitudes ff cos I and 3' sin I. The translations parallel to the coordinate 

axes are pa3' cos I and pß3‘ sin I. Hence the axis of the resultant twist makes 

an angle I with the axis of x; and the two translations may be resolved into 
two components, of which 3' (pacos21 + pß sin'2/) is parallel to the axis of the 

resultant twist, while 3' sin I cos I (pa - pß) is perpendicular to the same line. 
Ihe latter component has the effect of transferring the resultant axis of the 

rotations to a distance sin I cos I (pa — pß), the axis moving parallel to itself 

ln a plane perpendicular to that which contains a and ß. The two original 
twists about a and ß are therefore compounded into a single twist of 

amplitude 3’ about a screw 3 whose pitch is

pa cos21 + pß sin2Z.

ihe position of the screw 3 is defined by the equations ( ' ,

y = x tan I,

z = (pa — Pß) sin I cos I.

Eliminating I we have the equation

z {a? + y2) - {pa - Pß) ®y = o.



[13,20 THE THEORY OF SCREWS.

■a

the 

the

The conoidal cubic surface represented by this equation has been called 

the cylindroid*.

Each generating line of the surface is conceived to be the residence of a 

screw, the pitch of which is determined by the expression

pa cos2? +pfi sin2Z.

When a eylindroid is said to contain a screw, it is not only meant that the 

screw is one of the generators of the surface, but that the pitch of the screw 

is identical with the pitch appropriate to the generator with which the screw 

coincides.

We shall first show that it is impossible for more than one cylindroid to 

contain a given pair of screws 0 and ^>. For suppose that two cylindroids 

A and B could be so drawn. Then twists about 0 and </> will compound 

into a twist on the cylindroid A and also on the cylindroid B ('§ 14). There­

fore the several screws on A would have to be identical with the screws on B, 

i.e. the two surfaces could not be different. That one cylindroid can always 

be drawn through a given pair of screws is proved as follows.

Let the two given screws be 0 and <£, the length of their common perpen­

dicular be A, and the angle between the two screws be A ; we shall show that 

by a proper choice of the origin, the axes, and the constants and p^, a 

cylindroid can be found which contains 0 and

If I, m be the angles which two screws on a eylindroid make with the 

axis of x, and if zlt z2 be the values of z, we have the equations of 

which the last four are deduced from the first six

* This surface has been described by Pliicker (Neue Geometrie des Raumes, 1868-9, p. 97); he 

arrives at it as follows:—Let 0 = 0, and ß-' = 0 be two linear complexes of the first degree, then all 

the complexes formed by giving y different values in the expression H + /42' = 0 form a system of 

which the axes lie on the surface z (x* + y2) - (ft0 - ko)xy = O. The parameter of any complex of 

which the axis makes an angle w with the axis of x is k = k° cos2 w + k0 sin2 w. Plücker also con­

structed a model of this surface.

Plücker does not appear to have noticed the mechanical and kinematical properties of the 

eylindroid which make this surface of so much importance in Dynamics; but it is worthy of 

remark that the distribution of pitch which is presented by physical considerations is exactly 

the same as the distribution of parameter upon the generators of the surface, which Plücker 

fully discussed.

The first application of the eylindroid to Dynamics was made by Battaglini, who showed that 

this surface was the locus of the wrench resulting from the composition of forces of varying ratio 

on two given straight lines (Sulla serie dei sistemi di forze, Rendie. Ace. di Napoli, 1869, p. 133). 

See also the Bibliography at the end of this volume.

The name eylindroid was suggested by Professor Cayley in 1871 in reply to a request which 

I made when, in ignorance of the previous work -of both Pliicker and Battaglini, I began to 

study this surface. The word originated in the following construction, which was then 

communicated by Professor Cayley. Cut the cylinder x2 + y'2=(p^-pa)'2 in an ellipse by 

plane z = x, and consider the line æ  = 0, y=P^ Pa- If any plane z — e cuts the ellipse in 

points A, B and the line in C, then CA, CB are two generating lines of the surface.
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z \ =  (^a —  pß) sin I cos I, 

z2 = (pa — Pß) sin  m cos m, 

h = Zy — z2,

I = £ (a  +  tan -1 .- 
\ ill

w ith sim ilar values for m and z2.

Pe = Pa cos21 + pß sin2(

?>./, — Pa cos2w i +  pß sin2?n,

A = I — m, 
 

I h? + (pe - p^f 

sin  A

Pa + Pß— pe + p<i> — h cot A,

) , *1 =  1  («?ß -  Pa) cot A +  I ,

It is therefore obvious that the cylindroid  

18 determ ined, and that the solution is unique.

It w ill often be convenient to denote by (0, <^>) the cylindroid draw n 

through the tw o screw s P and </>.

O n any cylindroid there are in general tw o but only tw o screw s w hich  

like a and ß intersect and are at the sam e tim e at right angles. These tw o  

im portant screw s are often term ed the  principal screws of the surface.

14. General Property of the Cylindroid.

If a body receive tw ists about three screw s on a cylindroid, and if the  

am plitude of each tw ist be proportional to the sine of the angle betw een the  

tw o non-corresponding screw s, then the body after the last tw ist w ill have  

regained the sam e position that it held before the first.

The proof of this theorem  m ust, according  to  (§ 12), involve  the proof of the  

following;— If a body be acted upon by w renches about three screw s on a  

cylindroid, and if the intensity of each w rench be proportional to the sine of 

the angle between the tw o non-corresponding screw s, then the three w renches 

equilibrate.

Ihe form er of these properties of the cylindroid is thus proved:— Take  

any three screw s 6, </>, y/r, upon the surface w hich m ake angles I, m, n, w ith  

the axis of x, and let the body  receive tw ists about these screw s of am plitudes 

Each of these tw ists can be decom posed into tw o tw ists about the  

screw s a and ß w hich lie along the axes of x and y. The entire effect of the  

three tw ists is, therefore, reduced to tw o rotations around the axes of x and  

y> and tw o translations parallel to these axes.

The rotations are through  angles equal respectively to

ff cos I +  </>' cos  m + cos n

ajid  0' sin  I + cfy' sin  m + y(r' sin  n.

The translations are through distances equal to

pa (0' cos I + <ß' cos m + cos n)

and  pp (0 ' sin  Z +  </> ' sin  m + sin  n).
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These four quantities vanish if

O' </> y/f'

sin (m — ri) sin (w — I) sin (7 — m) ’

and hence the fundamental property of the cylindroid has been proved.

The cylindroid affords the means of compounding two twists (or two 

wrenches) by a rule as simple as that which the parallelogram of force pro­

vides for the composition of two intersecting forces. Draw the cylindroid 

which contains the two screws; select the screw on the cylindroid which 

makes angles with the given screws whose sines are in the inverse ratio of 

the amplitudes of the twists (or the intensities of the wrenches); a twist 

(or wrench) about the screw so determined is the required resultant. The 

amplitude of the resultant twist (or the intensity of the resultant wrench) is 

proportional to the diagonal of a parallelogram of which the two sides are 

parallel to the given screws, and of lengths proportional to the given ampli­

tudes (or intensities).

15. Particular Cases.

If pa =pp the cylindroid reduces to a plane, and the pitches of all the 

screws are equal. If all the pitches be zero, then the general property of the 

cylindroid reduces to the well-known construction for the resultant of two 

intersecting forces, or of rotations about two intersecting axes. If all the 

pitches be infinite, the general property reduces to the construction for the 

composition of two translations or of two couples.

16. Cylindroid with one Screw of Infinite pitch.

Let OP, Fig. 2, be a screw of pitch p about which a body receives a small 

twist of amplitude w.

p

Fig. 2 .

Let OR be the direction in which all points of the rigid body are trans­

lated through equal distances p by a twist about a screw of infinite pitch
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parallel to OR. It is desired to find the cylindroid determined by these two 
screws.

In the plane POR draw OS perpendicular to OP and denote Z.ROS 
by X.

The translation of length p along OR may be resolved into the components 
P sin X, along OP and p cos X along OS.

Erect a normal OT to the plane of POR with a length determined by 
the condition

wOT = p cos Å.

The joint result of the two motions is therefore a twist of amplitude <o 
«■bout a screw 0 through T and parallel to OP.

The pitch p0 of the screw is given by the equation 

wpe = a>p + p sin X, 

whence pt -p = OT tan X.

In Fig. 3 we show the plane through OP perpendicular to the plane POR 
in Fig. 2. The ordinate is the pitch of the screw through any point T.

If p0 = 0 then 0T=- OH. Thus H is the point through which the one 
screw of zero pitch on the cylindroid passes, and we have the following 
theorem;

If one screw on a cylindroid have infinite pitch, then the cylindroid 
reduces to a plane. The screws on the cylindroid become a system of parallel 
lines, and the pitch of each screw is proportional to the perpendicular distance 
from the screw of zero pitch.

MM■!■HB
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17. Form of the Cylindroid in general.

The equation of the surface contains only the single parameter pa~ Pß, 

consequently all cylindroids are similar surfaces differing only in absolute 
magnitude.

The curved portion of the surface is contained between the two parallel 

planes z = + (pa —pß), but it is to be observed that the nodal line x = 0, y = 0, 

also lies upon the surface.

Ihe intersection of the nodal line of the cylindroid with a plane is a 

node or a conjugate point upon the curve in which the plane is cut by the 

cylindroid according as the point does lie or does not lie between the two 

bounding planes.

18. The Pitch Conic.

It is very useful to have a clear view of the distribution of pitch upon 

the screws contained on the surface. The equation of the surface involves 

only the difference of the pitches of the two principal screws and one arbitrary 

element must be further specified. If, however, two screws be given, then 

both the surface and the distribution are determined. Any constant added 

to all the pitches of a certain distribution will give another possible distribu­

tion for the same cylindroid.

Let be the pitch of a screw 6 on the cylindroid which makes an angle I 

with the axis of x\ then (§ 13)

Pt = cos31 +pß sin21.

Draw in the plane x, y, the pitch conic

p«^ +pßy'2 = H,

where H is any constant; then if r be the radius vector which makes an angle 

I with the axis of x, we have 

whence the pitch of each screw on a cylindroid is proportional to the inverse 

square of the parallel diameter of the conic.

This conic is known as the pitch conic. By its means the pitches of all 

t e screws on the cylindroid are determined. The asymptotes, real or 

imaginary, are parallel to the two screws of zero pitch.

19. Summary.

We shall often have occasion to make use of the fundamental principles 

demonstrated in this chapter, viz.,
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That one, but only one, cylindroid can always be drawn so that two of its 

generators shall coincide with any two given screws a and ß, and that when all 

the generators of the surface become screws by having pitches assigned to them 

consistent with the law of distribution characteristic of the cylindroid, the pitches 

assigned to the generators which coincide with a and ß shall be equal to the 

given pitches of a and ß.

Thus the cylindroid must become a familiar conception with the student 

°f the Theory of Screws. A model of this surface is very helpful, and fortu­

nately there can be hardly any surface which is more easy to construct. In 

the Frontispiece a photograph of such a model is shown, and a plate repre­

senting another model of the same surface will be found in Chap. XIII.

We shall develop in Chap. V an extremely simple method by which 

the screws on a cylindroid are represented by the points on a circle, and 

every property of the cylin droid which is required in the Theory of Screws 

can be represented by the corresponding property of points on a circle.



CHAPTER III .

RECIPROCAL SCREWS.

20. Reciprocal Screws.

If a body only free to twist about a screw a be in equilibrium, though 

acted upon by a wrench on the screw ß, then conversely a body only free to 

twist about the screw ß will be in equilibrium, though acted upon by a wrench 

on the screw a.

The principle of virtual velocities states, that if the body be in equili­

brium the work done in a small displacement against the external forces 

must be zero. That the virtual coefficient should vanish is the necessary and 

the sufficient condition, or (§ 10)

(pa + pß) cos 0 — d sin 0 = 0.

The symmetry shows that precisely the same condition is required 

whether the body be free to twist about a, while the wrench act on ß, or 

vice versa. A pair of screws are said to be reciprocal when their virtual co­

efficient is zero.

21. Particular Instances.

Parallel or intersecting screws are reciprocal when the sum of their pitches 

is zero. Screws at right angles are reciprocal either when they intersect, 

or when one of the pitches is infinite. Two screws of infinite pitch are 

reciprocal, because a couple could not move a body which was only sus­

ceptible of translation. A screw whose pitch is zero or infinite is reciprocal 

to itself*.

22. Screw Reciprocal to Cylindroid.

If a screw y be reciprocal to two given screws 0 and then y is reciprocal 

to every screw on the cylindroid (0, <fr).

See also Professor Everett, I1'.U.S., Messenger of Mathematics, New Series (1874), No. 39.
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For a body only free to twist about y would be undisturbed by wrenches 

on 0 and <f>; but a wrench on any screw y/r of the cylindroid can be resolved 

into wrenches on 0 and </>; therefore a wrench on y/r cannot disturb a body 

only free to twist about y ; therefore y/r and y are reciprocal. We may say 

for brevity that y is reciprocal to the cylindroid.

y cuts the cylindroid in thx-ee points because the surface is of the third 

degree, and one screw of the cylindroid passes through each of these three 

points; these three screws must, of course, be reciprocal to y. But two 

intersecting screws can only be reciprocal when they are at right angles, or 

when the sum of their pitches is zero. The pitch of the screw upon the cylin­

droid which makes an angle I with the axis of x is

cos2? +Pß sin2Z.

This is also the pitch of the screw ir -1. There are, therefore, two screws 

of any given pitch; but there cannot be more than two. It follows that y 

can at most intersect two screws upon the cylindroid ol pitch equal and 

opposite to its own; and, therefore, y must be perpendicular to the third 

screw. Hence any screw reciprocal to a cylindroid must intersect one of the 

generators at right angles. We easily infer, also, that a line intersecting one 

screw of a cylindroid at right angles must cut the surface again in two 

points, and the screws passing through these points have equal pitch.

These important results can be otherwise proved as follows. A wrench 

can always be expressed by a force at any point 0, and a couple in a 

plane L through that point but not of course in general normal to the force.

For wrenches on the several screws of a cylindroid, the forces at any 

point all lie on a plane and the couples all intersect in a ray.

The first part of this statement is obvious since all the screws on the 

cylindroid are parallel to a plane.

To prove the second it is only necessary to note that any wrench on the 

cylindroid can be decomposed into forces along the two screws of zero pitch. 

Their moments will be in the planes drawn through 0 and the two screws of 

zero pitch. The transversal across the two screws of zero pitch drawn from 

0 must therefore lie in every plane L.

We hence see that the third screw on the cylindroid which is crossed by 

such a transversal must be perpendicular to that transversal.

23. Reciprocal Cone.

From any point P perpendiculars can be let fall upon the generators of 

the cylindroid, and if to these perpendiculars pitches are assigned which are 

equal in magnitude and opposite in sign to the pitches of the two remaining
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screws on the cylindroid intersected by the perpendicular, then the perpen­

diculars form a cone of reciprocal screws.

We shall now prove that this cone is of the second order, and we shall 

show how it can be constructed.

Let 0 be the point from which the cone is to be drawn, and through 0 let 

a line OT be drawn which is parallel to the nodal line, and, therefore, perpen­

dicular to all the generators. This line will cut the cylindroid in one real 

point T (Fig. 4), the two other points of intersection coalescing into the in­

finitely distant point in which OT intersects the nodal line.

Draw a plane through T and through the screw LM which, lying on the 

cylindroid, has the same pitch as the screw through T. This plane can cut 

the cylindroid in a conic section only, for the line LM and the conic will then

make up the curve of the third degree, in which the plane must intersect the 

surface. Also since the entire cylindroid (or at least its curved portion) is 

included between two parallel planes (§17), it follows that this conic must be 

an ellipse.

We shall now prove that this ellipse is the locus of the feet of the per­

pendiculars let fall from 0 on the generators of the cylindroid. Draw in the 

plane of the ellipse any line TUV through T- then, since this line intersects 

two screws of equal pitch in T and U, it must be perpendicular to that 

generator of the cylindroid which it meets at V. This generator is, therefore, 

perpendicular to the plane of OT and VT, and, therefore, to the line OV. 

It follows that V must be the foot of the perpendicular from 0 on the
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g en era to r th ro u gh  V, an d  th a t, th erefo re , th e  co n e d raw n  fro m  0 to  th e  e llip se  

TLVM is th e  co n e  req u ired .

W e h en ce d ed u ce th e fo llo w in g co n stru c tio n fo r th e co n e o f rec ipro ca l 

screw s  w h ich  can  b e d raw n  to  a  cy lin d ro id  fro m  an y  p o in t 0.

D raw  th rou g h  0 a lin e p arallel to th e n o d al lin e o f th e cy lin d ro id , an d  

le t T b e th e o n e real p o in t in w h ich th is lin e cu ts th e su rface . F in d th e  

seco n d screw  LM o n th e cy lin d ro id w h ich h as a p itch eq u al to  th e  p itch  o f 

th e  screw  w h ich  p asses th ro ug h T. A  p lan e  d raw n th rou g h  th e  p o in t / an d  

th e  stra ig h t lin e LM w ill cu t th e cy lin d ro id  in  an e llip se , th e  v ario u s p o in ts  

o f w h ich jo in ed to  0 g iv e  th e  co n e req u ired * .

W e m ay  fu rth er rem ark th a t as th e p lan e TLM p asses th ro u gh a g en e ­

ra to r it m u st b e  a  tan g en t p lan e  to  th e  cy lind ro id  a t o n e o f th e  in tersec tio n s, 

su p p o se  L, w h ile  a t th e  p o in t M th e  lin e  LM m u st in tersect an o th er  g en era to r. 

It fo llow s (2 2 ) th a t L m u st b e  th e  fo o t o f  th e  p erp en d icu lar fro m  T u p o n  LM, 

an d  th a t M m u st b e a  p o in t u p o n  th e  n o d al lin e .

24. Locus of a Screw Reciprocal to Four Screws.

S in ce a screw  is d eterm in ed b y  fiv e q u an tities, it is c lear th a t w h en  th e  

fo u r  co n d itio n s o f  recip roc ity  are  fu lfilled th e  screw  m u st g en era lly  b e  co n fin ed  

to o n e ru led su rface . B u t th is su rface can be no other than a cylindroid. 

F o r, su p p ose th ree screw s X , /a , v , w h ich w ere rec ipro ca l to th e fo u r g iv en  

screw s d id  n o t lie o n  th e  sam e cy lin d ro id , th en  any screw  < /> o n  th e  cy lin d ro id  

(X , /x ), an d any screw  ifr o n  th e  cy lind ro id  (X , v) m u st a lso  fu lfil th e  co n d itio n s, 

an d  so  m u st a lso  ev ery  screw  o n  th e  cy lind ro id  (< /> , yfr) (2 2 ). W e  sh o u ld  th u s  

h av e th e screw s rec ip ro ca l to fo u r g iv en screw s, lim ited  n o t to  o n e su rface, 

as  ab o v e  sh o w n , b u t to  an y  m em b er o f a fam ily  o f su rfaces. T h e  co n stru c tio n  

o f th e  cy lin d ro id  w h ich is th e  lo cu s o f a ll th e screw s rec ip ro ca l to  fo u r g iv en  

screw s, m ay  b e  effec ted in  th e  fo llo w in g  m an n er :

L et a, ß, 7 , 8 b e  th e  fo u r screw s, o f w h ich th e p itch es are in d escen d in g  

o rd er o f  m ag n itu d e . D raw  th e  cy lin d ro id s (o t, y) an d  (/3 , 8 ). It < r b e a  lin ea l 

m ag nitu d e  in te rm ed iate  b etw een pß an d py, it w ill b e p o ssib le to  ch o o se tw o  

screw s o f p itch cr o n  (o t, y), an d a lso tw o screw s o f p itch a o n  (/? , 3 ). D iaw  

th e  tw o  tran sv ersa ls  w h ich in te rsec t th e fo u r screw s th u s se lec ted ; a ttrib u te  

to  each  o f th ese tran sv ersa ls th e p itch  -  a , an d d en o te th e  screw s th u s p ro ­

d u ced  b y  3, <}>■ S in ce  in te rsec tin g  screw s are  rec ip ro ca l w h en  th e  su m  o f th en -  

p itch es is zero , it fo llow s th a t 3 an d  < /> m u st b e recip ro ca l to  th e cy lin d ro id s  

(a , 7 ) an d  (# , 3 ). H en ce a ll th e  screw s o n th e cy lin d ro id  (3, < /> ) m u st b e re ­

c ip ro ca l to  a, ß, y, 8, an d  th u s th e  p ro b lem  h as b een  so lv ed .

* M . A p p ell h as p ro v ed  co n v ersely  th at th e cy lin d ro id  is th e o n ly  conoidal su rface  fo r w h ich  

th e feet o f th e p erp en d icu lars fro m  an y  p o in t o n th e g en era to rs fo rm  a p lan e  cu rv e . Revue de 

Mathématiques Spéciales, V . 1 2 9 -3 0 (1 8 9 5 ). M o re g enerally w e can p ro v e th at th is p ro p erty  

can n o t b elon g  to  an y  ru led  su rface  w h atev er ex cep t a  cy lin d ro id  an d  o f  co u rse  a  cy lin d er.
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25 Screw Reciprocal to Five Screws.

The determination of a screw reciprocal to five given screws must in 

general admit of only a finite number of solutions, because the number of 

conditions to be fulfilled is the same as the number of disposable constants. 

It is very important to observe that this number must be unity. For if 

two screws could be found which fulfilled the necessary conditions, then these 

conditions would be equally fulfilled by every screw on the cylindroid 

determined by those screws (§ 22), and therefore the number of solutions of 

the problem would not be finite.

The construction of the screw whose existence is thus demonstrated, can 

be effected by the results of the last article. Take any four of the five 

screws, and draw the reciprocal cylindroid which must contain the required 

screw. Any other set of four will give a different cylindroid, which also 

contains the required screw. These cylindroids must therefore intersect in 

the single screw, which is reciprocal to the five given screws.

26. Screw upon a Cylindroid Reciprocal to a Given Screw.

Let e be the given screw, and let X, /z, v, p be any four screws reciprocal 

to the cylindroid; then the single screw y, which is reciprocal to the five 

screws e, X, p, v, p, must lie on the cylindroid because it is reciprocal to 

X, p, v, p, and therefore y is the screw required.

The solution must generally be unique, for if a second screw were reciprocal 

to e, then the whole cylindroid would be reciprocal to e; but this is not the 

case unless e fulfil certain conditions (§ 22).

27. Properties of the Cylindroid*.

We enunciate here a few properties of the cylindroid for which the writer 

is principally indebted to that accomplished geometer the late Dr Casey.

The ellipse in which a tangent plane cuts the cylindroid has a circle for 

its projection on a plane perpendicular to the nodal line, and the radius of the 

circle is the minor axis of the ellipse.

The difference of the squares of the axes of the ellipse is constant 

wherever the tangent plane be situated.

The minor axes of all the ellipses lie in the same plane.

The line joining the points in which the ellipse is cut by two screws of 

equal pitch on the cylindroid is parallel to the major axis.

The line joining the points in which the ellipse is cut by two intersecting 

screws on the cylindroid is parallel to the minor axis

For some remarkable quaternion investigations into “ the close connexion between the 

theory of linear vector functions and the theory of screws” see Professor C. J. Joly, Trans. Royal 

Irish Acad., Vol. xxx. Part xvi. (1895), and also Proc. Royal Irish Acad., Third Series, Vol. v. 
No. 1, p. 73 (1897).
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SCREW CO-ORDINATES.

28. Introduction.

We are accustomed, in ordinary statics, to resolve the forces acting on 

a rigid body into three forces acting along given directions at a point and 

three couples in three given planes. In the present theory we are, however, 

led to regard a force as a wrench on a screw of which the pitch is zero, and 

a couple as a wrench on a screw of which the pitch is infinite. The ordinary 

process just referred to is, therefore, only a special case of the more general 

method of resolution by which the intensities of the six wrenches on six 

given screws can be determined, so that, when these wrenches are com­

pounded together, they shall constitute a wrench of given intensity on a 

given screw*.

The problem which has to be solved may be stated in a more symmetrical 

manner as follows:—

To determine the intensities of the seven wrenches on seven given screws, 

such that, when these wrenches are applied to a rigid body, which is entirely 

free to move in every way, they shall equilibrate.

The solution of this problem is identical (12) with that of the problem 

which may be enunciated as follows:—

To determine the amplitudes of seven small twists about seven given screws, 

such that, if these twists be applied to a rigid body in succession, the body 

after the last twist shall have resumed the same position which it occupied 

before the first.

The problem we have last stated has been limited as usual to the 

case where the amplitudes of the twists are small quantities, so that the 

motion of a point by each twist may be regarded as rectilinear. Were it

* If all the pitches be zero, the problem stated above reduces to the determination of the six 

forces along six given lines which shall be equivalent to a given force. If further, the six lines of 

reference form the edges of a tetrahedron, we have a problem which has been solved by Möbius, 

Crelle’s Journal, t. xvm. p. 207 (1838).
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not for this condition a distinct solution would be required for every variation 

of the order in which the successive twists were imparted.

If the number of screws were greater than seven, then both problems 

would be indeterminate; if the number were less than seven, then both 

problems would be impossible (unless the screws were specially related); 

the number of screws being seven, the problem of the determination of the 

ratios of the seven intensities (or amplitudes) has, in general, one solution. 

W e shall solve this for the case of wrenches.

Let the seven screws be a, ß, y, 8, e, Find the screw yjr which is 

reciprocal to y, 8, e, %, t). Let the seven wrenches act upon a body only 

free to twist about The reaction of the constraints which limit the 

motion of the body will neutralize every wrench on a screw reciprocal to 

•«/r (20). W e may, therefore, so far as a body thus circumstanced is con­

cerned, discard all the wrenches except those on a and ß. Draw the 

cylindroid (a, ß), and determine thereon the screw p which is reciprocal to i/r. 

Ihe body will not be in equilibrium unless the wi’enches about a and ß 

constitute a wrench on p, and hence the ratio of the intensities a" and ß" is 

determined. By a similar process the ratio of the intensities of the wrenches 

on any other pair of the seven screws may be determined, and thus the 

problem has been solved. (See Appendix, note 1.)

29. Intensities of the Components.

Let the six screws of reference be <ot> &c. ®6, and let p be a given screw  

on which is a wrench of given intensity p". Let the intensities of the 

components be p/', &c. p (i", and let q be any screw. A twist about y must 

do the same quantity of work acting directly against the wrench on p as 

the sum of the six quantities of work which would be done by the same 

twist against each of the six components of the wrench on p. If -a n be 

the virtual coefficient of y and the nth screw of reference, we have

p"™v = p"^ +  &c. pj'-ns^.

By taking five other screws in place of r], five more equations are 

obtained, and from the six equations thus found p”, &c. p6" can be de­

termined. This process will be greatly simplified by judicious choice of 

the six screws of which 7] is the type. Let r/ be reciprocal to w 2> &c. a>6, then  

c t -,2 =  0, &c. =  0, and we have

P'^v = p"™y-

From this equation pL is at once determined, and by five similar equations 

the intensities of the five remaining components may be likewise found.

Precisely similar is the investigation which determines the amplitudes of 

the six twists about the six screws of reference into which any given twist 

may be decomposed.
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30. The Intensity of the Resultant m a y  b e  e x p re s se d  in  te rm s  o f  th e  

in te n s it ie s  o f  i ts  c o m p o n e n ts  o n  th e  s ix  s c rew s o f  re fe re n c e .

L e t a  b e a n y  s c re w  o f p itc h  pa, le t p„ p2, Szc. p6 b e th e  p itc h e s o f th e  

s ix  s c re w s  o f  re fe re n c e & > 1 ; co,, ... coe; th e n  ta k in g  e a c h  o f  th e  s c re w s  o f  re fe r ­

e n c e  in  s u c c e s s io n , fo r y in  § 2 9 , a n d  re m e m b e rin g  th a t th e  v ir tu a l c o e ffic ie n t  

o f tw o  c o in c id e n t s c re w s is s im p ly  e q u a l to  th e  p itc h , w e h a v e th e  fo llo w in g  

e q u a tio n s :—

=  a / 'p i  +  a 2 " O T i2  +  . . . +  a 6" ’w 1 6 ,

a " w B 8  =  +  . . . +  « 6" w M 4 - ae"pe.

B u t ta k in g  th e  s c re w  p in  p la c e  o f  y w e  h a v e

C t pa O t  j ^ " « 6  •

S u b s titu tin g  fo r wal ... wall f ro m  th e  fo rm e r e q u a tio n s , w e  d e d u c e

paa"s = 2  ( jp i« /'2)  +  2 2  (a i" « 2" w 1 2) .

T h is  re su lt m a y  re c a ll , th e  w e ll-k n o w n  e x p re s s io n  fo r th e  s q u a re  o f a  fo rc e  

a c tin g  a t a  p o in t in  te rm s  o f  i ts  c o m p o n e n ts  a lo n g  th re e  a x e s  p a s s in g  th ro u g h  

th e p o in t. T h is e x p re s s io n is o f c o u rs e g re a tly  s im p lif ie d w h e n  th e th re e  

a x e s a re re c ta n g u la r , a n d w e s h a ll n o w  s h o w  h o w  b y  a s p e c ia l d is p o s itio n  

° f th e  s c re w s o f re fe re n c e , a  c o rre s p o n d in g  s im p lif ic a tio n  c a n  b e  m a d e  in  th e  

fo rm u la  ju s t w ritten .

31. Co-Reciprocal Screws.

W e h a v e h ith e r to  c h o s e n  th e s ix s c rew s o f re fe re n c e q u ite a rb itra r ily ;  

w e n o w  p ro c e e d  in  a  d if fe re n t m a n n e r . T a k e fo r co,, a n y  s c re w ; fo r w 2 , a n y  

s c re w  re c ip ro c a l to  cop, fo r < a3 , a n y  s c re w  re c ip ro c a l to  b o th  w j a n d  c o .,; fo r < a4 , 

a n y  s c re w  re c ip ro c a l to , < a2 , < o 3 ; fo r < »s , a n y  s c re w  re c ip ro c a l to  W j, co,, w 3 , w 4 ; 

fo r < u 6 , th e  s c re w  re c ip ro c a l to  W j, co,, co3, co4, cos.

A  s e t c o n stru c te d  in th is w a y p o s s e s se s th e p ro p e r ty th a t e a c h p a ir  

o f s c re w s is re c ip ro c a l. A n y  s e t o f s c rew s n o t e x c e e d in g  s ix , o f w h ic h  e a c h  

p a ir  is  re c ip ro c a l, m a y  b e  c a lle d  fo r b re v ity  a  s e t o f  c o -rec ip ro c a ls* .

T h ir ty c o n s ta n ts d e te rm in e a s e t o f s ix s c re w s . I f th e s e t b e c o ­

re c ip ro c a l, f if te e n c o n d itio n s m u s t b e fu lf i l le d ; w e h a v e , th e re fo re , f if te e n  

e le m e n ts s ti l l d is p o s a b le , s o th a t w e a re a lw a y s e n a b le d to s e le c t a c o ­

re c ip ro c a l s e t w ith s p e c ia l a p p ro p r ia te n e s s to th e p ro b le m  u n d e r c o n ­

s id e ra tio n .

* K le in  h a s  d is c u s s ed  (Math. Ann. B a n d  n .  p . 2 0 4  (1 8 6 9 )) s ix  l in e a r c o m p lex e s , o f  w h ic h  e a c li  

P a ir is in  in v o lu tio n . I f th e a x e s o f th e s e c o m p le x e s b e re g a rd e d a s s c re w s , o f w h ic h th e  

“  H a u p tp a ra m e te r”  a re  th e  p itc h e s , th e n  th e s e  s ix  s c re w s  w ill b e  c o -rec ip ro c a l.

B , 3
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T h e fa c ili t ie s p re sen te d  b y  re c ta n g u la r a x e s  fo r q u e s tio n s  c o n n e c te d  w ith  

th e  d y n a m ic s o f a p a r tic le  h a v e  p e rh a p s  th e ir  a n a lo g u e s in  th e  c o n v e n ie n c e s  

w h ic h a r is e f ro m  th e u se o f c o -re c ip ro c a l se ts o f sc re w s in th e p re se n t  

th e o ry .

I f  th e s ix sc re w s o f re fe re n c e b e c o -rec ip ro c a l, th e n  th e fo rm u la o f th e  

la s t se c tio n  a s su m e s  th e  v e ry  s im p le  fo rm

pa.a"i=piafi + ... +  p X '2 -

32. Co-ordinates of a Wrench.

W e sh a ll h e n c e fo r th u su a lly su p p o se th a t th e sc re w s o f re fe re n c e a re  

c o -re c ip ro c a l. W e  m a y  a lso  sp e a k  o f th e  c o -o rd in a te s  o f a  w re n ch * , m e a n in g  

th e re b y  th e  intensities of its six components on the six screws of reference. 

S o a lso  w e m a y  sp e a k o f th e c o -o rd in a te s o f a tw is t, m e a n in g  th e re b y  the 

amplitudes of its six components about the six screws of reference.

T h e  c o -o rd in a te s o f a  w re n c h o f in ten s ity  a" o n  th e  sc re w  a  a re  d e n o te d  

b y a / ', . . . a ," . T h e c o -o rd in a te s o f a tw is t o f a m p litu d e a a b o u t a. a re  

d e n o te d  b y  « /, . . . a B '.

T h e  c o -o rd in a te s  o f a  tw is t-v e lo c ity  å a b o u t a a re  d e n o te d  b y  a ,, d .,, . . .  

T h e  a c tu a l m o tio n  o f th e  b o d y is in  th is  c a se  a  tra n s la tio n  w ith  v e lo c ity  åpa 

p a ra lle l to  a a n d  a  ro ta tio n  a ro u n d  p w ith  th e  a n g u la r  v e lo c ity  a .

33. The Work done in a tw is t o f a m p litu d e a a b o u t a sc re w  a, b y  

a  w re n c h o f in te n s ity  ß" o n th e sc re w  ß, c a n b e e x p re s se d in te rm s  o f th e  

c o -o rd in a te s .

R e p la ce  th e tw is t a n d th e  w re n c h b y  th e ir re sp e c tiv e  c o m p o n en ts a b o u t  

th e c o -re c ip ro c a ls . T h e n th e to ta l w o rk d o n e  w ill b e e q u a l to  th e  su m  o f  

th e th ir ty -s ix q u a n titie s o f w o rk d o n e in  e a c h c o m p o n en t tw is t b y e a c h  

c o m p o n e n t w re n c h . S in c e th e sc rew s a re c o -rec ip ro c a l, th ir ty o f th e se  

q u a n titie s  d isa p p ea r , a n d  th e  re m a in d e r  h a v e  fo r th e ir  su rn f

‘ip^ß "+ ... + Zp^ßf.

34. Screw Co-ordinates.

A  w re n c h o n  th e sc re w  a , o f w h ic h  th e in te n s ity  is  one unit, h a s fo r i ts  

c o m p o n e n ts , o n s ix c o -re c ip ro c a l sc re w s , w re n ch e s o f  w h ic h th e in te n s itie s  

m a y  b e  sa id  to  c o n s titu te  the co-ordinates of the screw a . T h e se  c o -o rd in a te s  

m a y  b e  d e n o te d  b y  a n  . . . a 6 .

*  P liic k e r  in tro d u c ed  th e  c o n c ep tio n  o f  th e  s ix  c o -o rd in a te s  o f  a  sy s te m  o f  fo rc e s— Phil. Trans., 

V o l. C L V i. p . 3 6 2  (1 8 6 6 ) . S e e a lso  B a tta g lin i, “  S u lle  d in a m i in  in v o lu z io n e ,”  Atti di Napoli iv .,  

(1 8 6 9 ) ; Z e u th e n , Math. Ann., B a n d  i . p . 4 3 2  (1 8 6 9 ) .

*  T h a t th e  w o rk  d o n e  c a n b e  re p re se n ted  b y  a n  e x p res s io n  o f th is ty p e  w as a n n o u n c ed  b y  

K le in , Math. Ann. B a n d  iv . p . 4 1 3  (1 8 7 1 ) .
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When the co-ordinates of a screw are given, the screw itself may be thus 

determined. Let e be any small quantity. Take a body in the position J, 

and impart to it successively twists about each of the screws of reference of 

amplitudes ea,, ea2, ... ea6. Let the position thus attained be B; then the 

twist which would bring the body directly from J to B is about the required 

screw a.

35. Identical Relation.

The six co-ordinates of a screw are not independent quantities, but 

fulfil one relation, the nature of which is suggested by the relation between 

three direction cosines.

When two twists are compounded by the cylindroid (§ 14), it will be 

observed that the amplitude of the resultant twist, as well as the direction 

of its screw, depend solely on the amplitudes of the given twists, and the 

directions of the given screws, and not at all upon either their pitches or their 

absolute situations. So also when any number of twists are compounded, the 

amplitude and direction of the resultant depend only on the amplitudes and 

directions of the components. We may, therefore, state the following general 

principle. If n twists neutralize (or 7i. wrenches equilibrate) then a closed 

polygon of n sides can be drawn, each of the sides of which is proportional 

to the amplitude of one of the twists (or intensity of one of the wrenches), 

and parallel to the corresponding screw.

Let an, bn, cn, be the direction cosines of a line parallel to any screw of 

reference co,,, and drawn through a point, through which pass three rect­

angular axes.

Then since a unit wrench on a has components of intensities alt... a6, 

we must have

(Mi + ... + a6a„)2 + (&,a, + ... + b.a^2 + (w + ... + c6«8)2 = 1, 

whence S«i2 + SSa^cos (12) = 1,

if we denote by cos (12) the eosine of the angle between two straight lines 

parallel to &>i and a>2.

36. Calculation of Co-ordinates.

We may conceive the formation of a table of triple entry from which the 

virtual coefficient of any pair of screws may be ascertained. The three argu­

ments will be the angle between the two screws, the perpendicular distance, 

and the sum of the pitches. These arguments having been ascertained by 

ordinary measurement of lines and angles, the virtual coefficient can be 

extracted from the tables.

Let a be a screw, of which the co-ordinates are to be determined. The
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w o r k  d o n e  b y  t h e  u n i t  w r e n c h  o n  a i n  a  t w i s t  o f  a m p l i t u d e  & > /  a b o u t  t h e  

s c r e w  ® i  i s

a w f - s T a j ,  

b u t  t h i s  m u s t  b e  e q u a l  t o  t h e  w o r k  d o n e  i n  t h e  s a m e  t w i s t  b y  a  w r e n c h  o f  

i n t e n s i t y  a ,  o n  t h e  s c r e w  w h e n c e  

ip^Wi =

^ a l  
o r  o t i  =  —  .

Pl

T h u s ,  t o  c o m p u t e  e a c h  c o - o r d i n a t e  an, i t  i s  o n l y  n e c e s s a r y  t o  a s c e r t a i n  

f r o m  t h e  t a b l e s  t h e  v i r t u a l  c o e f f i c i e n t  o f  a ,  a n d  a>n a n d  t o  d i v i d e  t h i s  q u a n t i t y  

b y  Pn-

3 7 .  T h e  V i r t u a l  C o e f f i c i e n t  o f  t w o  s c r e w s  m a y  b e  e x p r e s s e d  w i t h  g r e a t  

s i m p l i c i t y  b y  t h e  a i d  o f  s c r e w  c o - o r d i n a t e s .

T h e  c o m p o n e n t s  o f  a  t w i s t  o f  a m p l i t u d e  a' a r e  o f  a m p l i t u d e s  a ' a n  . . .  a ' a 6 .

T h e  c o m p o n e n t s  o f  a  w r e n c h  o f  i n t e n s i t y  ß" a r e  o f  i n t e n s i t i e s  ß"ßit ... 

ß"ß>.

C o m p a r i n g  t h e s e  e x p r e s s i o n s  w i t h  §  3 2 ,  w e  s e e  t h a t  

o t n  =  ä  o t n , ßn = ß ßn, 

a n d  w e  f i n d  t h a t  t h e  e x p r e s s i o n  f o r  t h e  w o r k  d o n e  i n  t h e  t w i s t  a b o u t  a, b y  

t h e  w r e n c h  o n  ß, i s

a'ß" [%Pi<*ißi +  . . .  +  2 2 > « a « / S < , ] .

T h e  q u a n t i t y  i n s i d e  t h e  b r a c k e t  i s  t w i c e  t h e  v i r t u a l  c o e f f i c i e n t ,  w h e n c e  w e  

d e d u c e  t h e  i m p o r t a n t  e x p r e s s i o n

=tp1a1ß1.

S i n c e  a a n d  ß e n t e r  s y m m e t r i c a l l y  i n t o  t h i s  e x p r e s s i o n ,  w e  a r e  a g a i n  

r e m i n d e d  o f  t h e  r e c i p r o c a l  c h a r a c t e r  o f  t h e  v i r t u a l  c o e f f i c i e n t .

3 8 .  T h e  P i t c h  o f  a  s c r e w  i s  a t  o n c e  e x p r e s s e d  i n  t e r m s  o f  i t s  c o ­

o r d i n a t e s ,  f o r  t h e  v i r t u a l  c o e f f i c i e n t  o f  t w o  c o i n c i d e n t  s c r e w s  b e i n g  e q u a l  

t o  t h e  p i t c h ,  w e  h a v e

p a  =  2 p 1 a 1 3 .

3 9 .  S c r e w  R e c i p r o c a l  t o  f i v e  S c r e w s .

W e  c a n  d e t e r m i n e  t h e  c o - o r d i n a t e s  o f  t h e  s i n g l e  s c r e w  p, w h i c h  i s  

r e c i p r o c a l  t o  f i v e  g i v e n  s c r e w s ,  a, ß, 7 ,  8 ,  e . ( §  2 5 . )

T h e  q u a n t i t i e s  p 1 ;  . . . m u s t  s a t i s f y  t h e  c o n d i t i o n  

= 0 ,
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and four similar equations ; hence pnpn is proportional to the determinant 

obtained by omitting the reth column from the matrix or :

a,, a3, a3, a4, a6, a8,

A, A, ft, Ä, ä ,

T1> ?2> ?3> 74> 7s > 7«> •

Si, 8.,, S4, 86, 56)

€2> ^3) €4) e5) C6>

and affixing a proper sign. The ratios of plt ... pe, being thus found, the 

actual values are given by § 35.

If there were a sixth screw £ the evanescence of the determinant which 

written in the usual notation is (alt ß.2, ys, 84) e6, Q would express that the 

six screws had a common reciprocal. This is an important case in view of 

future developments.

40. Co-ordinates of a Screw on a Cylindroid.

We may define the screw  0 on the cylindroid by the angle I, which it makes 

with a, one of the two principal screws a and ß. Since a wrench of unit 

intensity on 0 has components of intensities cos I and sin I on a and ß (§ 14), 

and since each of these components may be resolved into six wrenches on 

any six co-reciprocal screws, we must have (§ 34)

0n = a(l cos I + ßn sin I.

From this expression we can find the pitch of 0: for we have

pg = («1 cos 1 + ßi sin I)2,

whence expanding and observing that as a and ß are reciprocal 'Slp1a1ß1 = 0, 

and also that ^,p1a1!1 = pa and 2p1/313=j0ß, we have the expression already 

given (§ 18), viz.
Pe = Pa cos21 +pß sin21.

If two screws, 0 and </>, upon the cylindroid, are reciprocal, then (m being 

the defining angle of </>),

Sp, («i cos I + ßi sin l) (äj  cos m + ß, sin m) = 0, 

or pa cos I cos m+ pß sin I sin m = 0.

Comparing this with § 20, we have the following useful theorem :—

Any two reciprocal screws on a cylindroid are parallel to conjugate 

diameters of the pitch conic.

Since the sum of the squares of two conjugate diameters in an ellipse is 

constant, we obtain the important result that the sum of the reciprocals of the 

pitches of two reciprocal screws on a cylindroid is constant *.

* Compare Octonions, p. 190, by Alex. M “Aulay, 1898.
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41. The Canonical Co-Reciprocals.

I f  a l l  t h e  s i x  s c r e w s  o f  a  c o - r e c i p r o c a l  s y s t e m  a r e  t o  p a s s  t h r o u g h  t h e  s a m e  

p o i n t ,  t h e y  m u s t  i n  g e n e r a l  c o n s t i t u t e  a  p a i r  o f  s c r e w s  o f  p i t c h e s  4 -  a a n d  

— a o n  a n  a x i s  OX, a  p a i r  o f  s c r e w s  o f  p i t c h e s  4 -  b a n d  —  b o n  a n  a x i s  0 Y 

w h i c h  i n t e r s e c t s  OX a t  r i g h t  a n g l e s ,  a n d  a  p a i r  o f  s c r e w s  o f  p i t c h e s  +  c  a n d  

—  c  o n  a n  a x i s  OZ p e r p e n d i c u l a r  t o  b o t h  0X a n d  0 Y.

I t  i s  c o n v e n i e n t  t o  s p e a k  o f  a  c o - r e c i p r o c a l  s y s t e m  t h u s  a r r a n g e d  a s  a  s e t  

o f  canonical co-reciprocals. T h e  t h r e e  r e c t a n g u l a r  a x e s  OX, OY, OZ w e  m a y  

r e f e r  t o  a s  t h e  associated Cartesian axes.

I t  a,, a2)... a 6  b e  t h o  s i x  c o - o r d i n a t e s  o f  a  s c r e w  r e f e r r e d  t o  t h e  c a n o n i c a l  

c o - r e c i p r o c a l s ,  t h e n  t h e  p i t c h  i s  g i v e n  i n  g e n e r a l  b y  t h e  e q u a t i o n

pa = a ( a /  -  a 2 2 )  +  b ( a 3 2  -  a 4 - ' )  +  c  ( a 5 2  -  a 6 2 ) .

I t  m u s t  b e  r e m e m b e r e d  t h a t  i n  t h i s  f o r m u l a  w e  a s s u m e  t h a t  t l i e  c o - o r d i ­

n a t e s  s a t i s f y  t h e  c o n d i t i o n  §  3 5

1  =  ( « !  +  a . , ) 2  +  ( a s  +  a , ) 2  +  ( a 5  +  a 6 ) 2 .

O f  c o u r s e  t h i s  c o n d i t i o n  i s  n o t  n e c e s s a r i l y  c o m p l i e d  w i t h  w h e n  at, a2, ... o r  

s o m e  o f  t h e m  a r e  i n f i n i t e ,  a s  t h e y  a r e  i n  t h e  c a s e  o f  a  s c r e w  o f  i n f i n i t e  

p i t c h  §  4 4 .

I n  g e n e r a l  t h e  d i r e c t i o n  c o s i n e s  o f  t h e  s c r e w  a  a r e

a i  +  « 2 >  « a  +  a 4 > a 5  +  a 6 .

42. An Expression for the Virtual Coefficient.

L e t  X', p, V b e  t h e  d i r e c t i o n  c o s i n e s  o f  t h e  s c r e w  0 ( o f  p i t c h  pY) w h i c h  

p a s s e s  t h r o u g h  t h e  p o i n t  x, y, z. L e t  X ' ' ,  p”, v" b e  t h e  d i r e c t i o n  c o s i n e s  o f  

t h e  s c r e w  a ( o f  p i t c h  pa) w h i c h  p a s s e s  t h r o u g h  t h e  p o i n t  x", y", z". T h e n  i t  

c a n  e a s i l y  b e  s h o w n  t h a t  t h e  v i r t u a l c o e f f i c i e n t  o f  0 a n d  a i s  h a l f  t h e  

e x p r e s s i o n

I x' — x", y’ — y", z' — z"

(p» +P4>)(X’X''+ p'p" + p'v")- X '  p! t v .

X" , p" , v"

43. Equations of a Screw,

G i v e n  t h e  s i x  c o - o r d i n a t e s . . .  a 6  o f  a  s c r e w ,  w i t h  r e f e r e n c e  t o  a  s e t  

o f  s i x  c a n o n i c a l  c o - r e c i p r o c a l s ,  i t  i s  r e q u i r e d  t o  f i n d  t h e  e q u a t i o n s  o f  t h a t  s c r e w  

w i t h  r e f e r e n c e  t o  t h e  a s s o c i a t e d  C a r t e s i a n  a x e s .

If we t a k e  f o r  0 i n  t h e  e x p r e s s i o n  j u s t  w r i t t e n  t h e  s c r e w  o f  p i t c h  a i n  t h e  

c a n o n i c a l  s y s t e m ,  t h u s  m a k i n g

=  1 ;  p =  0 ;  v =  0 ;  x =  0 ;  y =  0 ;  z’ =  0 ,
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w e  h a v e

s im ila r ly  

w e  th u s  f in d

2 < ta 1 =  ( a + /> « )X "  — — « '" y ) ,

-  2 a a 2  -  ( -  a + pa) X" - (p'z' — v"y'\

X" =  a j +  a ., ; v"y'- pz' = a(a\ — a 2)- pa(a, 4 - a 2 ) .

In  l ik e m a n n e r w e o b ta in tw o  s im ila r p a irs o f e q u a tio n s fo r th e re q u ire d  

e q u a tio n s  o f th e  s c re w  a,

(a-, + ?«) y - (a 3 +  a ,)  z = a ( s q  -  a ,)  -  p« (a , +  a 2) , ' 

(a , +  a 3)  z -  (a 6  +  a „ )  x = b (« 3 -  a 4 )  -  pa (a 3  +  at), - 

(a ,  +  a 4)  x — (a , +  a 2)  y =  c  (a 5 -  a b)  —  j» o  (a 5  +  a 6 ) .

 ( i) -

T h e e x p re ss io n s o n  th e r ig h t-h a n d  s id e  o f th e s e e q u a tio n s a re th e c o ­

o rd in a te s o f th e e x tre m ity  o f a v e c to r f ro m  th e o r ig in  o f le n g th  e q u a l to  

th e p e rp e n d ic u la r d is ta n c e o f a f ro m  th e c e n tre , a n d  n o rm a l to th e p la n e  

c o n ta in in g  b o th  a a n d  th e  o r ig in .

T h e c o -o rd in a te s o f th e  fo o t o f th e p e rp e n d ic u la r f ro m  th e  o r ig in  o n  th e  

s c re w  a a re  e a s ily  s h o w n  to  b e

x - (a s -  a „ )  (a 3  +  a 4 )  c  -  (a 5  +  a « )  (a »  -  a 4 ) b, 

y={ocl- a 3 )  (« 6 +  a « )  a -  (a , +  a 3 )  (a 5 -  c t6 )  c , 

z =  (a 3  -  a ,)  (a , 4 - a ,)  b -  (a 3  +  a 4)  (a ,  -  a 3 )  a .

44. A Screw of Infinite Pitch.

T h e  c o n c ep tio n  o f  th e  s c re w  c o -o rd .in a .tc s h s  d e f in e d  in  §  4 * 1 re q u ire  s p e c ia l  

c o n s id e ra tio n  in  th e  c a se  o i a  s c re w  o f in f in ite  p itc h . C o n s id e r a  w re n c h  o n  

s u c h a s c rew . I f th e in te n s ity o f th e w re n c h b e o n e u n it , th o u th e  

m o m e n t o f th e  c o u p le w h ic h fo rm s p a r t o f th e  w re n c h  is in f in ite . A h  th e  

p itc h e s o f th e  s c re w s o f re fe re n c e  o r a n y  o f th o s e p itc h e s  a re  n o t in  g e n e ra l  

to  b e in f in ite , i t fo llo w s th a t th e w re n c h o f u n it in te n s ity  o n a s c re w  o f  

in f in ite p itc h  m u s t h a v e fo r i ts c o m p o n e n ts o n  o n e  o r  m o re  o f th e  s c re w s  o f  

re fe re n c e  w re n c h e s  o f in f in ite in te n s ity .

I f  th e re fo re  a n  a 2 , . . . a 6 b e  th e  c o -o rd in a te s  o f a  w re n c h  o f in f in ite  p itc h ,  

i t is e s se n tia l th a t o n e o r m o re o f th e q u a n titie s a 1 ; a.,, ... a 6 s h a ll b e  

in f in ite .

In  th e  c a se  w h e re  th e  s c re w s o f re fe re n c e  fo rm  a  c a n o n ic a l s y s te m  w e  c a n  

o b ta in  th e  c o -o rd in a te s  a s  fo llo w s :

< ( V .  +  a )  c o s  (a l) -  (4 1  s in  (a l) .   (pa - a) c o s  (a l)  - s in  (a l)

«> = ----------------2cT ’ 2 " ’ -  2 a
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I f  pa b e  i n d e f i n i t e l y  g r e a t  w i t h  r e s p e c t  t o  a a n d  dal, t h e n  

_ 7 > « c o s f ( a i )  j o a c o s ( a i )
“ i - - - - - - - - - - - - - - - 1 a . ,  =  —  - „ -  — - ;

2 a  2 a

pa c o s  ( a s ) . pa c o s  ( a s )  

2b ’ tti~~ 2b ;

a, = cos ■ a ,  =  _ P « c o ^ ( a 5 )

I f  t h e  c o - o r d i n a t e s  o f  a  s c r e w  n o t  i t s e l f  a t  i n f in i t y  s a t i s f y

a ,  +  a 2  =  0 ; a 3  +  a 4  =  0 ; a 5  +  a B  =  0 ;

t h e n  w e  m u s t  h a v e

Pa= O C

f o r  t h e  e q u a t i o n s

a   ( £ «  +  a )  c o s  ( a i )  —  dai s i n  ( a i )  

1 ' 2a ’

b ,  =  ~  a )  c o s  ( M 1 )  ~ s i n  ( g l )

— 2a ’

a n d  t w o  s i m i l a r  p a i r s  c o u l d  n o t  b e  o t h e r w i s e  s a t i s f i e d .

W e  a r e  n o t  h o w e v e r  e n t i t l e d  t o  a s s u m e  t h e  c o n v e r s e ,  i . e . t h a t  i f  t h e  p i t c h  

i s  i n f i n i t e  t h e n  t h e  t h r e e  e q u a t i o n s  a, + a., = 0 ,  & c . m u s t  b e  s a t i s f i e d . I t  w i l l  

h o w e v e r  b e  t r u e  t h a t

— 1  =  —  1 ; - = - l ;  ^  =  - 1  

a =  « 4  ’ a „

b u t s o m e a t l e a s t o f t h e  c o - o r d in a t e s  b e i n g  i n f in i t e , w e  a r e  i n  g e n e r a l  

p r e v e n t e d  f r o m  r e p l a c i n g  t h e s e  e q u a t i o n s  b y  t h e  o r d i n a r y  l i n e a r  f o r m .

45. Indeterminate Screw.

I t  m a y  h o w e v e r  b e  i n s t r u c t i v e  t o  i n v e s t i g a te  o t h e r w i s e  t h e  c i r c u m s t a n c e s  

n t a  s c i e w  a p o s s e s s i n g  t h e  p i ’o p e r ty  t h a t i t s  s i x  c o - o r d i n a t e s  a n  a a «  a r e  

s u b m i t t e d  t o  t h e  t h r e e  c o n d i t i o n s

+  a 2  =  0 ; a 3  +  a 4  =  0 ; a 5  +  « „  =  0 .

T w o  d i s t i n c t  c a s e s  m u s t b e  c o n s i d e r e d . E i t h e r  t h e  s c r e w  a  m u s t  h a v e  s o m e  

f i n i t e  p o i n t s ,  o r  i t  m u s t  l i e  a l t o g e t h e r  a t  i n f i n i t y . T h e  f i r s t a l t e r n a t i v e  i s  n o w  

s u p p o s e d . T h e  s e c o n d  w i l l  b e  d i s c u s s e d  i n  t h e  n e x t  a r t i c l e .

I f  t h e r e  b e  a n y  f i n i t e  p o i n t s  o n  a t h e n  f o r  s u c h  p o i n t s  t h e  t h r e e  l e f t ­

h a n d  m e m b e r s  o f  t h e  e q u a t i o n s  i n  §  4 3  a r e  a l l  z e r o . T h e  t h r e e  r i g h t - h a n d  

m e m b e r s m u s t a l s o  r e d u c e  t o  z e r o . T h e  o n l y  w a y  i n  w h i c h  t h i s  c a n  b e  

a c c o m p l i s h e d  ( f o r  w e  n e e d  n o t  c o n s id e r  t h e  c a s e  i n  w h i c h  a l l  t h e  c o - o r d in a t e s  

a r e  z e r o )  i s  b y  m a k i n g  pa i n f i n i t e .
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The direction of the screw of infinite pitch is indicated by the fact that 

as a twist about it is a translation with components a (a2 — a2), b (a3 — a4), 

c (a5 — a6), the screw must be parallel to a ray of which these three quantities 

are proportional to the direction cosines.

As the three equations to the screw have disappeared, the situation of 

the screw is indeterminate. This is of course what might be expected, 

because a couple is equally efficacious in any position in its plane.

46. A Screw at infinity.

If we have

«i + a2 = 0; a3 + a4 = 0; a6 + a6 = 0;

then the three equations (i), of § (43) will be satisfied for a screw entirely at 

infinity, no matter what its pitch may be. From this and the last article we 

see that the three equations

»i + a2 = 0; a3 + a4 = 0; a5 + a6 = 0

may mean either a screw of infinite pitch and indefinite position, or a screw 

of indefinite pitch lying in the plane at infinity.

47. Screws on one axis.

The co-ordinates being referred to six canonical co-reciprocals, it is required 

to determine the co-ordinates of the screws of various pitches which lie on the 

same axis as a given screw a.

We have from § 36

(a + Pa) («i + a2) - dai sin (al) 

2a ’

(a +p<a) («1 + a2) - dai sin (ai)

601 “ 2a

whence — a>, =^a («i + a.,).

We thus have the useful results

= (aj + a.); ®2 = a2(«j + aa),

®3 = a3 («3 + «4); = «4 + («3 + «A

= a5 (“5 + “«) > = “s +^~2c^ +

These formulae may be verified by observing that one of the equations (§ 43) 

defining co is

(co5 + &>6) y - (ws + w4) z = a (wj - w2) - p„ (w, + w2).
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Introducing the values just given for to this equation becomes

(«5 + O y - (a3 + a4) z = a (a, - a3) - + a2),

as of course it ought to do, for the pitch is immaterial when the question is 
only as to the situation of the screw.

48. Transformation of Screw-co-ordinates.

Let «i...a6 be the co-ordinates of a screw which we shall call to, with 
reference to a canonical system of screws of reference with pitches + a and 

— a on an axis OX; + b and — b on an intersecting perpendicular axis OY, 
and + c and - c on the intersecting axis OZ which is perpendicular to both 
OX and OY.

Let x„, y„, zn be the co-ordinates of any point O' with reference to the 
associated system of Cartesians.

Draw through O' a system of rectangular axes O'X', O'Y', O'Z' parallel to 
the original system OX, 0 Y, OZ.

Let a new system of canonical screws of reference be arranged with pitches 
+ a and - a on O'X', + b and - b on O'Y', and + c and - c on O'Z’.

Let 03, 0.,... 06 be the co-ordinates of the screw to with regard to these 

new screws of reference. It is required to tind these quantities in terms of 
an ... «6,

Let x, y, z’ be the current co-ordinates of a point on to referred to the 
new axes, the co-ordinates of this point with respect to the old axes being 

y, z,

then » = »' + «„; y=y' + y9-, z = z' + z„.

The equations of co with respect to the new axes are (§ 43),

( ^5 + 67) y' —(0.1+ 07) Y — a (0, — 0.7) — (0! + 0j) j

( 01 + 03)Y - (0S + ØJ x = b(03-0i)-pa(0i + 0i)- ........ (i).

( ^3 + 67) x — (0i + 0-7) y' = c (05- 07) - pa (0,. + øe)i

We have also

( a5 + a6) y - (a3 + a4) z = a (a^ - a2) -jpw (a, + a2)) 

(otj + a.,) z — (a5 + a6) x = b (a3 — a,) — pm (a3 + a4); ............  (ii).

(a3 + a4) x - (a, + a3) y = c (a5 - a6) - pu (a5 + a6)J

Remembering that the new axes are parallel to the original axes we have

— “i + a3; #3 + 04 = a3 + «4; Ö5 + ö6 = aä + a6........ (iii).
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H ence by subtracting the several form ulae (i) from the form ulae (ii) w e  

obtain

!)„ (« 5 +  a B) -  z„ (a3 +  a 4) =  a (a, -  a.) -  a (0, -  Ö .) 

0»  (<A 4- a 2) -  x„ (a 5 +  a 6)  =  b (a 3 -  aj  -  b (6, -  0 4) - 

x„ («3  +  a 4) -  y0 (a, +  a 2)  =  c  (a 5 -  a„) -  c  (0 5  -  0 6)

(iiii).

T he six equations (iii) and  (iiii) determ ine 0,,... 06 in term s of a„... a6 .

49. Principal Screws on a Cylindroid.

If tw o screw s are given w e determ ine as fo llow s the pitches of the tw o  

principal screw s on the cylindroid  w hich the tw o  given screw s define.

L ot a and ß be the tw o given screw s. T hen the co-ordinates of these  

screw s referred to  six canonical co-reciprocals are

«i,... a 6 and ß„... ßs.

T he co-ordinates of any other screw  on the sam e cylindroid are propor­

tional to

potj +  ß,, pa2 ß2,... pot6 +  ß« j

w hen p is a variable param eter.

T he pitch p of the screw  so indicated is given by  the equation 41)

a (pa, + ß,y - a (pa2 +  ß 2)2 +  b (pa,, + ß3)2 - b (pa, + ß,)2

+  c  (pas + ßß2 - c (pa, + ß,)2

a p [{p  (a, +  a.,) + ß, + ß-?\2 + p {(ot3 +  «,) +  ß3 + + p +  æ «) +  ßr> +  ßs} 2],

or

p2pa + 2p-naß + pß = p [p2 + 2p cos (aß) +  1}, 

or

p2 (P* -p) + %P - P c°s  (a/3)} +  pß - p =  0.

For the principal screw s p is to be determ ined so that p shall be a m axi­

m um  or a m inim um  (§ 18), w hence the equation for p is

{^■«ß -p cos (aß)}2=(pa -p) (pß-p), 

or

p2 sin 2  (aß) + p (2 o t o /3 c o s  (aß) -pa- pß) + papp - =  0.

T he roots of th is quadratic are the required values of p.

T he quadratic  m ay  also receive the form

o  =  (p - pa) (p - pp) sin 2  (aß) +  I  daß sin  (aß) cos  (aß) (pa + pp - 2p)

-  1  (?«  -Pß)2 cos3 (aß) ~ 1 sin3 (aß)>

w here daP is the  shortest distance of a and  ß.
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In this form it is obvious that to increase each of the three quantities 

P«., pß, p by m does not affect the equation. This is of course the well-known 

property of the cylindroid. (§ 20.)

If the quadratic have two equal roots, then all the screws of the cylindroid 

form a plane pencil, and all have equal pitches.

The discriminant of the quadratic is

cos- (aß)+(pa + Pßy - (pa +pß) cos (aß) - 4>papß sin2 (aß)+4  ̂sin2(aß)

= l'^aß - (pa + pß) cos (a/3)j2 + (pa + Pßy sin-' (aß) _ 4pB/JjS sin2

- (daß2 + (pa ~Pß)2) sin2 (aß).

Hence discarding the case when (aß) = 0 we have

daß=0, Pa~Pß = 0,

as was to be expected.



CHAPTER V .

THE REPRESENTATION OF THE CYLINDROID BY A CIRCLE*.

50. A Plane Representation.

The essence of the present chapter lies in the geometrical representation 

of a screw by a point. The series of screws which constitute the cylindroid 

correspond to, or are represented by, a series of points in a plane. By 

choosing a particular type of correspondence we can represent the screws 

of the cylindroid by the points of a circle Various problems on the 

cylindroid can then be studied by the aid of the corresponding circle. We 

commence with a very simple process for the discovery of the circle. It will 

in due course appear how this circular representation is suggested by the 

geometry of the cylindroid itself (§ 68).

It has been shown (§ 13) that the positions of the several screws on 

the cylindroid may be concisely defined by the intersections of the pairs of 

planes,
y = x tan 0,

z — m sin 20.

In these equations, 0 varies in correspondence with the several screws, while 

m is a parameter expressing the size of the cylindroid. In fact, the whole 

surface, except parts of the nodal line, is contained between two parallel 

planes, the distance between which is 2m.

The pitch of the screw corresponding to 0 is expressed by

p = pt> + m cos 20,

where p0 is a constant.

1 See papers in Proceedings of the Royal Irish Academy, Ser. ii. Vol. iv. p. 29 (1883), and the 

Cunningham Memoirs of the Royal Irish Academy, No. 4 (1886).

2 I may refer to a paper by Professor Mannheim, in the Comptes rendus for 2nd February, 

1885, entitled “Repräsentation plane relative aux déplacements d’une figure de forme invariable 

assujettie ä quatre conditions.” Professor Mannheim here shows how the above plane repre­

sentation might also have been deduced from the instructive geometrical theory which he had 

brought before the Academy of Sciences on several occasions.
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Eliminating 3 between the equations for z and p, we obtain 

(P ~ P$ + z- = m\

Let p and z be regarded as the current co-ordinates of a point. Then 

the locus of this point is the circle which forms the foundation of the plane 

representation *.

m is, of course, the radius, and pa is the distance of the centre from a 

certain axis. Any point on this circle being given, then its co-ordinates p 

and z are completely determined. Thus sin 2(9 and cos <2.3, and, consequently, 

tan 3, are known. We therefore see that the position of a screw and its 

pitch are completely determined when the corresponding point on the circle 

is known. To each point of the circle corresponds one screw on the cylin- 

io each screw on the cylindroid corresponds one point on the circle. 

This may be termed the representative circle of the cylindroid.

51. The Axis of Pitch.

Let 7 (fig. ;>) be the origin. Then p„ is the perpendicular ST from the 

centre S of the circle to the axis PT. The ordinate AP is the pitch of the

* The following elegant construction for the cylindroid is given by Mr T. C. Lewis, Messender 

of Mathematics, Vol. rx. pp. 1-5, 1879. “ Suppose that a point P moves with uniform velocity 
around a circle while the circle itself rotates uniformly about an axis in its plane with half the 

angular velocity that P has around the centre. Then the perpendiculars from P on the axis of 

rotation trace out the cylindroid, while the lengths of those perpendiculars axe the pitches of the 

corresponding screws,” This construction is of special interest in connexion with the represen- 
tation of the eylmdroid by a circle discussed in this chapter. The construction of Mr Lewis shows 
that if the circle rotate around the axis of pitch with half the angular velocity of the point P 

around the circle, then not only does P represent the screw in this circle but the perpendicular 
from P on the axis of pitch is the position of the screw itself.
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screw, and the line PT may be called the axis of pitch. We have, accord­

ingly, the following theorem :—

The pitch of any screw on the cylindroid is equal to the perpendicular let 

fall on the axis of pitch from the corresponding point on the circle.

A parallel AA' to the axis of pitch cuts the circle in two points, A and 

A', which have equal pitch. The diameter perpendicular to the pitch axis 

intersects the circle in the points U, V of maximum and minimum pitch. 

These points, of course, correspond to the two principal screws on the cylin­

droid. The two screws of zero pitch are defined by the two real or imaginary 

points in which the axis of pitch cuts the circle.

A fundamental law of the pitch distribution on the several screws of a 

cylindroid is simply illustrated by this geometrical representation. The law 

states that if all the pitches be augmented by a constant addition, the 

pitches so modified will still be a possible distribution. So far as the 

cylindroid is concerned, such a change would only mean a transference of 

the axis of pitch to some other parallel position. The diameter 2m merely 

expresses the size of the cylindroid, and is, of course, independent of the 

constant part in the expression of the pitch,

52. The Distance between two Screws.

We shall often find it convenient to refer to a screw as simply equivalent 

to its corresponding point on the circle. Thus, in fig. C, the two points, A

and B, may conveniently be called the screws A and B. The propriety of 

this language will be admitted when it is found that everything about a
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screw can be ascertained from the position of its corresponding point on the 
circle.

Let us, for instance, seek the shortest distance between the two screws 

A and B. Since all screws intersect the nodal axis of the cylindroid at 

right angles, the required shortest distance is simply the difference between 

the values of m sin 20 for the two screws: this is, of course, the difference 

of their abscissae, i.e. the length BQ. Hence we have the following theorem :—

The shortest distance between two screws, A and B, is equal to the pro­

jection of the chord AB on the axis of pitch.

We thus see that eveiy screw j 4 on the cylindroid must be intersected 

by another screw A', and the chord AA' is, of course, perpendicular to 

the axis of pitch. The ray through parallel to the axis of pitch, will give 

two screws, L and M. These are the bounding screws of the cylindroid, and 

in each a pair of intersecting screws have become coincident. The two 

principal screws, U and V, lying on a diameter perpendicular to the axis of 

pitch, must also intersect.

If all the pitches be reduced by p0, then the pitch axis passes through 

the centre of the circle, and the case assumes a simple type. The extremities 

of a chord perpendicular to the axis of pitch define screws of equal and 

opposite pitches, and every pair of such screws must intersect. The screws 

of zero pitch will then be the bounding screws, while the two principal 

screws will have pitches 4- m and — m, respectively.

53. The Angle between two Screws.

This important function also admits of simple representation by the 

corresponding circle. Let A, B (fig. 7) denote the two screws; then, if 0 

and 0‘ be the angles corresponding to A and B,

AST =20; BST=20',

whence ASB = 2(0- 0f

If H be any point on the circle, then

AHB = 0-0',

and we deduce the following theorem:—

The angle between two screws is equal to the angle subtended in the circle 

by their chord.

1 he extremities of a diameter denote a pair of screws at right angles: 

thus, A , in fig. 7, is the one screw on the cylindroid which is at light angles 

to A. The principal screws, U and V, are also seen to be at right angles.
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The circular representation of the cylindroid is now complete. We see 

how the pitch of each screw is given, and how the perpendicular distance

and the angle between every pair of screws can be concisely represented. 

We may therefore study the dynamical and kinematical properties of the 

cylindroid by its representative circle. We commence by proving a funda­

mental principle very analogous to an elementary theorem in Statics.

54. The Triangle of Twists.

It has been already shown (§ 14) that any three screws on the cylindroid 

possess the following property:—

If a body receive twists about three screws, so that the amplitude of 

each twist is proportional to the sine of the angle between the two non­

corresponding screws, the body, after the last twist, will be restored to where 

it was before the first.

With the circular representation of the cylindroid we transform this 

theorem into the following:—

If any three screws, A, B, C (Fig. 8), be taken on the circle, and if twists 

be applied to a body in succession, so that the amplitude of each twist is 

proportional to the opposite side of the triangle ABC, then the body will 

be restored by the last twist to the place it had before the first.

From the analogy of wrenches, and of twist velocities to twists, we are 

also able to enunciate the following theorems:—

If wrenches upon the three screws A, B, C be applied to any rigid body, 

then these wrenches will equilibrate, provided that the intensity of each is 

proportional to the opposite side of the triangle.

B, 4
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If twist velocities about the three screws A, B, C animate a rigid body, 

then these twist velocities will neutralize if they are respectively proportional 

to the opposite sides of the triangle.

55. Decomposition of Twists and Wrenches.

The theorems we have just enunciated lead to simple rules for effecting 

the composition, or the decomposition of twists or of wrenches. Let a twist 

on a screw X be given, and let it be required to find the components of this 

twist on any two given screws A, B, all three, of course, lying on the same 

cylindroid. Let a> be the amplitude of the twist on X. Then, by the last 

article, the following triad of twists on the screws X, A, B, respectively, will 

neutralize:—

BX 
“ AB'

w,
AX 

m AB ’

whence the components on A and B of the twist about X are, so far as 

magnitudes are concerned,

BX , AX
“AB and “AB'

A similar proposition holds of course for wrenches.

56. Composition of Twists and Wrenches.

Let two twists, of amplitudes a and ß, about the screws A and B, respec­

tively, be applied to a rigid body. It is required to find the single resultant 

screw X, and the amplitude a> of the resulting twist. Divide AB (Fig. .9) 

in the point I, so that the segments AI and BI shall be in the inverse ratio 

of a to ß. . Bisect the arc AB at H, and draw HI, which will cut the circle 

in the required point X.

The value of a> is obtained from the equations

_®_  a  ß 

AB BX~AX-
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If the amplitudes a and ß had opposite signs, then the point I should have 

divided AB externally in the given ratio.

57. Screw Co-ordinates.

We have developed in the last chapter the general conception of 

Screw Co-ordinates. In the case of the cylindroid, the co-ordinates of any 

screw X, with respect to two standard screws A and B, are found by resolving 

a wrench of unit intensity on X into its two components on A and B. These 

components are said to be the co-ordinates of the screw. If we denote the 

co-ordinates of X by X{ and X2, we have

v V
A'~AB' 3 AB'

The co ordinates satisfy the identical relation,

Xf — 2X)X2 c o s  e + Xf = 1, 

where e denotes the angle between the two screws of reference, that is, the 

angle subtended by the chord AB.

58. Reciprocal Screws.

Every screw A on the cylindroid has one other reciprocal screw B lying 

also on the cylindroid (§ 26). Denoting as usual A and B by their corre­

sponding points on the circle, we may enunciate the following theorem :—

The chord joining a pair of reciprocal screws passes through the pole of 

the axis of pitch.

The condition that two screws shall be reciprocal is

(/>« + PA cos # ~ d*f> sin 0 =

where pa and pß are the pitches, 6 is the angle between the two screws, 

and daß their shortest distance. It is easy to show that this condition 

is fulfilled for any two screws A and B (Fig. 10), whose chord passes through 

0, the pole of the axis of pitch PQ.

4—2
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S in ce SO . ST = SA2 = SB2, w e h av e  Z  ST A = ^SAB, an d  z  STB =  z  SB A 

w h en ce z  ATB is b isec ted  b y  ST, an d  th e refo re

z  A TP = I  z  A SB = 0 =  z  BTQ.

It fo llow s th a t ,4 P co s0 = P T « n 0 , s in ce each is eq u a l to th e p e rp en ­

d icu la r fro m  P o n  A T. 11

S im ila rly ,

BQ co s  0 = QT sin 0 ; 

w h en ce (^ P + 2 ?Q )co s  0 -(P T + Q T ) s in  0  =  0 , 

w h ich red u ces  to

(p<< + pß) co s  0 — daß s in  0 = ((.

T h e  th eo rem  h as th u s  b een  p ro v ed .

W e h av e , th e re fo re , a s im p le co n stru c tio n fo r fin d in g th e screw  B rec i 

o f° th e ax is SV(>S reW/u ™ t0  j° in A  t0 ° ’ th e P o le

o f th e ax is o f p itch , an d th e p o in t in w h ich  th is  cu ts  th e  c irc le  ag a in  g iv es  

B th e  req u ired  rec ip ro ca l sc rew . S

W e  a lso  n o tice  th a t th e  tw o p rin c ip a l sc rew s o f th e cy lin d ro id  a re rec i­

p ro ca l, in asm u ch  as th e ir ch o rd  p asses th ro u g h 0.

59. Another Representation of the Pitch.

W o  can  o b ta in  an o th e r g eo m etrica l ex p ress io n fo r th e  p itch , w h ich  w ill b o  

åS  o f ',°7  r™ 1" ““  th “” th e  » ""■ th e  p o in t to  the

«■Alb UI p lL C n .

y in « 6 ,] A 1 1 '> b f- th e p o in t o f w h lch th e P itch is req u ired . Jo in

, d raw  Al p e rp en d w u la r to th e ax is o f p itch  PT, an d p ro d u ce AP to
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intersect BT at E. Then, since 0 is the pole of PT, the line PT bisects the 

angle ATE (§ 58), and therefoi’e AE must be bisected at P.

From similar triangles,

OB: AB:: 0T:AE;

whence, if pa be the pitch of A, and, of course, equal to AP, or ^AE,

„ AB.OT
2pa 0B .

But since the quadrilateral ASBT is inscribable in a circle,

0T.0S = 0A.0B;

whence, eliminating OT, we have, finally,

AO. AB 
pa~ 20S :

as OS is constant, we see that pa varies as AO . AB, whence the following 

theorem:—

If AB be any chord passing through 0, the pole of the axis of pitch, then 

the pitch of the screw A is proportional to the product AO . AB.

60. Pitches of Reciprocal Screws.

It is known that the sum of the reciprocals of the pitches of a pair of 

reciprocal screws on the cylindroid is constant 40). This is also plain 

from the geometrical representation. 1 or, since the triangles APT and BQT 

(Fig. 10) are similar, we have
AP : BQ :: TP : TQ :: OA : OB;
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whence 0 is the centre of gravity of particles of masses - and - placed at 
. , „ Pa Pß

A and B, respectively.

From the known property of the centre of gravity,

AP- + BQ- = 0T.(- + 
Pa Pß \Pa PßJ 

but each of the terms on the left-hand side is unity, whence, as required,

1 + 1=A

Pa Pß GT' 

representing the pitch also verifies this theorem.The second mode of 

For since (§ 59)

we have

AO. AB 
pa 2OS ’

BO. BA 
Pß 208 ’

from which

AB’ 
pr'+pß~20S’

AB2. AO. BO
papß 40S^~

1

Pa pß

2. OS

OA.OB’

constant for every chord through 0; and, as OS is constant, 
the sum of the reciprocals of the pitches of two reciprocal

but OA . OB is 

it follows that 

screws on any cylindroid must be constant.

61. The Virtual Coefficient.

Let A and B (Fig. 12) be the two screws. Let, as usual, 0 be the pole of 

the axis of pitch PT. Let O’ be the point in which the chord AB intersects 

01 the perpendicular drawn from 0 to the axis of pitch, and let P T be the 

polar of O’, which is easily shown to be perpendicular to SO. From T let fall 

the perpendicular TF upon 4 7", and from 0 let fall the perpendicular OG 

upon AB.

As before (§ 58), we have Z ATP’ = z TTF = 3; also, since

Z SA O’= Z A TO', and A SAO = /. A TO,

we must have z SA O'-z SA0 = a  ATO' - z ATO, or AOAG = aTAF- 

whence the triangles OAG and 7^ are similar, and, consequently,

TF-°°-io-OG^
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but, as in § 58, we have

(pa — TT' + pß — TT’) cos 6 — daß sin 0 = 0;

whence the virtual coefficient is simply,

A N
TT'cos 0 = OG~,

(Jb

and we have the following theorem :

The virtual coefficient of any pair of screws varies as the perpendicular 

distance of their chord from the pole of the axis of pitch.

We also notice that the line TF expresses the actual value of the virtual 

coefficient.

The theorem of course includes, as a particular case, that property of 

reciprocal screws, which states that their chord passes through the pole of the 

axis of pitch (§ 58).

62. Another Investigation of the Virtual Coefficient.

It will be instructive to investigate the theorem of the last article by a 

different part of the theory. We shall commence with a proposition in ele­

mentary geometry.

Let ABC (Fig. 13) be a triangle circumscribed by a circle, the lengths of 

the sides being, as usual, a, b, c. Draw tangents at A, B, C, and thus form 

the triangle XYZ. It can be readily shown that if masses a2, b2, c2 be placed
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at B C, their centre of gravity must lie on the three lines AX BY CZ 

Ihese lines must therefore be concurrent at I, which is the centre of gravity 

of the three masses. 5 J
is the centre of gravity

Let BY intersect the circle again at H. Then, since AC is the polar of 

7<’ B H bt 1 -8; »«»equenlly lhe four

ie B J BC.

*•thc of

Suppose the axis of pitch to be drawn (it is not shown in the figure) and 

let h be the perpendicular let fall from Z on this axis, also let P1 p p be the 

pitches of the screws A, B, C. P P P

Then, by a familiar property of the centre of gravity, we must have

A«2 + pJ>* - pp2 = (a2 + b2 - c2) h = 2abh cos C.

We shall take 4, B as the two screws of reference, and if P1 and p„ be the co 

ordinates of C W1th respect to A and B - then, from the principles of screw 

co-ordinates (§ 30), we have P 1

Pi = pipi2 + p2p22 + 2CT12p1P3)

where „„ is the virtual coefficient of A and B. In the present case we have 

a b
Pl=~', P-2 = ~', 

c r c
whence

and, finally,
Pi a? + p,b2- p3c2 + 2®-12 «6 = 0;

w13 = — hcosC.
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T h e  n e g a tiv e  s ig n  h a s  n o  s ig n if ic a n c e  fo r o u r p re se n t p u rp o se , a n d  h e n c e  w e  

h a v e  th e  fo llo w in g  th e o re m  :

The virtual coefficient of two screws is equal to the cosine of the angle 

subtended by their chord, multiplied into the perpendicular from the pole of the 

chord on the axis of pitch.

T h is is , p e rh a p s , th e  m o st c o n c is e  g e o m e tr ic a l e x p re s s io n  fo r th e  v ir tu a l  

c o e f f ic ie n t. I t v a n ish e s if th e p e rp e n d ic u la r b e c o m e s z e ro , fo r th e n th e  

c h o rd  m u st p a s s th ro u g h  th e  p o le o f th e p itc h  a x is , a n d  th e tw o  s c re w s b e  

re c ip ro c a l. T h e c o s in e e n te rs th e  e x p re s s io n  in  o rd e r th a t i ts e v a n e s c e n c e , 

w h e n  C =  9 0 ° , m a y  p ro v id e  fo r th e  c irc u m s ta n c e  th a t  th e  p e rp e n d ic u la r is  th e n  

in f in ite .

T h is  re su lt is  e a s ily  s h o w n  to  b e  e q u iv a le n t to  th a t o f th e  la s t a r tic le  b y  

th e  w e ll-k n o w n  th e o re m  :—

I f  a n y  tw o  c h o rd s  b e  d ra w n  in  a  c irc le , th e n  th e  c o s in e o f th e  a n g le  s u b ­

te n d e d  b y  th e  f ir s t c h o rd , m u ltip lie d  in to  th e  p e rp e n d ic u la r  d is ta n c e  f ro m  i ts  

p o le to  th e s e c o n d  c h o rd , is e q u a l to th e c o s in e o f th e  a n g le s u b te n d e d  

b y  th e s e c o n d c h o rd , m u ltip lie d in to th e p e rp e n d ic u la r f ro m  i ts p o le to  

th e  f ir s t c h o rd .

I t fo llo w s  th a t th e  v ir tu a l c o e f f ic ie n t m u s t b e e q u a l to th e  p e rp e n d ic u la r  

f ro m  th e p o le  o f th e  a x is o f p itc h u p o n  th e  c h o rd  jo in in g  th e  tw o  s c re w s ,  

m u ltip lie d  in to  th e  c o s in e  o f th e  a n g le  in  th e  a rc  c u t o ff  b y  th e  a x is  o f  p itc h . 

T h is  is  th e  e x p re s s io n  o f  §  6 1 , n a m e ly ,

OG

63. Application of Screw Co-ordinates.

I t w ill b e  u s e fu l  to  s h o w  h o w  th e  g e o m e tr ic a l  fo rm  fo r th e  v ir tu a l  c o e f f ic ie n t  

is  d e r iv e d f ro m  th e  th e o ry  o f  s c re w  c o -o rd in a te s . L e t alt a„, a n d  ßlt ß., b e  th e  

c o -o rd in a te s  o f tw o  s c re w s  o n  th e  c y lin d ro id ; th e n , if th e  s c re w s o f  re fe re n c e  

b e  re c ip ro c a l , th e  v ir tu a l c o e f fic ie n t is  (§  3 7 )

Pi«ißi + p2a2ß2.

L e t A, B (F ig . 1 4 )  b e  th e  s c re w s  o f  re fe re n c e ,  a n d  le t C a n d  C' b e  th e  tw o  

s c re w s o f w h ic h th e v ir tu a l c o e f f ic ie n t is re q u ire d . L e t PQ b e th e a x is  o f  

p itc h  o f  w h ic h  0 is  th e  p o le , th e n  0 l ie s  o n  AB, a s  th e  tw o  s c re w s o f  re fe re n c e  

a re  re c ip ro c a l (§  5 8 ) .

A s  AB is  d iv id e d  h a rm o n ic a lly  a t 0 a n d  H, w e  h a v e

AO : OB :: HA : HB :: AP : BQ :: Pl ; p2-

w h e n c e  0 is th e  c e n tre  o f  g ra v ity  o f m a ss e s  —  , ~  a t A a n d  B, re s p e c tiv e ly .
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If, therefore, AX, BY, OG be perpendiculars on CC, we have, from the 

principle of the centre of gravity,

Pl P-2 \p! pj

°1’ paAX +plBY= + yj2) ()(]■

but, by a well-known property of the circle, if m be the radius, 

2mAX=AC. AC- 2mBY = BC.BC-
whence

or

P1BC. BC + p.,AG. AC = 2 m (P1 + Pt) OG = m (§ 60),

™ AC AC OG
P1AB- AB+p<AB- ÄB=mÖS-

But, from the expressions for screw co-ordinates (§ 57), this reduces to

Pi^ißi +p2^ß2 = m .
U/S

The required expression has thus been demonstrated.

We can give another proof of this theorem as follows

If the two screws of reference be reciprocal, and if P1 and p2 be the co­

ordinates of another screw, then it is known, from the theory of the co- 

oidinates, that the virtual coefficients of this screw, with respect to the screws 

oi reference, are p1P1 and p2f>2, respectively (§ 37).

Thus (Fig. 15) the virtual coefficient of X and A must be (§ 57),

BX
P1 AB ’
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but we know (§ 59) n, =----- : ” •
5 ’ 11 2S0 ’

whence the virtual coefficient is

A 0 . BX  2m sin A . A 0 OG 
2S0~ 2SO ~m OS ’

as already determined. This is an instructive proof, besides being much 
shorter than the other methods.

64. Properties of the Virtual Coefficient.

If the virtual coefficient be given then the chord envelopes a circle with 
its centre at the pole of the axis of pitch.

Two screws can generally be found which have a given virtual coefficient 
with a given screw.

Let A (Fig. 15) be a given screw, and X a variable screw ; then their 
virtual coefficient is proportional to OG, and therefore to the sine of A, that 
is, to the length BX. Thus, as X varies, its virtual coefficient with A 
varies proportionally to the distance of Å from the fixed point B.

65. Another Construction for the Pitch.

As the virtual coefficient of two coincident screws is equal to their pitch, 
we shall obtain another geometrical construction for the pitch by supposing 
two screws to coalesce. For (in tig- 16), let A G bo the chord joining the two 
coincident screws, that is the tangent, then, from § 61, we have for the pitch,

OG 
m 0^, 

whence the following theorem :—

The pitch of tiny screw is proportional to the perpendicular on the tangent 
at the point let fall from the pole oj the axis oj pitch.
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66. Screws of Zero Pitch.

A screw of zero pitch is reciprocal to itself. The tangent at a point 

corresponding to a screw of zero pitch, being the chord joining two reciprocal 

screws, must pass through the pole of the axis of pitch. This is, of course, 
the same thing as to say that the axis of pitch intersects the circle in two 

screws, each of which has zero pitch.

67. A Special Case.

We have supposed that the axis of pitch occupies any arbitrary position. 

Let us now assume that it is a tangent to the representative circle. This 

specialization of the general case could be produced by augmenting the 

pitches of all the screws on the cylindroid, by such a constant as shall make 

one of the two principal screws have zero pitch.

The following properties of the screws on the cylindroid are then 
obvious:—

1. There is only one screw of zero pitch, 0.

2. The pitches of all the other screws have the same sign.

3. The maximum pitch is double the radius.

4. The screw 0 is reciprocal to every screw on the surface, and this 

is the only case in which a screw on the cylindroid is reciprocal to every 

other screw thereon.

68. A Tangential Section of the Cylindroid*.

Let the plane of section be the plane of the paper in Fig. 17, and let the 

plane contain one of the screws of zero pitch OA. Let OH be the projection 

of the nodal axis on the plane of the paper. Then OA being perpendicular to 

the nodal axis must be perpendicular to OH. Let P be the point where the 

second screw of zero pitch cuts the curve. Then since any ray through P 

and across AO, meets two screws of equal pitch, it must be perpendicular 

to the third screw which it also meets on the cylindroid (§ 22). Hence 

PH is perpendicular to the screw through H, and as the latter lies in the 

norma] plane through OH it follows that the angle at H is a right angle.

Any chord perpendicular to zLO must for the same reason intersect two 

screws of equal pitch, and therefore APHO must be a rectangle.

If tangents be drawn at A and P intersecting at T, then it can be shown 

that any chord TLM through T cuts the ellipse in points L and M on two 

reciprocal screws.

* For proofs of theorems in this article see a paper in the Transactions of the Koval Irish 

Academy, Vol. xxix. pp. 1—32 (1887).
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If from any point X a perpendicular XR be let fall on AP, then the pitch 

of the screw through X is XR tan 0, where sin 0 is the eccentricity of the 

ellipse. Also 0 is the angle between the normal to the plane and the nodal 

axis.

Fig. 17.

Let two circles be described, one with the major axis of the ellipse as 

diameter and the other with the line joining the two foci as a diameter. Let 

Xy be the point in which the ordinate through X meets the first circle and 

X2 be the point in which a ray drawn from X} to the centre meets the second 

circle. Then this point X2 on this inner circle will be exactly the circular 

representation of the screws on the cylindroid with which this chapter com­

menced. There is only one such circle, for the distance between the foci is 

the same for every tangential section, and so is the distance from the centre 

to the axis of pitch.



CHAPTER VI.

THE EQUILIBRIUM OF A RIGID BODY.

69. A Screw System.

To specify with precision the nature of the freedom enjoyed by a rigid 

body, it is necessary to ascertain all the screws about which the constraints 

will permit the body to be twisted. When the attempt has been made for 

every screw in space, the results will give Us all the information conceivable 

with reference to the freedom of the body, and also with reference to the 

constraints by which the movement may be hampered.

Suppose that by these trials, n screws AJt ... An have been found about 

each of which the body can receive a twist. It is evident, without further 

trial, that twisting about an infinite number of other screws must also be 

possible (n> 1): for suppose the body receive any n twists about t Ij , ...

the position attained could have been reached by a twist about some 

single screw A. The body can therefore twist about A. Since the amplitudes 

of the n twists may have any magnitude (each not exceeding an infinitely 

small quantity), J is merely one of an infinite number of screws, about which 

twisting must be possible. AU these screws, together with Au ... An, will w 

general form what we call a screw system of the nth order.

If it be found that the body cannot be twisted about any screw which 

does not belong to the screw system of the «th order, then the body is said 

to have freedom of the nth order. It is assumed that Alt ... An are 

independent screws, i.e. not themselves members of a screw system of order 

lower than n. If this were the case, the screws about which the body could 

be twisted would only consist of the members of that lower screw system.

Since the amplitudes of the n twists about A„...An are arbitrary, it 

might be thought that there are n disposable quantities in the selection of a 

screw 6' from a screw system of the nth order. It is, however, obvious from 

§ 14 that the determination of the position and pitch of S depends only upon
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the ratios of the amplitudes of the twists about A,,... An and hence in the 

selection of a screw from the screw system of the nth order, we have n — 1 

disposable quantities.

70. Constraints.

An essential feature of a system of constraints consists in the number of 

independent quantities which are necessary to specify the position of the 

body when displaced in conformity with the requirements of the constraints. 

That number which cannot be less than one, nor greater than six, is the 

order of the freedom. To each of the six orders of freedom a certain type of 

screw system is appropriate.

The study of the six types of screw system as here defined is a problem 

of kinematics, but the statical and kinematical properties of screws are so 

interwoven that we derive great advantages by not attempting to relegate 

the statics and kinematics to different chapters. We shall not require any 

detailed examination of the constraints. Every conceivable condition of 

constraints must have been included when the six screw systems have been 

discussed in their most general form. Nor does it come within our scope, 

except on rare occasions, to specialize the enunciation of any problem, further 

than by mentioning the order of the freedom permitted to the body.

71. Screw Reciprocal to a System.

If a screw X be reciprocal to n independent screws, A,,... An, of a screw 

system of order n, then X is reciprocal to every other screw A which belongs 

to the same screw system. For, by the property of the screw system, it 

appears that twists of appropriate amplitudes about A>, ... An, would 

compound into a twist about A. It follows (§ 69) that wrenches on A,, ... 

An, of appropriate intensities (§ 30) compound into a wrench on A. Suppose 

these wrenches on Alt ... An, were applied to a body only free to twist 

about X, then since X is reciprocal to A,, ... An, the equilibrium of the 

body would be undisturbed. The resultant wrench on A must therefore be 

incapable of moving the body, therefore A and X must be reciprocal.

72. The Reciprocal Screw System.

All the screws which are reciprocal to a screw system P of order n 

constitute a screw system Q of order 6 - n. This important theorem is thus 

proved:—

Since only one condition is necessary for a pair of screws to be reciprocal, 

it follows, from the last section, that if a screw X be reciprocal to P it will 

fulfil n conditions. The screw X has, therefore, 5-n elements still dis­

posable, and consequently (n < 5) an infinite number of screws Q can be
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found which are reciprocal to the screw system P. The theory of reciprocal 

screws will now prove that Q must really be a screw system of order 6 — n. 

In the first place it is manifest that Q must be a screw system of some 

order, for if a body be capable of twisting about even six independent screws, 

it must be perfectly free. Here, however, if a body were able to twist about 

the infinite number of screws embodied in Q, it would still not be free, 

because it would remain in equilibrium, though acted upon by a wrench 

about any screw of P. It follows that Q can only denote the collection of 

screws about which a body can twist which has some definite order of 

freedom. It is easily seen that that number must be 6-n, for the number 

of constants disposable in the selection of a screw belonging to a screw 

system is one less than the order of the system (§ 36). But we have seen 

that the constants disposable in the selection of X are 5 - n, and, therefore, 

Q must be a screw system of order 6 - n.

We thus see, that to any screw system P of order n corresponds a reciprocal 

screw system Q of order 6 - n. Every screw of P is reciprocal to all the 

screws of Q, and vice versa. This theorem provides us with a definite test as 

to whether any given screw a is a member of the screw system P. Construct 

6 — n screws of the reciprocal system. If then a be reciprocal to these 6 — n 

screws, a must in general belong to P. We thus have 6-n conditions to 
be satisfied by any screw when a member of a screw system of order n.

73. Equilibrium.

If the screw system P expresses the freedom of a rigid body, then the 

body will remain in equilibrium though acted upon by a wrench on any 

screw of the reciprocal screw system Q. This is, perhaps, the most genera] 

theorem which can be enunciated with respect to the equilibrium of a rigid 

body. This theorem is thus provedSuppose a wrench to act on a screw y 

belonging to Q. If the body does not continue at rest, let it commence to 

twist about a. We would thus have a wrench about y disturbing a body 

which twists about a, but this is impossible, because a and y are reciprocal.

In the same manner it may be shown that a body which is free to twist 

about all the screws of Q will not be disturbed by a wrench about any screw 

of P. Thus, of two reciprocal screw systems, each expresses the locus of a 

wrench which is unable to disturb a body free to twist about any screw of 
the other.

74. Reaction of Constraints.

It also follows that the reactions of the constraints by which the move­

ments of a body are confined to twists about the screws of a system P can 

only be wrenches on the reciprocal screw system Q, for the reactions of the
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constraints are only manifested by the success with which they resist the 

efforts of certain wrenches to disturb the equilibrium of the body.

75. Parameters of a Screw System.

We next consider the number of parameters required to specify a screw 

system of the nth order often called for brevity an ».-system. Since the 

system is defined when n screws are given, and since five data are required 

for each screw, it might be thought that bn parameters would be necessary. 

It must be observed, however, that the given bn data suffice not only for the 

purpose of defining the screw system but also for pointing out n special 

screws upon the screw system, and as the pointing out of each screw on the 

system requires n — 1 quantities (§ 69), it follows that the number of 

parameters actually required to define the system is only

bn — n (n — 1) = n (6 — n).

This result has a very significant meaning in connexion with the theory 

of reciprocal screw systems P and Q. Assuming that the order of P is n, the 

order of Q is 6 — n; but the expression w (6 — n) is unaltered by changing n 

into 6 — n. It follows that the number of parameters necessary to specify a 

screw system is identical with the number necessary to specify its reciprocal 

screw system. This remark is chiefly of importance in connexion with the 

systems of the fourth and fifth orders, which are respectively the reciprocal 

systems of a cylindi’oid and a single screw. We are now assured that a 

collection of all the screws which are reciprocal to an arbitrary cylindroid can 

be nothing less than a screw system of the fourth order in its most general 

type, and also, that all the screws in space which are reciprocal to a single 

screw must form the most general type of a screw system of the fifth order.

76. Applications of Co-ordinates.

If the co-ordinates of a screw satisfy n linear equations, the screw must 

belong to a screw system of the order 6 — n. Let r) be the screw, and let one 

of the equations be

+ ... + Ar,ye=O,

whence y must be reciprocal to the screw whose co-ordinates are pro­

portional to

A1~, ... Aa, (§ 37).
Pi p<* ’

It follows that t ? must be reciprocal to n screws, and therefore belong to a 

screw system of order 6 — n.

Let a, ß, y, 8 be for example four screws about which a body receives 

twists of amplitudes a, ß', y', S'. It is required to determine the screw p and
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the amplitude p of a twist about p which will produce the same effect as the 

four given twists. We have seen (§ 37) that the twist about any screw a 

may be resolved in one way into six twists of amplitudes aait ... aa„, on the 

six screws of reference ; we must therefore have

p'Pi = a'a, +ß'/3j + y'y, + 8'8,,

p Pl) — a a0 + ß ße + y ye 4- 8'8a, 

whence p' and p1; ... pl; can be found (§ 35).

A similar process will determine the co-ordinates of the resultant of any 

number of twists, and it follows from § 12 that the resultant of any number 

of wrenches is to be found by equations of the same form. In ordinary 

mechanics, the conditions of equilibrium of any number of forces are six, 

viz. that each of the three forces, and each of the three couples, to which the 

system is equivalent shall vanish. In the present theory the conditions are 

likewise six, viz. that the intensity of each of the six wrenches on the screws 

of reference to which the given system is equivalent shall be zero.

Any screw will belong to a system of the nth order if it be reciprocal to 

6 — n independent screws; it follows that 6 — n conditions must be fulfilled 

when n + 1 screws belong to a screw system of the nth order.

To determine these conditions we take the case of n = 3, though the 

process is obviously general. Let a, ß, y, 8 be the four screws, then since 

twists of amplitudes a, ß', y, 8' neutralise, we must have p' zero and hence 

the six equations

<*'ai + ß'ßi + y'y, + 8'8, = 0,

&c.

«'«» + ß'ß„ + y'y, + 8'8e = 0;

from any four of these equations the quantities a, ß', y', 8' can be eliminated, 

and the result will be one of the three required conditions.

It is noticeable that the 6 — n conditions are often presented in the 

evanescence of a single function, just as the evanescence of the sine of an 

angle between a pair of straight lines embodies the two conditions necessary 

that the direction cosines of the lines coincide. The function is suggested 

by the following considerations :—-If n + 2 screws belong to a screw system 

of the (n + l)th order, twists of appropriate amplitudes about the screws 

neutralise. Ihe amplitude of the twist about any one screw must be pro­

portional to a function of the co-ordinates of all the other screws. We thus 

see that the evanescence of one function must afford all that is necessary for 

n +1 screws to belong to a screw system of the nth order.*

Philosophical Transactions, 1874, p. 23.
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77. Remark on systems of Linear Equations.

Let a right line be, as usual, represented by the two equations

Ax + By + Cz + D = 0,

A'x + B'y+ C'z+ D'= 0.

There are here six independent constants involved, while a right line is 

completely defined by four constants. The fact of course is that these two 

equations not only determine the right, line on which our attention is fixed, 

but they also determine two planes through that line. Four constants are 

needed for the straight line and one more for each of the planes, so that there 

are six constants in all.

If we are concerned with the straight line only the intrusion of two 

superfluous constants is often inconvenient. We can remove them by first 

eliminating y and then x, thus giving the two equations the form

x = Pz + Q,

y = P'z + Q'.

We have here no more than the four constants P, Q, P', Q', which are indis­

pensable for the specification of the straight line.

Of course it may be urged that these equations also represent two planes. 

No doubt they do, but the equation z = Px + Q is a plane parallel to the axis 

of y, which is absolutely determined when the straight line is known. The 

plane Ax + By + Cz + D = 0 may represent any one of the pencil of planes 

which can be drawn through the straight line.

Analogous considerations arise when the screws of an n-system are 

represented by a series of linear equations. We commence with the case of 

the two-system, in which of course the screws are limited to the generators 

of a cylindroid.

Let 32, 32,... 3C, be the co-ordinates of a screw 3 referred to any six screws 

of reference.

Let these co-ordinates satisfy the four linear equations

Aj 3, + A232 + ... + = 0,

Bi 0, + B2 32 + ... + B,s 3,t = 0,

(j\3t + (j 232 + ... + Ce3e — 0,

Di 3i + D., 32 + ... + De 3e = 0,

where Alt A2, ..., Bt, B2, ... C2 and Dlt D.2, ... are constants.

Then it is a fundamental part of the present Theory that the locus so 

defined is a cylindroid (§ 76).

5—2
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But it will be observed that there is here a mass of not fewer than 

20 independent constants, while the cylindroid is itself completely defined by 

eight constants (§ 75). The reason is that these four equations really each specify 

one screw, i.e. four screws in all, and as each screw needs five constants 

the presence of 20 constants is accounted for.

But when it is the cylindroid alone that we desire to specify there is no 

occasion to know these four particular screws. All we want is the system of 

the fourth order which contains those screws. For the specification of the 

position of a screw in a four-system three constants are required. Thus the 

selection of four screws in a given four-system requires 12 constants. These 

subtracted from 20 leave just so many as are required for the cylindroid.

This is of course the interpretation of the process of solving for 0., 04, 0,„ 06 

in terms of 04 and 0.2. We get

0» = P0. + Q02; 04 = P'0, + Q'02; 0, = P"0X + $'02; 0, = P"'0X + Q'"02. 

Thus we find that the constants are now reduced to eight, which just serve 

to specify the cylindroid.

An instructive case is presented in the case of the three-system. The 

three linear equations of the most general type contain 15 constants. But 

a three-system is defined by 9 constants (§ 75). This is illustrated by solving 

the equations for 0„, 04, 0,. in terms of 0X, 0.2, 0a, when we have

02 = P0X + Q0S +P05,

0t = P'0X + Q03 + R'0S,

0S = P"0X + Q"03 + R"0a.

I his symmetucal process is specially convenient when the screws of reference 

are six canonical co-reciprocals.

The general theory may also be set down. An «-system of screws is 

defined by 6 - n linear equations. These contain 5(6 - n) = 30-5« constants. 

We can, however, solve for 6 — n of the variables in terms of the remaining n. 

Thus we get 6 — n equations, each of which has n constants, i.e. n(6 —n) in 

all. This is just the number of constants necessary to specify an »-system. 

The original number in the equation 30 — 5?i may be written

n (6 - n) + (6 - ») (5 - n).

The redundancy of (6— ri) (5—n) expresses the number of constants necessary 

for specifying 6 - n screws in a system of the (6 - n)th order.



CHAPTER VII .

THE PRINCIPAL SCREWS OF INERTIA*.

78. Introduction.

If a rigid body be free to rotate about a fixed point, then it is well known 

that an impulsive couple about an axis parallel to one of the principal 

axes which can be drawn through the point will make the body commence 

to rotate about that axis. Suppose that there was on one of the principal 

axes a screw y with a very small pitch, then a twisting motion about r) would 

closely resemble a simple rotation about the corresponding axis. An impul­

sive wrench on y (i.e. a wrench of great intensity acting for a small time) 

will reduce to a couple when compounded with the necessary reaction of the 

fixed point. If wc now suppose the pitch of y to be evanescent, we may still 

assert that an impulsive wrench on y of very great intensity will cause the 

body, if previously quiescent, to commence to twist about y.

We have stated a familiar property of the principal axes in this indirect 

manner, for the purpose of showing that it is merely an extreme case for a 

body with freedom of the third order of the following general theorem:—

If a quiescent rigid body have freedom of the nth order, then n screws can 

always be found (but not generally more than ri), such that if the body receive 

an impulsive wrench on any one of these screws, the body will commence to 

twist about the same screw.

These n screws are of great significance in the present method of studying 

Dynamics, and they may be termed the principal screws of inertia. In the 

present chapter we shall prove the general theorem just stated, while in the 

chapters on the special orders of freedom we shall show how the principal 

screws of inertia are to be determined for each case.

* Philosophical Transactions, 1874, p. 27.
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79. Screws of Reference.

W e  h a v e  n o w  t o  d e f i n e  t h e  g r o u p  o f  s i x  c o - r e c i p r o c a l  s c r e w s  ( §  3 1 )  w h i c h  

a r e  p e c u l ia r l y  a d a p t e d  t o  s e r v e  a s  t h e  s c r e w s  o f  r e f e r e n c e  i n  K i n e t i c  i n v e s t i -

g a t io n s . L e t  0 b e  t h e  c e n t r e  o f  i n e r t i a  o f  t h e  r i g i d  b o d y ,  a n d  l e t OA, OB, 

00 b e  t h e  t h r e e  p r i n c ip a l a x e s  t h r o u g h  0, w h i le  a, b, c a r e  t h e  c o r r e s p o n d i n g  

r a d i i o f  g y r a t i o n . T h e n  t w o  s c r e w s  a l o n g  OA, v i z .

— a; t w o  s c r e w s

OC, v i z . f t > 6 , ® 6 )

w e  s h a l l  e m p l o y .

f t > i , w 2 , w i t h  p i t c h e s  4 -  a, 
a l o n g  OB, v i z . t ö 3 , c o ,, w i t h  p i t c h e s  + b, -b, a n d  t w o  a l o n g  

w i t h  p i t c h e s +  c , —  c , a r c  t h e  c o - r e c i p r o c a l g r o u p  w h i c h  

1  h e  g r o u p  t h u s  i n d i c a t e d  f o r m  o f  c o u r s e  a  s e t  o f  c a n o n i c a l

c o - r e c i p r o c a l s ( §  4 1 ) . F o r c o n v e n i e n c e i n  w r i t in g  t h e  f o r m u l a e , w e  s h a l l  

o f t e n  u s e  p,, ... ps, to d e n o t e  t h e  p i t c h e s  a s  b e f o r e .

W e  s h a l l  f i r s t  p r o v e  t h a t  t h e  s i x  s c r e w s  t h u s  d e f i n e d  a r e  t h e  p r i n c ip a l  s c r e w s  

o f  i n e r t i a  o f  t h e  r i g i d  b o d y  w h e n  p e r f e c t l y  f r e e . L e t  t h e  m a s s  o f  t h e  b o d y  b e  

2 1 / ,  a n d  l e t  a  g r e a t  c o n s t a n t  w r e n c h  o n  c u , a c t  f o r  a  s h o r t  t i m e  e. T h e  i n t e n s i ty  

of t h i s  w i o n c h  i s  co, , a n d  t h e  m o m e n t  o f  t h e  c o u p l e  i s  a ® / '. W e  n o w  c o n s i d e r  

t h e  e f f e c t  o f  t h e  t w o  p o r t io n s  o f  t h e  w r e n c h  s e p a r a t e l y . T h e  e f f e c t  o f  t h e  f o r c e

i s  t o  g i v e  t h e  b o d y  a  v e lo c i t y  o f  t r a n s l a t i o n  p a r a l l e l t o  OA a n d  e q u a l t o  

ß
Jl T h e  e f f e c t o f  t h e  c o u p l e  i s  t o  i m p a r t a n  a n g u l a r  v e l o c i ty a b o u t  

t h e  a x i s OA. T h i s  a n g u l a r v e l o c i t y  i s e a s i l y  d e t e r m i n e d . T h e  e f f e c t i v e  

f o r c e  w h i c h  m u s t h a v e  a c t e d  u p o n  a  p a r t i c l e  dm a t  a  p e r p e n d i c u l a r  d i s ta n c e  

r f r o m  OA i s —dm. T h e  s u m  o f t h e m o m e n ts o f a l l t h e s e  f o r c e s i s

J / r e  - -  • T h i s  q u a n t i t y  i s  e q u a l  t o  t h e  m o m e n t  o f  t h e  g i v e n  c o u p l e  s o  t h a t

Jlla2 = am,",
e 

w h e n c e

e „

= •

1  h e  t o t a l e f f e c t o f t h e  w r e n c h  o n  W j i s , t h e r e f o r e , t o  g i v e  t h e  b o d y  a  

v e l o c i ty  o f  t r a n s l a t i o n  p a r a l l e l  t o  OA, a n d  e q u a l  t o  J ® " ,  a n d  a l s o  a  v e l o c i t y  

o f r o t a t i o n  a b o u t OA e q u a l t o  — . « / ' . T h e s e  m o v e m e n t s  u n i t e  t o  f o r m  a  

t w i s t i n g  m o t i o n  a b o u t  a  s c r e w  o n  OA, o f  w h i c h  t h e  p i t c h ,  f o u n d  b y  d i v i d i n g  

t h e  v e l o c i t y  o f t r a n s l a t i o n  b y  t h e  v e l o c i ty  o f  r o t a t i o n , i s  e q u a l t o  a. T h i s  

s a m e  q u a n t i t y  i s  h o w e v e r t h e  p i t c h  o f  co„ a n d  t h u s  i t i s p r o v e d  t h a t a n  

i m p u l s iv e  w r e n c h  o n  co, w i l l m a k e  t h e  b o d y  c o m m e n c e  t o  t w i s t a b o u t co,. 

W e  s h a l l i n  f u t u r e  r e p r e s e n t  eco," b y  t h e  s y m b o l co,'", w h i c h  i s  a c c o r d in g l y  t o  

e x p r e s s  t h e  intensity <j the impulsive wrench.
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80. Impulsive Screws and Instantaneous Screws.

If a free quiescent rigid body receive an impulsive wrench on a screw ?/, 

the body will immediately commence to twist about an instantaneous screw 

a. The co-ordinates of a being given for the six screws of reference just 

defined, we now seek the coordinates of

The impulsive wrench on ?; of intensity »/" is to be decomposed into com­

ponents of intensities y'"ylt ... y'"ye on ay, ... a>0. The component on a>n 

will generate a twist velocity about <on amounting to

1 y"'yn
M pn ’ 

but if d be the twist velocity about a which is finally produced, the expression 

just written must be equal to aan, and hence we have the following useful 

result:—

If the co-ordinates of the instantaneous screw be proportional to alt ... a„, 

then the co-ordinates of the corresponding impulsive screw are proportional to

... pea6.

81. Conjugate Screws of Inertia.

Let a be the instantaneous screw about which a quiescent body either 

free or constrained in any way will commence to twist in consequence of 

receiving an impulsive wrench on any screw whatever y. Let ß be the 

instantaneous screw in like manner related to another impulsive screw f.

We have to prove that if £ be reciprocal to a then shall y be reciprocal 

to ß.

When the body receives an impulsive wrench on f of intensity %1" there 

is generally a simultaneous reaction of the constraints, which takes the form 

of an impulsive wrench of intensity p" on a screw p. 1 he effect on the body 

is therefore the same as if the body had been free, but had received an 

impulsive wrench of which the component wrench on the first screw ot 

reference had the intensity ^"'^ + p'"pi- This and the similar quantities 

will be proportional to the co-ordinates of the impulsive screw which had the 

body been perfectly free would have ß as an instantaneous screw. These 

latter, as W6 have shown in §80, are proportional to pißi, pvßz ••• p^ßs* Hence 

it follows that, h being some quantity differing from zero, we have

+ p pi — hpißi,

+ p"Pi = hPiß»

% "£<s + p p6 — hp^ßfi.

Multiplying the first of these equations by p^, the second by^2«2, &c. adding
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the six products and remembering that a and f are reciprocal by hypothesis 

while a and p are reciprocal by the nature of the reactions of the constraints, 
we have

Pi«ißi + ... + K«<A = 0.

The symmetry of this equation shows that in this case y must be reciprocal 

to ß. Hence we have the following theorem which is of fundamental import­
ance in the subject of the present volume.

If a. be the instantaneous screw about which a quiescent rigid body either 

perfectly free or constrained in any manner whatever commences to twist in 

consequence of an impulsive wrench on some screw y, and if ß be another 

instantaneous screw, similarly related to an impulsive screw %, then whenever £ 

is reciprocal to a we shall find that y is reciprocal to ß.

When this relation is fulfilled the screws a and ß are said to be conjugate 
screws of inertia.

82. The Determination of the Impulsive Screw, corresponding to 

a given instantaneous screw, is a definite problem when the body is perfectly 

free. If, however, the body be constrained, we shall show that any screw 

selected from a certain screw system will, in general, fulfil the required 
condition.

Let By, ... B^n be 6 — to screws selected from the screw system which is 

reciprocal to that corresponding to the freedom of the nth order possessed by 

the rigid body. Let S be the screw about which the body is to twist. Let 

X be any one of the screws, an impulsive wrench about which would make 

the body twist about $; then any screw K belonging to the screw system of 

the (7 - n)th order, specified by the screws, X, By, ... B^n is an impulsive 

screw, corresponding to S as an instantaneous screw. For the wrench on Y 

may be resolved into 7 - n wrenches on X, By, ... B6_n-, of these, all but 

the first are instantly destroyed by the reaction of the constraints, so that the 

wrench on Y is practically equivalent to the wrench on X, which, by hypo­
thesis, will make the body twist about 8.

As an example:—if the body had freedom of the fifth order, then an 

impulsive wrench on any screw on a certain cylindroid will make the body 
commence to twist about a given screw.

As another example:—if a body have freedom of the third order, then 

the “locus” of an impulsive wrench which would make the body twist about 

a given screw consists of all the screws in space which are reciprocal to a 
certain cylindroid.

83. System of Conjugate Screws of Inertia.

We shall now show that from the screw system of the ?ith order P, which 

expresses the freedom of the rigid body, generally n screws can be selected



84] t h e  p r i n c ip a l  s c r e w s  o f  i n e r t i a . 73

so that every  pair of them  are conjugate screw s of inertia (§  81). L et /? ,,& ('„

be (6  —  /l) screw s defin ing the reciprocal screw  system . L et be any  

screw belonging to P. T hen in the choice of w e have n — 1 arb itrary  

quantities. L et P be any  im pulsive screw  corresponding  to  yl, as an instan ­

taneous screw . C hoose A., reciprocal to  Z X 1 ... 5 6-»> then and A2 are  

conjugate screw s, and in the choice of the latter w e have n —  2 arb itrary  

quantities. L et Z 2 be any  im pulsive  screw  corresponding  to A2 as an instan ­

taneous screw . C hoose A3 reciprocal to  P, I2, Ip, ... lp-n, and proceed thus  

until JLn has been attained , then each pair of the group .J1; & c. An are  

conjugate screw s of inertia. T he num ber of quantities w hich rem ain  

arb itrary in the choice of such a group am ount to

„ , n(n— 1)
11 — 1  +  T O —  2  +  ... +  1  = --- a ---- ,

or exactly half the to tal num ber of arb itrary constants disposable in the  

selection  of any  n screw s from  a system  of the nth  order.

84. Principal Screws of Inertia.

W e have now  to prove the im portan t theorem  in  D ynam ics w hich affirm s  

the existence of n principal Screw s of Inertia  in  a  rig id body  w ith  n degrees  

of freedom .

T he proof that w e shall give is, for the sake of convenience, enunciated  

w ith respect to the freedom  of the th ird order, but the sam e m ethod applies  

to  each of the other degrees of freedom .

L et 0 be one of the principal screw s of inertia , then  an  im pulsive w rench  

on  0 m ust m ake the body com m ence to  tw ist about 0. In the m ost general 

case w hen  the body  is subm itted to  constrain t, the im pulsive w rench  on  0 w ill 

of course be com pounded  w ith  the reaction  on som e screw  Å . of the  reciprocal 

system . T he resu lt w ill be to produce the im pulsive w rench  w hich w ould , 

if the body  had been free, have generated an instan taneous tw ist velocity  

about 0.

W e thus have the fo llow ing equations (§ 80) w here x and  y are unknow n :

p10l = x02 +  yX i, 

p20'i — x02 + yX2,

pPP = »P, + yK-

L et a be one of the screw s of the th ree-system  in  question . T hen  since X  

m ust be reciprocal to a w e have by m ultip lying  these equations respectively  

by  p^i,... p^6 anå adding ,

+ •••+ PfaO» = xpiuA 4- xp2a202 + ... + xpsae0e.
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In  like m anner if ß, 7  be tw o other screw s of the th ree-system ,

+ pW&i +... + pe2ßA = xp&e, + . + xpAoe,

Pi^idi +p32y30., +  ... +  /V ?< A  =  «P 17J0 , 4 xp2y.ß2... + xp^Ø*.

B ut as 0 belongs to the th ree-system its co-ord inates m ust satisfy th ree  

linear equations. T hese w e m ay take to be

FA+ FA+ ... + FA = 0,

+ G202 +  ... 4 Ge06 — 0 ,

H10l + H202 + ... + Hli0li = G

W e have thus six linear equations in  the  co-ord inates of 0. W e can therefo re  

elim inate those co-ord inates, thus obtain ing a  determ inantal equation  w hich  

gives a  cub ic fo r x.

T he th ree roo ts of th is cub ic w ill give accord ing ly th ree screw s in the  

th ree-system  w hich  possess the  requ ired property .

Ihus w e dem onstra te thn t in any  th ree-system  there ai*6 th ree principal 

screw s of inertia , and a precisely  sim ilar proof fo r each of the six values of  

n estab lishes by  induction the im portan t theorem  that there are n principal 

screw s of inertia in the screw  system  of the  nth  order. It is show n  in  § 86  

that all the  roo ts are real.

W e shall now  prove that the  P rincipal S crew s of Inertia  are co-recip rocal. 

L et 0 and $ be tw o such screw s, corresponding to differen t roo ts x', x" of 

the equation in x.

T hen  w e have

0i =-~y^, 

Pl-X
0^_y^_ 0 _yK

p2-^ p6-x''

L et p be the screw  of the  recip rocal system  on  w hich the  im pulsive w rench  

is generated  by  the  im pulse  given on < /> .

T hen

< /> ■
Pi - x Pi

, , ypo
, •••</>«---------------

x pr,~ x

A s p, is recip rocal to  0 titid X  is recip rocal to  cf>} w g  have

Pi\Pi . P2KP2 Ph Xh Ph
i • f i • • • r"------- • =  U

— x p2 — x pa — x ’

Pl\pl . Pn\lP2 , » 6X 6/ie
Pi-x"^p2-x"+-

S ubtracting  these equations and  discarding  the facto r x - x", w e get

------- _________  +
(Pi-x^p.-x") (pi-x)(p2-x")^ "•
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w hich is of course

SpA</>! =  0;

w hence 3 and </, are reciprocal, and the sam e being true for each pair of 

principal screw s of inertia w e thus learn that they form a co-reciprocal 

system .

W e can also show that each pair of the Principal Screw s of Inertia are  

Conjugate Screw s of Inertia.

It is easy to see that

X pl^iPi i X y  _ Pl 'h'lpl______
(K—x'^p^—X x" — X’~'p1 — x" (pi—X^^pi — x'')

A s each of the term s on the left-hand side of this equation is zero, the  

expression on the right-hand  is also zero, but this is equivalent to

tpi'difa =  0;

w hence w e show that 3 and <f> are conjugate screw s of inertia and the  

required theorem has been proved.

85. A n algebraical Lem m a.

Let U and V be tw o hom ogeneous functions of the second degree in n 

variables. If either U or V be of such a character that it could be expressed  

by linear transform ation as the sum of n squares, then the discrim inant  

of U +  X K  w hen equated to zero gives an equation of the «th degree in Å  

of w hich all the roots are real  *.

Suppose that V can by linear transform ation  assum e the form

a.1!2 +  X2 ... + Xn!,

and adopt xlt x2... xn as new  variables, so that

U — (IjlX^ 4"  “I“ 26112^*1^'2 • • • •

The discrim inant of &  +  X F w ill, w hen equated to zero, give the equation

for X ,

I ^ii ~I-  ^12  > * * * ^in = o,

tl2l 5  ^22 4" X., . . . Ct>2n
I : • ;

Ct>m ) ^n2 > * * • ^nn 4“

and the discrim inant being an invariant the roots of this equation w ill be

* A discussion is found in Zanchevsky, Theory of Screws and its application to Mechanics, 

O dessa 1889. M r G . Chawner has m ost kindly translated the Russian for m e.
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the same as those of the original equation. The required theorem will 

therefore be proved if it can be shown that all the roots of this equation 

are real. That this is so is shown in Salmon’s Modern Higher Algebra, 

Lesson VI.*

86. Another investigation of the Principal Screws of Inertia.

The n Principal Screws of Inertia can also be investigated in the following 

fundamental manner by the help of Lagrange’s equations of motion in 

generalized co-ordinates.

Let £... be the co-ordinates (§ 95) of the impulsive screw. Let 

</>!,... fa, be the co-ordinates of the body, then fa,... fa, will be the co-ordinates 

of the instantaneous screw, and from Lagrange’s equations,

d (dT\ dT 

dt\d<j>J dfa~

where T is the kinetic energy and where denotes the work done in a 

twist bfa against the wrench.

If the screws of reference be co-reciprocal and if £" be the intensity of 

a wrench on £ then

Pi^pdf'ti-

As we are considering the action of only an impulsive wrench the effect of 

which is to generate a finite velocity in an infinitely small time we must 

have the acceleration infinitely great while the wrench is in action. The term

is therefore negligible in comparison with and hence for the
a(Pi at \dfa/
impulsive motion ■(

d (dT\ 
dt \dfa) P1^ ’

We may regard £ and £" as both constant during the indefinitely small time 

e of operation of the impulsive wrench, whence (§ 79)

2^- ^///  1 dl 

Pi dfa

Hence replacing fa,... <£„ by 3lt ... 3n we deduce the following (§§ 95, 96).

If T be the kinetic energy of a body with freedom of the nth order, 

twisting about a screw 3 whose co-ordinates referred to any n co-reciprocals 

belonging to the system expressing the freedom are 3lt...3n, then the co-ordinates

* See also Williamson and Tarleton’s Dynamics, 2nd edition, p. 457 (1889), and Routh’s 

Rigid Dynamics, Part II, p. 49 (1892).

t Niven, Messenger of Math., May 1867, quoted by Routh, Rigid Dynamics, Part I, pp. 327-8.
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of an impulsive wrench by which the actual motion of the body could be 

produced are proportional to

fdT_____

Pj ddf ■" pn ddn'

' E h e  e x i s t e n c e  o f  n P r i n c i p a l  S c r e w s  o f  I n e r t i a  c a n  n o w  b e  r e a d i l y  d e d u c e d ,  

f o r  s u p p o s e  t h a t

S C R E W S  O F  I N E R T I A .

1  dT

-  2 X 0 ,  =  - S  , -  2 X 0 »  = fffi0 

p1 d0j Pn aOn

w h e r e  X  i s  a n  u n k n o w n  f a c t o r . I f  t h e n  w e  m a k e

T = an0f + ai20f + 2a120,02...

w e  h a v e  a n  e q u a t i o n  o f  t h e  n t h  d e g r e e  f o r  X  a s  f o l l o w s  :

d u  +  pih,, ai2 ,... aln 0 .

d 2 1  >  ^ 2 2  +  P^i • • • a2n

Clnl , Cln2 > • • • ^nn 4 "  Pn\

I t  i s  e s s e n t i a l  t o  n o t e  t h a t  T i s  a  f u n c t i o n  o f  s u c h  a  c h a r a c t e r  t h a t  b y  

l i n e a r  t r a n s f o r m a t i o n  i t  c a n  b e  e x p r e s s e d  a s  t h e  sum o f  n s q u a r e s ,  f o r  s u p p o s e  

i t  c o u l d  b e  e x p r e s s e d  a s

Hf + Hf...-H,f,

i t  w o u l d  b e  p o s s i b l e  t o  f i n d  a  r e a l  s c r e w  w h i c h  m a d e  If, H2, ... Hn-i e a c h  

z e r o ,  a n d  t h e n  t h e  k i n e t i c  e n e r g y  o f  t h e  b o d y  t w i s t i n g  a b o u t  t h a t  s c r e w  

w o u l d  b e  n e g a t i v e . O f  c o u r s e  t h i s  i s  i m p o s s i b l e . H e n c e  w e  d e d u c e  f r o m  

§  8 5  t h e  i m p o r t a n t  p r i n c i p l e  t h a t  a l l  t h e  P r i n c i p a l  S c r e w s  o f  I n e r t i a  a r e  r e a l .

I f  t h e  e q u a t i o n  h a d  a  r e p e a t e d  r o o t  t h e  n u m b e r  o f  P r i n c i p a l  S c r e w s  o f  

I n e r t i a  i s  i n f i n i t e .  W e  t a k e  t o  =  4 ,  b u t  t h e  a r g u m e n t  a p p l i e s  t o  3  a n d  2  

a l s o . ( T h e r e  c a n  b e  n o  r e p e a t e d  r o o t  w h e n  n i s  e i t h e r  5  o r  6 . S e e  c h a p s .  

X V I I .  a n d  X V I I I . )  W e  c a n  c h o o s e  v a r i a b l e s  s u c h  t h a t  T b e c o m e s

M & (ufØf + uf Øf + uf Øf + uf Øf),

a n d  t h e  p i t c h  X  b e c o m e s  s i m u l t a n e o u s l y

pff+pßf.-.+pßf-

I f  t h e r e f o r e  t h e  d i s c r i m i n a n t  o f  T + Xp, e q u a t e d  t o  z e r o ,  h a s  a  p a i r  o f  e q u a l  

v a l u e s  f o r  X ,  w e  m u s t  h a v e  a  c o n d i t i o n  l i k e

P* ~ P* ‘

T a k e  a n y  s c r e w  o f  t h e  s y s t e m  f o r  w h i c h  03 = O, 0 4  =  O ,  t h e n

T = M ØfufØf + ufØf),

p = pff + p20f,
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Hence we find that for all screws on the cylindroid represented by 02, 0, 0 

the energy will vary as the pitch when the twist velocity remains the same. 

It appears from the representation of the Dynamical problem in chap. XII. 

that in this case all the screws of the cylindroid 03, 02, 0, 0 must be principal 

screws of Inertia. The number of principal screws of inertia is therefore 

infinite in this case. (See Routh’s Theorem, Appendix, Note 2.)

87. Enumeration of Constants.

It is the object of this article to show that there are sufficient constants 

available to permit us to select from the screw system of the ??th order 

expressing the freedom of a rigid body, one group of n screws, of which every 

pair are both conjugate and reciprocal, and that these constitute the principal 

screws of inertia (§ 78).

To prove this, it is sufficient to show that when half the available con­

stants have been disposed of in making the n screws conjugate (§ 81) the 

other half admit of adjustment so as to make the screws also co-reciprocal. 

Choose At reciprocal to Blt ... B6_n, with n — 1 arbitrary quantities; A., 

reciprocal to Alt Blt ... Btl^n, with n — 2 arbitrary quantities, and so on, then 

the total number of arbitrary quantities in the choice of n co-reciprocal 

screws from a system of the nth order is

, „ , n(n — 1)
n — 1 + 7i — 2 ... + 1 = v 7.

Hence, by suitable disposition of the n(n — 1) constants it might be 

anticipated that we can find at least one group of n screws which are 

both conjugate and co-reciprocal.

We have now to show that these screws would be the principal screws 

of inertia (§ '18). We shall state the argument for the freedom of the third 

order, the argument for any other order being precisely similar.

Let Ai, A2, A3 be the three conjugate and co-reciproeal screws which 

can be selected from a system of the third order. Let Blt B.., Bs be any 

three screws belonging to the reciprocal screw system. Let J?,, R,, R3 be 

any three impulsive screws corresponding respectively to Alt A2, A3 as 

instantaneous screws.

An impulsive wrench on any screw belonging to the screw system of the 

4th order defined by 2?1; B2, B. will make the body twist about A, (§ 82), 

but the screws of such a system are reciprocal to A2 and for since A, and 

A2 are conjugate, Ri must be reciprocal to A2 (§ 81), and also to since A3 

and A. are conjugate. It follows from this that an impulsive wrench on any 

screw reciprocal to _42 and will make the body commence to twist about 

A), but A, is itself reciprocal to A2 and j 43, and hence an impulsive wrench
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on A> will make the body commence to twist about A,. Hence A1 and also 

A2 and A3 are principal screws of inertia.

We shall now show that with the exception of the n screws here deter­

mined, generally no other screw possesses the property. Suppose another 

screw S were to possess this property. Decompose the wrench on *S' into n 

wrenches of intensities S/', ... Sn" on Alt ... An’, this must be possible, 

because if the body is to be capable of twisting about »S' this screw must 

belong to the system specified by -4i, ... An. The n impulsive wrenches on 

-41, ... An will produce twisting motions about the same screws, but these 

twisting motions are to compound into a twisting motion on & It follows 

that the component twist velocities ... Sn must be proportional to the 

intensities S", ... Sn". But if this were the case, then every screw of the 

system would be a principal screw of inertia; for let X be any impulsive 

screw of the system, and suppose that Y is the corresponding instantaneous 

screw, the components of X on Alt ... An, have intensities X", ... Xn', 

these will generate twist velocities equal to

y y //
cy // 1 , • • • Q “>/ H >

>□ 1

and these quantities must equal the components of the twist velocity about 

Y. But the ratios
Ä Ån

s»’ S?

are all equal, and hence the twist velocities of the components on the screws 

of reference of the twisting motion about Y must be proportional to the 

intensities of the components on the same screws of reference of the wrench 

on X. Remembering that twisting motions and wrenches are compounded 

by the same rules, it follows that Y and X must be identical.

As it is not generally true that all the screws of the system defining the 

freedom possess the property enjoyed by a principal screw of inertia, it 

follows that the number of principal screws of inertia must be generally 

equal to the order of the freedom.

88. Kinetic Energy.

The twisting motion of a rigid body with freedom of the «th order may 

be completely specified by the twist velocities of the components of the 

twisting motion on any n screws of the system defining the freedom. If the 

screws of reference be a set of conjugate screws of inertia, the expression for 

the kinetic energy of the body consists of n square terms. This will now be 

proved.

If a free or constrained rigid body be at rest in a position L, and if the
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body receive an impulsive wrench, the body will commence to twist about a 

screw a with a kinetic energy Ea. Let us now suppose that a second 

impulsive wrench acts upon the body on a screw p, and that if the body had 

been at rest in the position L, it would have commenced to twist about a 

screw ß, with a kinetic energy Eß.

We are to consider how the amount of energy acquired by the second 

impulse is affected by the circumstance that the body is then not at rest in 

L, but is moving through L in consequence of the former impulse. The 

amount will in general differ from If, for the movement of the body may 

cause it to do work against the wrench on /x during the short time that it 

acts, so that not only will the body thus expend some of the kinetic energy 

which it previously possessed, but the efficiency of the impulsive wrench on 

P will be diminished. Under other circumstances the motion through A 

might be of such a character that the impulsive wrench on p acting for a 

given time would impart to the body a larger amount of kinetic energy than 

if the body were at rest. Between these two cases must lie the intermediate 

one in which the kinetic energy imparted is precisely the same as if the body 

had been at rest. It is obvious that this will happen if each point of the 

body at which the forces of the impulsive wrench are applied be moving in a 

direction perpendicular to the corresponding force, or more generally if the 

screw a about which the body is twisting be reciprocal to p. When this is 

the case a and ß must be conjugate screws of inertia (§ 81), and hence we 

infer the following theorem:—

If the kinetic energy of a body twisting about a screw a with a certain 

twist velocity be Ea, and if the kinetic energy of the same body twisting 

about a screw ß with a certain twist velocity be Eß, then when the body has 

a motion compounded of the two twisting movements, its kinetic energy will 

amount to Ea + Eß provided that a and ß are conjugate screws of inertia.

Since this result may be extended to any number of conjugate screws of 

inertia, and since the terms Ea, &c., are essentially positive, the required 

theorem has been proved.

89. Expression for Kinetic Energy.

If a rigid body have a twisting motion about a screw a, with a twist 

velocity a, what is the expression of its kinetic energy in terms of the 

co-ordinates of a ?

We adopt as the unit of force that force which acting upon the unit 

of mass for the unit of time will give the body a velocity which would carry 

it over the unit of distance in the unit of time. The unit of energy is the 

work done by the unit force in moving over the unit distance. If, therefore,
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a  b o d y  o f  m a ss  M h a v e  a  m o v e m e n t o f  tra n s la tio n  w ith  a  v e lo c ity  v i ts  k in e tic  

e n e rg y  e x p re sse d  in  th e se  u n its  is

T h e m o v e m e n t is to b e d e c o m p o se d in to tw is tin g m o tio n s a b o u t th e  

sc re w s o f re fe re n c e a>lt & c . & > B , th e tw is t v e lo c ity o f th e c o m p o n en t o n <on 

b e in g aan. O n e c o n s titu e n t o f th e tw is tin g  m o tio n  a b o u t a>m c o n s is ts o f  

a v e lo c ity o f tra n s la tio n e q u a l to apnan, a n d o n th is a c c o u n t th e b o d y  

h a s a k in e tic e n e rg y e q u a l to |J /ä 3jp ? 1 2a „ 2 . O n a c co u n t o f th e ro ta tio n  

a ro u n d  th e  a x is w ith  a n  a n g u la r v e lo c ity  åan th e b o d y  h a s a  k in e tic e n e rg y  

e q u a l to

r-dm

w h e re  r d e n o te s  th e  p e rp e n d ic u la r  f ro m  th e  e le m e n t dM o n  a>m. R e m e m b e rin g  

th a t  pm is th e ra d iu s o f g y ra tio n  th is  e x p re ss io n  a lso  re d u c es  to  ^Ma?pm2a.m2, 

a n d  h e n c e  th e  to ta l k in e tic  e n e rg y  o f  th e  tw is tin g  m o tio n  a b o u t a>m is

M&pn2an2.

W e se e , th e re fo re (§ 8 8 ) , th a t th e k in e tic e n e rg y  d u e to th e tw is tin g  

m o tio n a b o u t a is

M ä 2  (p^trf + ... +

T h e q u a n tity  in s id e th e b ra ck e t is th e sq u a re o f a  c e r ta in linear mag­

nitude w h ic h  is d e te rm in e d b y  th e d is tr ib u tio n  o f th e m a te r ia l o f th e b o d y  

w ith  re sp e c t to  th e  sc re w  a . I t w ill fa c ilita te th e  k in e tic  a p p lic a tio n s  o f th e  

p re se n t th e o ry  to  e m p lo y  the symbol ua to denote this quantity. I t is th e n  to  

b e u n d e rs to o d  th a t th e k in e tic e n e rg y  o f a  b o d y  o f m a ss  M, a n im a te d  b y  a  

tw is tin g  m o tio n  a b o u t th e  sc rew  a  w ith  a  tw is t v e lo c ity  å, is  re p rese n ted  b y

Må-ua2.

90. Twist Velocity acquired by an Impulsive Wrench.

A  b o d y  o f m a ss M, w h ic h is o n ly  f re e to  tw is t a b o u t a  sc rew  a, is  a c te d  

u p o n  b y  a n  im p u ls iv e  w re n c h  o f  in te n s ity  y" o n  a  sc rew  y. I t is  re q u ire d  to  

f in d  th e  tw is t v e lo c ity  å w h ic h  is  a c q u ire d .

T h e  in itia l re a c tio n  o f  th e  c o n s tra in ts is  a n  im p u ls iv e  w re n ch  o f  in te n s ity  

X '" o n  a  sc re w  X . T h e n  th e  b o d y  m o v e s  a s  if  i t w e re  f ree ,  b u t h a d  b e en  a c te d  

u p o n  b y  a n  im p u ls iv e  w re n ch  o f  w h ic h  th e  c o m p o n en t  o n  w M t h a d  th e  in ten s ity

V Vn + k

T h is c o m p o n e n t w o u ld  g e n e ra te  a  v e lo c ity  o f tra n sla tio n  p a ra lle l to  wn a n d  

e q u a l to (p'"vn +  X " 'X n ) . T h e tw is t v e lo c ity  a b o u t & > „ p ro d u c e d b y th is  

c o m p o n en t is fo u n d  b y  d iv id in g  th e v e lo c ity  o f tra n s la tio n  b y  pn. O n  th e

B. 6



82 THE THEORY OF SCREWS. [90-

other hand, since the co-ordinates of the screw a are alt ... a6, the twist 

velocity about <an may also be represented by å /n (§ 34), whence

If we multiply this equation by pn2an, add the six equations found by giving 

n all values from 1 to 6, and remember that a and X are reciprocal, we 

have (§ 39)

• 1 «ÖlUa 1) ,

whence å is determined.

This expression shows that the twist velocity produced by an impulsive 

wrench on a given rigid body constrained to twist about a given screw, varies 

directly as the virtual coefficient and the intensity of the impulsive wrench, 

and inversely as the square of ua. (See Appendix, Note 3.)

91. The Kinetic Energy acquired by an Impulsive Wrench can 

be easily found by § 89 ; for, from the last equation,

1 in ' “

hence the kinetic energy produced by the action of an impulsive wrench on 

a body constrained to twist about a given screw varies directly as the product 

of the square of the virtual coefficient of the two screws and the square of 

the intensity of the impulsive wrench, and inversely as the square of ua.

92. Formula for a free body.

We shall now express the kinetic energy communicated by the impulsive 

wrench on rj to the body when perfectly free. The component on a>n of 

intensity p"pn imparts a kinetic energy equal to

JL 2 • 
Mv Vn ’

whence the total kinetic energy is found by adding these six terms.

The difference between the kinetic energy acquired when the body is 

perfectly free, and when the body is constrained to twist about a, is equal to

1 n'"2

Irl tla

The quantity inside the bracket reduces to the sum of 15 square terms, of 

which —is a specimen. The entire expression being therefore 

essentially positive shows that a given impulsive wrench imparts greater 

energy to a quiescent body when free than to the same quiescent body when 

constrained to twist about a certain screw.
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93. Lemma.

If a group of instantaneous screws belong to a system of the nth order, 

then the body being quite free the corresponding group of impulsive screws 

also belong to a system of the nth order; for, suppose that n + 1 twisting 

motions about n + 1 screws neutralise, then the corresponding n + 1 im­

pulsive wrenches must equilibrate, but this would not be possible unless all the 

impulsive screws belonged to a screw system of the »th order.

94. Euler’s Theorem.

If a free or constrained rigid body is acted upon by an impulsive wrench, the 

body will commence to move with a larger kinetic energy when it is permitted 

to select its own instantaneous screw from the screw system P defining the 

freedom, than it would have acquired, had it been arbitrarily restricted to 

any other screw of the system.

Let Q be the reciprocal system of the (6 — n)th order, and let P' be the 

screw system of the nth order, consisting of those impulsive screws which, 

if the body were free, would correspond to the screws of P as instantaneous 

screws.

Let i) be any screw on which the body receives an impulsive wrench. De­

compose this wrench into components on a system of six screws consisting of any 

n screws from P', and any 6 — n screws from Q. The latter are neutralised by 

the reactions of the constraints, and may be omitted, while the former com­

pound into one wrench on a screw £ belonging to P'; we may therefore 

replace the given wrench by a wrench on £ If the body were perfectly free, 

an impulsive wrench on £ must make the body twist about some screw a on 

P. In the present case, although the body is not perfectly free, yet it is free 

so far as twisting about a is concerned, and we may therefore, with reference 

to this particular impulse about £ consider the body as being perfectly free. 

It follows from § 92 that there would be a loss of energy if the body were 

compelled to twist about any screw other than a, which is the one it naturally 

chooses.

95. Co-ordinates in a Screw System.

The co-ordinates of a screw belonging to a specified screw-system can be 

greatly simplified by taking n co-reciprocal screws belonging to the given 

screw system as a portion of the six screws of reference. The remaining 

6 - n screws of reference must then belong to the reciprocal screw system. 

It follows that out of the six co-ordinates a/, ... «6 of a screw a, which belongs 

to the system, 6 — n are actually zero. Thus we are enabled to give the more 

general definition of screw co-ordiuates which is now enunciated.

If a wrench, of which the intensity is one unit on a screw a, which belongs to

6—2
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a certain screw system of the nth order, be decomposed into n wrenches of 

intensities a,,... an on n co-reciprocal screws belonging to the same screw system, 

then the n quantities a1;...an are said to be the co-ordinates of the screw a. Thus 

the pitch of a will be represented bypxa^ + ...+pna.1f. The virtual coefficient 

of a and ß will be (p1a1ß1 + ... + pnanßn).

We may here remark that in general one screw can be found upon a screw 

system of the -nth order reciprocal to n — 1 given screws of the same system. 

For, take 6 — n screws of the reciprocal screw system, then the required screw 

is reciprocal to 6 — n + n — 1 = 5 known screws, and is therefore determined 

(§ 25).

96. The Reduced Wrench.

A wrench which acts upon a constrained rigid body may in general be 

replaced by a wrench on a screw belonging to the screw system, which defines 

the freedom of the body.

Take n screws from the screw system of the wth order which defines the 

freedom, and 6 — n screws from the reciprocal system. Decompose the given 

wrench into components on these six screws. The component wrenches on 

the reciprocal system are neutralized by the reactions of the constraints, and 

may be discarded, while the remainder must compound into a wrench on the 

given screw system.

Whenever a given external wrench is replaced by an equivalent wrench 

upon a screw of the system which defines the freedom of the body, the latter 

may be termed, for convenience, the reduced wrench.

It will be observed, that although the reduced wrench can be determined 

from the given wrench, that the converse problem is indeterminate (n< 6).

We may state this result in a somewhat different manner. A given 

wrench can in general be resolved into two wrenches—one on a screw of any 

given system, and the other on a screw of the reciprocal screw system. The 

former of these is what we denote by the reduced wrench.

This theorem of the reduced wrench ceases to be true in the case when 

the screw system and the reciprocal screw system have one screw in common. 

As such a screw must be reciprocal to both systems it follows that all the 

screws of both systems must be comprised in a single five-system. This is 

obviously a very special case, but whenever the condition indicated is satisfied 

it will not be possible to resolve an impulsive wrench into components on the 

two reciprocal systems, unless it should also happen that the impulsive 

wrench itself belongs to the five-system*.

* I am indebted to Mr Alex. McAulay for having pointed out in his book on Octonions, p. 251, 

that I had overlooked this exception when enunciating the Theorem of the reduced wrench in the 
Theory of Screws (1876).
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97. Co-ordinates of Impulsive and Instantaneous Screws.

T a k in g  a s  sc re w s o f  re fe re n c e  th e  n p r in c ip a l sc rew s  o f  in e r tia  (§  8 4 ) , w e  re ­

q u ire  to  a sce r ta in  th e  re la tio n  b e tw ee n  th e  c o -o rd in a te s o f  a  re d u c e d  im p u ls iv e  

w re n ch  a n d  th e  c o -o rd in a te s  o f  th e  c o rre sp o n d in g  in s ta n tan e o u s  sc rew . I f  th e  

c o -o rd in a te s o f  th e  re d u c e d  im p u ls iv e  w re n ch  a re  y"', . . .i? » " ',  a n d  th o se  o f  th e  

tw is t v e lo c ity  a re  d 1 ; d 2 ) . . .  ån, th e n , re m e m b e rin g  th e p ro p e r ty  o f a  p r in c ip a l  

sc re w  o f  in e r tia  (§  7 8 ) , a n d  d e n o tin g  b y  ult ... un, th e  v a lu e s  o f  th e  m a g n itu d e  

u  (§  8 9 ) fo r th e  p r in c ip a l sc re w s  o f  in e r tia , w e  h a v e , f ro m  § 9 0 ,

• ^ l 2  1 H>
aiP1=MV1 ’

w h e n c e  o b se rv in g  th a t å1 = åa1; ... =  d a „ , w e  d e d u ce  th e  fo llo w in g th e o re m ,

w h ic h  is th e  g e n e ra liz a tio n  o f  §  8 0 .

I f  a q u ie sc e n t r ig id  b o d y , w h ic h  h a s  f ree d o m  o f th e  n th  o rd e r , c o m m e n c e  

to tw is t a b o u t a sc re w  a, o f w h ic h th e c o -o rd in a te s , w ith re sp e c t to th e  

p r in c ip a l sc rew s o f in e r tia , a re an a n d  if  plt ... pn b e  th e  p itch e s , a n d  

wi, ... un th e  c o n s ta n ts d e f in e d , in §  8 9 , o f th e p r in c ip a l sc re w s o f in e r tia , 

th e n  th e  c o -o rd in a te s  o f  th e  re d u c e d  im p u ls iv e  w re n c h  a re  p ro p o rtio n a l to

L e t T d e n o te  th e  k in e tic  e n e rg y  o f th e b o d y  o f m a ss M w h e n  a n im a te d  

b y  a  tw is tin g  m o tio n  a b o u t th e sc rew  a , w ith  a tw is t v e lo c ity  a. L e t th e  

tw is t v e lo c itie s o f th e c o m p o n e n ts o n  any n c o n ju g a te  sc rew s o f in e r tia  b e  

d e n o te d  b y  d 1 ( d 2, . . . an. [T h ese  sc rew s w ill n o t b e  c o -re c ip ro c a l u n le s s  in  th e  

sp e c ia l c a se  w h e re  th e y  a re  th e  p r in c ip a l sc rew s  o f in e rtia .] I t  fo llo w s  (§  8 8 )  

th a t th e  k in e tic  e n e rg y  w ill b e  th e  su m  o f th e  n se v e ra l k in e tic  e n e rg ie s  d u e  

to  e a c h  c o m p o n e n t tw is tin g  m o tio n . H e n c e  w e  h a v e  (§  8 9 )

T = Mu^äi + ... + Mu„2ån2,

a n d  a lso  w a 2  =  u2a2 + ... + un2a » 2 -

L e t a 1 ; . . . an a n d  ßlt ... ßn b e  th e  c o -o rd in a te s o f  a n y  tw o  sc re w s  b e lo n g ­

in g  to  a  sc rew  sy s te m  o f th e  n th  o rd e r , re fe rre d  to  a n y  n c o n ju g a te  sc rew s o f  

in e r tia , whether co-reciprocal or not, b e lo n g in g  to  th e  sa m e  sc re w  sy ste m , th e n  

th e  c o n d itio n  th a t a  a n d  ß sh o u ld  b e  c o n ju g a te  sc rew s o f in e r tia  is

W i2« iA  +  • •  • +  ‘Un«nßn = 0 .

T o  p ro v e  th is , ta k e  th e  c a se  o f  n = 4 , a n d  le t A, B, C, D b e  th e  fo u r sc re w s  o f  

re fe ren c e , a n d  le t A,, ... Ae b e  th e  c o -o rd in a te s  o f  A w ith  re sp e c t to  th e  s ix  

p r in c ip a l sc rew s o f in e r tia  o f  th e  b o d y  w h e n  f re e  (§  7 9 ) . T h e  u n it w re n ch  o n  

a is  to  b e re so lv e d  in to  fo u r w re n c h e s o f in te n s itie s  a,, ... a, o u  A, B, C, D: 

e a c h o f th e se c o m p o n e n ts is a g a in  to  b e re so lv e d  in to  s ix w re n c h e s o n th e
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s c r e w s  o f  r e f e r e n c e . T h e  s i x  c o - o r d i n a t e s  o f  a, w i t h  r e s p e c t  t o  t h e  s a m e  

s c r e w s ,  a r e  t h e r e f o r e

AyÜ! +  i ? i « 2  +  +  D j « ! ,  

- d 6 « i  +  Btia.. + Csa3 +  7 ) 6 a 4 .

W e  c a n  n o w  e x p r e s s  t h e  c o n d i t i o n  t h a t  a a n d  ß a r e  c o n j u g a t e  s c r e w s  o f  i n e r t i a .  

T h i s  c o n d i t i o n  i s  ( §  8 1 )  

S p ?  ( A « !  +  B1a., + Cj äs  +  A « < )  ( M  +  B& +  Q , / 8 3  +  A Ä )  =  0 .

D e n o t i n g  j > 1 3 7 1 1 a + . . .  + j > 6 J . 6 3  b y a n d  o b s e r v i n g  t h a t  a n d  s i m i l a r

e x p r e s s i o n s  a r e  z e r o ,  w e  d e d u c e

+  •  •  •  +  =  0 .

A  s i m i l a r  p r o o f  m a y  b e  w r i t t e n  d o w n  f o r  e a c h  o f  t h e  r e m a i n i n g  d e g r e e s  

o f  f r e e d o m .



CHAPTER VIII .

THE POTENTIAL.

98. The Potential.

Suppose a rigid body which possesses freedom of the ?ith order be sub­
mitted to a system of forces. Let the symbol 0 define a position of the 
body from which the forces would be unable to disturb it. By a twist of 
amplitude O' about a screw 0 belonging to the screw system, the body may be 
displaced from 0 to an adjacent position P. the energy consumed in making 
the twist being denoted by the Potential V, and no kinetic energy being 
supposed to be acquired. The same energy would be required, whatever be 
the route by which the movement is made from 0 to P. So far as we are 
at present concerned V varies only with the changes of the position of P 
with respect to 0. The most natural co-ordinates by which the position 
P can be specified with respect to 0 are the co-ordinates of the twist (§ 32) 
by which the movement from 0 to P could be effected. In general these 
co-ordinates will be six in number; but if n of the screws of reference be 
selected from the screw system defining the freedom of the body, then (§ 95) 
there will be only n co-ordinates required, and these may be denoted by 
0/, ... 0n'.

The Potential V must therefore depend only upon certain quantities 
independent of the position and upon the n co-ordinates Ö/,... 6n'; and since 
these are small, it will be assumed that V must be capable of development 
in a series of ascending powers and products of the co-ordinates, whence we 
may write

V = H + IIiei'+--+Hn0n'

+ terms of the second and higher orders, 

where II, H1, ... Hn are constants, in so far as different displacements are 
concerned.

In the first place, it is manifest that H — 0; because if no displacement 
be made, no energy is consumed. In the second place, ... Hn must also 
be each zero, because the position 0 is one of equilibrium ; and therefore,
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by the principle of virtual velocities, the work done by small twists about 

the screws of reference must be zero, as far as the first power of small 

quantities is concerned. Finally, neglecting all terms above the second 

order, on account of their minuteness, we see that the function V, which 

expresses the potential energy of a small displacement from a position of 

equilibrium, is generally a homogeneous function of the second degree of the 

n co-ordinates, by which the displacement is defined.

99. The Wrench evoked by Displacement.

When the body has been displaced to P, the forces no longer equilibrate. 

They have now a certain resultant wrench. We propose to determine, by 

the aid of the function V, the co-ordinates of this wrench, or, more strictly, 

the co-ordinates of the equivalent reduced wrench (§ 96) upon a screw of the 

system, by which the freedom of the body is defined.

If, in making the displacement, work has been done by the agent which 

moved the body, then the equilibrium of the body was stable when in the 

position 0, so far as this displacement was concerned. Let the displacement 

screw be 0, and let a reduced wrench be evoked on a screw y of the system, 

while the intensities of the components on the screws of reference are 

% > ■ • • Pn ■ Suppose that the body be displaced from P to an excessively 

close position P', the co-ordinates of P', with respect to 0, being (§ 95)

d.'+Sdf ...0n’+80n'.

The potential V of the position P' is

v+døisøi +- + de^e'1’

it being understood that 80.', ... 80f are infinitely small magnitudes of a 

higher order than 0.', ... 0n’.

The work done in forcing the body to move from P to P' is V — V. 

This must be equal to the work done in the twists about the screws of 

reference whose amplitudes are 80.', ... 80f by the wrenches on the screws 

of reference whose intensities are y.'', ... yn". As the screws of reference 

are co-reciprocal, this work will be equal to (§ 33)

+ + ••■ + %yn'pn$0n.

Since the expression just written must be equal to V - V for every 

position P in the immediate vicinity of P, we must have the coefficients of 

80., ... 80n equal in the two expressions, whence we have n equations, of 

which the first is

„ = 1 dV
V1 + 2?1 dø.' •

Hence, we deduce the following useful theorem:—
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If a free or constrained rigid body be displaced from a position of equi­

librium by twists of small amplitudes, 0.',... 0n', about n co-reciprocal screws 

of leference, and if V denote the work done in producing this movement, 

then the reduced wrench has, for components on the screws of reference, 

wrenches of which the intensities are found by dividing twice the pitch of 

the corresponding reference screw into the differential coefficient of K with 

respect to the corresponding amplitude, and changing the sign of the 
quotient.

It is here interesting to notice that the co-ordinates of the reduced 

impulsive wrench referred to the principal screws of inertia, which would 

gi ve the body a kinetic energy T on the screw 0, are proportional to

1 d? J dT
2P1 dø.”" 2pn d0n

100. Conjugate Screws of the Potential.

Suppose that a twist about a screw 0 evokes a wrench on a screw y, 
while a twist about a screw </> evokes a wrench on a screw £ If 0 be reci­

procal to then must </> be reciprocal to y. This will now be proved.

The condition that 0 and f are reciprocal is

PiØi^i + ... + pn0n£n = 0;

but the intensities (or amplitudes) of the components of a wrench (or twist) 

are proportional to the co-ordinates of the screw on which the wrench (or 

twist) acts, whence the last equation may be written

Pi0. + • • • + pn0n'^n" = 0 ;

but we have seen (§ 99) that

//_ . 1 d o it_ . 1 dV^
~ 2P1 dtf ’ • ’ • U ~ + 2pn :

whence the condition that 0 and f are reciprocal is

Now, as is an homogeneous function of the second order of the quantities 

</>/, ... we may write

V,/, = Au<fy2 + ... + Ann<f>n - + 2j 412<^>i </>2 + 2A13<f>1'<j)..' + ..., 

in which Ahk = A kh.

Hence we obtain:—

-,, * = 2 {.4!,</>/ + A..2(f>2 + ... + Aln(f>n'}.
dyy
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In tro d u c in g  th e se  e x p ressio n s  w e f in d , fo r th e  c o n d itio n  th a t 9 a n d  £  sh o u ld  

b e  re c ip ro c a l,

^ 1 (-^ •1 1 ^ ’1 4 "  • • • Aln<f>n )  4 " • •  • +  9n (^Anl<f)1 +  ...  4 *  ~  0 .

T h is m a y  b e  w ritte n  in  th e  fo rm  :—

Ä A '< /> l' +  ••• Alm9n'<l>f + A1 2  (0 /< /> ./ + < /> /) +  ... = 0 .

B u t th is e q u atio n  is sy m m etric a l  w ith  re sp e c t to  9 a n d  < /> , a n d  th e re fo re  

w e sh o u ld h a v e  b e e n  le d  to  th e  sa m e  re su lt b y  e x p re ssin g  th e  c o n d itio n  th a t  

< /> w a s re c ip ro c a l to  y.

W h en  9 a n d  < /> p o sse ss th is  p ro p e rty , th e y  a re  sa id  to  b e conjugate screws 

of the potential, a n d th e c o n d itio n  th a t th e y  sh o u ld  b e so  re la te d , e x p re sse d  

in te rm s o f th e ir c o -o rd in a te s , is  o b ta in e d  b y  o m ittin g  th e  a c c e n ts fro m  th e  

la s t e q u a tio n .

If a sc rew  < /> b e re c ip ro c a l to th e n $  is a c o n ju g a te sc re w  o f th e  

p o te n tia l to  9. If w e c o n sid e r  th e  sc rew  9 to b e g iv e n , w e m a y  re g ard  th e  

sc re w  sy s te m  o f th e f if th o rd e r , w h ic h  e m b ra c e s a ll th e sc rew s re c ip ro c a l to  

y. a s in  a  c e rta in  se n se th e lo c u s o f f. A ll th e sc re w s c o n ju g a te  to  9, a n d  

w h ic h , a t th e  sa m e  tim e , b e lo n g  to  th e  sc re w  sy ste m  G b y  w h ic h  th e  fre ed o m  

o f th e b o d y  is  d e fin e d , m u st c o n s titu te in  th e m se lv e s a  sc re w  sy s tem  o f th e  

(» —  l) th  o rd e r. F o r, b e s id es  fu lfillin g  th e  6  — n c o n d itio n s w h ic h  d e fin e  th e  

sc rew  sy s te m  C, th e y  m u st a lso fu lfil th e  c o n d itio n o f b e in g  re c ip ro c a l to  y; 

b u t a ll th e  sc rew s  re c ip ro c a l to  7  —  n sc rew s c o n s titu te  a  sc re w  sy s tem  o f th e  

(ft  —  l) th  o rd er  (§  7 2 ).

T h e  re ad e r w ill b e  c a re fu l to  o b serv e th e d is tin c tio n b e tw ee n  tw o c o n ju ­

g a te  sc re w s  of inertia (§  8 1 ),  a n d  tw o  c o n ju g a te  sc rew s  of the potential. T h o u g h  

th e se p a irs p o sse ss so m e u se fu l a n a lo g ies , y e t it sh o u ld b e b o rn e in  m in d  

th a t th e  fo rm e r a re  purely intrinsic to  th e  r ig id  b o d y , in a sm u c h  a s th e y  o n ly  

d e p e n d o n  th e  d is tr ib u tio n o f its m a te ria l, w h ile th e la tte r in v o lv e extrinsic 

c o n s id e ra tio n s , a ris in g  fro m  th e  fo rc es to  w h ic h  th e  b o d y  is su b m itte d .

1 0 1 . P rin c ip a l S c re w s o f th e P o te n tia l.

W e n o w  p ro v e th a t in  g e n era l n sc rew s c a n b e fo u n d su c h th a t w h e n  

th e b o d y  is d isp la c e d b y  a tw is t a b o u t a n y  o n e o f th e se sc re w s, a  re d u c ed  

w re n ch is e v o k e d o n th e sa m e sc rew . T h e sc re w s w h ic h p o sse ss th is  

p ro p e rty  a re  c a lle d  th e  principal screws of the potential. L e t a  b e  a  p rin c ip a l  

sc re w  o f  th e  p o te n tia l, th e n  w e  m u st h a v e , §  9 9 :—

' +  2 ^  daj ’

a n d  (« —  1 ) s im ila r  e q u a tio n s .



1 0 2 ] T H E P O T E N T IA L . 9 1

In tro d u c in g  th e v a lu e o f V„, an d rem em b erin g  (§ 3 4 ) th a t a" = a!'ax an d  

« /  =  « '« !, w e h av e  th e  fo llo w in g  n eq u a tio n s:—

a i ^ - ‘4 -1 1 “  ~ z~  plj +  « 2 -^1 2  +  ... +  anAln =  0 ,

& c., & c.

+ a2An2 +  ... +  a„  p,^ = 0 .

F ro m  th ese lin ear eq u a tio n s alt... an can b e e lim in ated , an d w e o b ta in  

a"
an eq u a tio n o f th e n th d eg ree in . T h e v a lu es o f su b stitu ted su c ­

cessiv e ly  in th e lin ear eq u a tio n s ju s t w ritten  w ill d e te rm in e  th e  co -o rd in a tes  

o f th e n p rin c ip a l sc rew s o f th e p o ten tia l. If th e p o sitio n o f eq u ilib riu m  

b e o n e w h ich is s tab le fo r a ll d isp lacem en ts th en Va m u st u n d er a ll 

c ircu m stan ces b e p o sitiv e . A s it can b e red uced to th e su m  o f n sq u ares  

a ll th e ro o ts o f th is eq u atio n  w ill b e real (§  8 6 ) an d co n sequ en tly  a ll th e  n 

p rin cip a l sc rew s o f th e  p o ten tia l w ill b e  rea l.

W c can n o w  sh o w  th a t th ese n sc rew s are co -rec ip ro ca l. It is ev id en t, 

in th e firs t p lace, th a t if  $  b e  a  p rin cip a l sc rew  o f th e  p o ten tia l, an d  if 6 b e  

a d isp lacem en t sc rew  w h ich ev o k es a w ren ch o n y, th e p rin c ip le o f § 1 0 0  

asse rts th a t, w h en 0 is rec ip ro ca l to th en  m u st a lso  y b e  rec ip ro ca l to  > S '. 

L et th e n p rin cip a l sc rew s o f th e p o ten tia l b e  d en o ted  b y  Si, ... Sn, an d  le t 

Tn b e  th a t sc rew  o f th e  sc rew  sy stem  w h ich  is rec ip ro ca l to  Si, ... Sn_i (§ 9 5 ), 

th en  if th e b o d y  b e d isp laced b y  a  tw is t ab o u t 7 'n , th e  w ren ch  ev o k ed  m u st 

b e o n a sc rew  rec ip ro ca l to ... Sn-P, b u t Tn is th e o n ly sc rew o f th e  

screw  sy stem  p o ssessin g th is p ro p erty ; th e re fo re a tw is t ab o u t Tn m u st 

ev o k e a w ren ch  o n Tn, an d th e re fo re Tn m u st b e a p rin cip a l sc rew  o f th e  

p o ten tia l. B u t th e re are o n ly  n p rin c ip a l sc rew s o i th e  p o ten tia l, th e refo re  

Tn m u st co in c id e  w ith  Sn, an d  th e refo re  Sn m u st b e  rec ip ro ca l to  » S’j, ... Sn_i.

102. Co-ordinates of the Wrench evoked by a Twist.

T h e w o rk d o n e in g iv in g  th e  b o d y  a  tw ist o f sm all am p litu d e o ab o u t a  

sc rew  a, m ay  b e  d en o ted  b y

Fvpa'2.

In fac t, rem em b erin g th a t aa^af... , an d  su b stitu tin g  th ese  v a lu es fo r  

a / in  V (§  1 0 0 ), w e d ed u ce  th e  ex p ressio n :—

Fv* = -4 iia i3 +  • • • +  Annan2 +  2 4 ^« ,  +  +  ...

w h ere  F is in d ep en den t o f  a  an d  h as fo r its  d im en sion s a  m ass d iv id ed  b y  th e  

sq u are o f a tim e, an d w h ere va is a linear magnitude specially appropriate 

to each screw a, and depending upon the co-ordinates of a, and the constants 

in the f unction V (§ 9 8 ).
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The parameter va may be contrasted with the parameter ua considered 

in § 89. Each is a linear magnitude, but the latter depends only upon the 

co-ordinates of a, and the distribution of the material of the rigid body. 

Both quantities may be contrasted with the pitch p„, which is also a linear 

magnitude, but depends on the screw, and neither on the rigid body nor the 

forces.

If a body receive a twist of small amplitude a' about one of the principal 

screws of the potential, then the intensity of the wrench evoked on the 

same screw is (§ 99):—

+ 1
2pa da' ’

but we have just seen that V= Fv^a1, whence we have the following 

theorem:—

If a body which has freedom of the nth order be displaced from aposition 

of equilibrium by a twist about a screw a, of which the co-ordinates with 

respect to the principal screws of the potential are alt... an, then a reduced 

wrench (§ 96) is evoked on a screw with co-ordinates proportional to 

t>j2 Vn
p °11’ ”■ p an’ where ... , plt ... , are the values of the quantity v, and 

the pitch p, for the principal screws of the potential.

We can now express with great simplicity the condition that two screws 

0 and </> shall be conjugate screws of the potential. For, if f) be reciprocal 

to the screw whose co-ordinates are proportional to

A. v" A.
Pi Pn

we have:—

+ • •. + 1>n0n(l>n = 0.

The expression for the potential assumes the simple form

Fv^ + ... + Fvn"a^.

If the function V be proportional to the product of the pitch of the 

displacement screw and the square of the amplitude, then every displacement 

screw will coincide with the screw about which the wrench is evoked.

103. Form of the Potential.

The n principal screws of the potential form a unique group, inasmuch 

as they are co-reciprocal, as well as being conjugate screws of the potential. 

They therefore fulfil n (n — 1) conditions, being the total number available in 

the selection of n screws in an n system.
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We now show that the expression of the potential will consist of the 

sum of n square terms, when referred to any set of n conjugate screws of the 
potential.

'I'he energy consumed in giving a body a twist of amplitude 0' from the 

position of equilibrium 0 to a new position P, is equal to Fv^ (5102) 

and v is the screw on which the wrench is evoked. Suppose that from 

the position P the body receive a twist of amplitude </>' about a screw <f>, it 

would generally not be correct to assert that the energy consumed in the 

second twist was proportional to the square of its amplitude. For during 

the second twist, either a portion of the energy will be consumed in doing 

work against the wrench on v, or the energy expended in the second twist 

will be rendered less, in consequence of the assistance afforded by the wrench 

on v. If, however, v be reciprocal to </>, then the quantity of energy con­

sumed m the twist about </> will be unaffected by the presence of a wrench 

on y. Hence if 0 and </> be two conjugate screws of the potential, the 

energy expended in giving the body first a twist of amplitude 0' about 0, 

and then a twist of amplitude </>' about (f>, is to be represented by

Fv^0'-+ Fv^dP.

By taking a third screw, conjugate to both 0 and </>, and then a fourth 

screw conjugate to the remaining three, and so on, we see finally that the 

potential reduces to the sum of n square terms, where each pair of the 

screws of reference are conjugate screws of the potential.
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HARMONIC SCREWS.

104. Definition of an Harmonic Screw.

We have seen in § 97 that to each screw 3 of a screw system of the nth 

order corresponds a screw X, belonging to the same screw system. The 

relation between 3 and X is determined when the rigid body, and also the 

screw system which defines its freedom, are completely known. The physical 

connection between the two screws 3 and X may be thus stated. If an 

impulsive wrench act on the screw X, the body, if previously quiescent, will 

commence to move by twisting about 3.

We have also seen (§ 102) that to each screw 3 of a screw system of the 

nth order corresponds a certain screw y belonging to the same screw system. 

The relation between 3 and y is determined when the rigid body, the forces, 

and the screw system which defines the freedom, is known. The physical 

connexion between the two screws 3 and may be thus stated. If the body 

be displaced from a position of equilibrium by a twist about 3, the evoked 

wrench, when reduced (§ 96) to the screw system, acts on y.

The rigid body being given in a position of equilibrium, and the forces 

which act on the body being known, and also the screw system by which the 

freedom of the body is prescribed, we then have corresponding to each screw 

3 of the given screw system, two other screws X and y, which also belong to 

the same screw system.

Considering the very different physical character of the two systems of 

correspondence, it will of course usually happen that the two screws X and r) 

are not identical. But a little reflection will enable us to foresee what we 

shall afterwards prove, viz., that when 3 has been appropriately chosen, then 

X and t / may coincide. For since n— 1 arbitrary quantities are disposable in 

the selection of a screw from a screw system of the »th order (§ 69), it follows 

that for any two screws (for example X and tf) to coincide, n — 1 conditions



104] HARMONIC SCREWS. 95

must be fulfilled; but this is precisely the number of arbitrary elements 

available in the selection of 3. We can thus conceive that for one or more 

particular screws 3, the two corresponding screws X and y are identical; and 

we shall now prove the following important theorem:—

If a rigid body be displaced from a position of equilibrium by a twist 

about a screw 3, and if the evoked wrench tend to make the body commence to 

twist about the same screw 3, then if we call 3 an harmonic screw (§ 106), we 

assert that the number of harmonic screws is generally the same as the order 

of the screw system which defines the freedom of the rigid body.

We shall adopt as the screws of reference the n principal screws of inertia. 

The impulsive screw, which corresponds to 3 as an instantaneous screw, will 

have for co-ordinates

h^3A, ... hUlhn (§ 97), 

Pi Pn

where h is a certain constant which is determined by making the co-ordinates 

satisfy the condition (§ 35). If 3 be an harmonic screw, then, remembering 

that the screws of reference are co-reci procal (§ 87), we must have n equations 

of which the first is (§ 102)

7, , 1 dV
Pi1 ~ + fpl def-

Assuming ---- Ms", where M is the mass of the body, and s an unknown

quantity, and developing V, we deduce the n equations

3t (4U + Mshf) + 3.,AV1 + ... + 3nAJn = 0, 

+ (fAm + ... + 3n (Ann + Ms^uf) = 0.

Eliminating dA,... 3n,we have an equation of the wth degree for s2. The 

n roots of this equation are all real (§ 85), and each one substituted in the 

set of n equations will determine, by a system of n linear equations, the 

ratios of the « co-ordinates of one of the harmonic screws.

It is a remarkable property of the n harmonic screws that each pair of 

them are conjugate screws of inertia, and also conjugate screws of the 

potential. Let Hlt... 11,^, be n-1 of the harmonic screws, to which 

correspond the impulsive screws Slt... S,^. Also suppose T to be that one 

screw of the given screw system which is reciprocal to Slt ...S^ (§ 95), 

then T must form with each one of the screws If,... Hn_^ a pair of con­

jugate screws of inertia (§81). But, since ... Sn_t are the screws on 

which wrenches are evoked by twists about If,... Hn_i respectively, it is
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evident that T must form with each one of these screws H., ... Hn^ a pair 

of conjugate screws of the potential (§ 100). It follows that the impulsive 

screw, corresponding to T as the instantaneous screw, must be reciprocal to 

H.,... and also that a twist about T must evoke a wrench on a screw 

reciprocal to H., ... Hn_.. As in general only one screw of the system can 

be reciprocal to it follows that the impulsive screw, which

corresponds to Tas an instantaneous screw, must also be the screw on which a 

wrench is evoked by a twist about 1'. Hcucc, T must bo a harmonic screw, 

and as there are only n harmonic screws, it is plain that T must coincide 

with Hn, and that therefore Hn is a conjugate screw of inertia, as well as a 

conjugate screw of the potential, to each one of the remaining n - 1 harmonic 

screws. Similar reasoning will, of course, apply to each of the harmonic 

screws taken in succession.

105. Equations of Motion.

We now consider the kinetical problem, which may be thus stated. A 

free or constrained rigid body, which is acted upon by a system of forces, is 

displaced by an initial twist of small amplitude, from a position of equi­

librium. The body also receives an initial twisting motion, with a small 

twist velocity, and is then abandoned to the influence of the forces. It is 

required to ascertain the nature of its subsequent movements.

Let T represent the kinetic energy of the body, in the position of which 

the co-ordinates, referred to the principal screws of inertia, are 0/,... Of. 

Then we have (§ 97):—

 \ dt J \dt)

while the potential energy which, as before, we denote by V, is an homo­

geneous function of the second order of the quantities 0., ... 0n.

By the use of Lagrange’s method of generalized co-ordinates we are 

enabled to write down at once the n equations of motion in the form :—

Substituting for T we have:—

d? d0. ’

with (n —1) similar equations. Finally, introducing the expression for K 

(§ 100), we obtain n linear differential equations of the second order.

The equations which we require can be otherwise demonstrated as follows.
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Suppose the body to be in motion under the influence of the forces, and that 

at any epoch t the co-ordinates of the twisting motion are

d0j d0n'

di ’ dt ’

when referred to the principal screws of inertia. Let £/', ... be the

co-ordinates of a wrench which, had it acted upon the body at rest for the 

small time e, would have communicated to the body a twisting motion 

identical with that which the body actually has at the epoch t. The 

co-ordinates of the impulsive wrench which would, in the time e, have pro­

duced from rest the motion which the body actually has at the epoch t + e, 
are:

t" + e f " 4- p+e dt + e TlF'

On the other hand, the motion at the epoch t + e may be considered to 

anse from the influence of the wrench ... for the time e, followed by 

the influence of the evoked wrench for the time e. The final effect of the 

two wrenches must, by the second law of motion, be the same as if they 

acted simultaneously for the time e upon the body initially at rest.

The co-ordinates of the evoked wrench being :

1 dV 1 dV
2?i do.+2Plld0,r 

we therefore have the equation :—

or

1 dV 

2pi d0j ’ 

= 1 IF 
dt + 2p, døj ’

■ and n — 1 similar equations; but we see from § 97 that

pj dt ’

Differentiating this equation with respect to the time, and regarding e as 

constant, we have

whence

e = ■
dt pj dt2 

2Muj2<i^ =
dt2 d0j

the same equation as that already found by Lagrange’s method.
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To integrate the equations w e assum e

• •• Of =fnil',

w here...fn are certain constants, w hich w ill be determ ined, and w here 11 

is an unknow n function of the tim e : introducing  also the value of V, given  

in § 100, w e find for the equations of m otion  :

Jan

- Mulfl +  (-411/1 +  -412,/a +  • ■ ■ +  Aynfn) 12 =  0, 
czc

& c.

Jan
- Mun*fn +  (A ./  +  Amfy + ... + Annfn) 12  =  0.

If the quantity  s, and the ratios of the n quantities  f, ...fn, be deter­

m ined by the n equations :—

fi (-411 +  Mu(-s‘) +fiAVi + ... =  0,

& c., & c.

fAm +fAnz + ... +fn (-4  m i +  Mufs2) = 0;

then the n equations of m otion w ill reduce to the single equation :

B y elim inating  f,... fn from the n equations, w e obtain precisely the  

sam e equation for s2 as that w hich  arose (§ 104) in the determ ination of the  

n harm onic screw s. The values of f,... fn, w hich correspond to any value 

of s2 , are therefore proportional to the co-ordinates of a harm onic screw .

The equation  for Q  gives :

!2 =  H sin  (st +  c).

Let Hi, ... Hn, C j, ... cn be 2n arbitrary constants. Let fpq denote the  

value of  fq, w hen the root sp2 has been substituted in the linear equations. 

Then  by the know n  theory of linear differential equations*,

0/ =fnHi sin  (s,f +  cj  +  ... +fmHn sin  (snt +  c„),

0/ -finHi sin  (Syt +  C j) +  ... +f,mHn sin  (snt +  c„).

In proof of this solution it sufficient to observe, that the values of 

0y,... Of satisfy the given differential equations of m otion, w hile they also  

contain the requisite num ber of arbitrary  constants.

Lagrange ’s M ethod, R outh, Rigid Dynamics, V ol. I., p. 369.
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106. Discussion of the Results.

For the position of the body before its displacement to have been one of 

stable equilibrium, it is manifest that the co-ordinates must not increase 

indefinitely with the time, and therefore all the values of s2 must be essen­

tially positive, since otherwise the values of 0/, ... 9n' would contain expo­

nential terms.

The 2n arbitrary constants are to be determined by the initial circum­

stances. The initial displacement is to be resolved into n twists about the n 

screws of reference (§ 95). This will provide n equations, by making t = 0, 

and substituting for $/,••• 9,', in the equations just mentioned, the amplitudes 

of the initial twists. The initial twisting motion is also to be resolved into 

twisting motions about the n screws of reference. The twist velocities of 

these components will be the values of ,1 ... when t = 0 ; whence 
at dt

we have n more equations to complete the determination of the arbitrary 
constants.

If the initial circumstances be such that the constants H,, Hn are all 

zero, then the equations assume a simple form:

0i = fnH1 sin (sji + c),

On =finHy sin (sd + c).

The interpretation of this result is very remarkable. We see that the 

co-ordinates of the body are always proportional to hence the

body can always be brought from the initial position to the position at any 

time by twisting it about that screw, whose co-ordinates are proportional to 

/n> but, as we have already pointed out, the screw thus defined is

a harmonic screw, and hence we have the following theorem:—

If a rigid body occupy a position of stable equilibrium under the 

influence of a conservative system of forces, then n harmonic screws can be 

selected from the screw system of the nth order, which defines the freedom 

of the body, and if the body be displaced from its position of equilibrium 

by a twist about a harmonic screw, and if it also receive any small initial 

twist velocity about the same screw, then the body will continue to 

perform twist oscillations about that harmonic screw, and the amplitude of 

the twist will be always equal to the arc of a certain circular pendulum, 

which has an appropriate length, and was appropriately started.

The integrals in their general form prove the following theorem:—

A rigid body is slightly displaced by a twist from a position of stable 

equilibrium under the influence of a system of forces, and the body receives 

7—2



100 THE THEORY OF SCREWS. [106-109

a small initial twisting motion. The twist, and the twisting motion, may 

each be resolved into their components on the n harmonic screws : n circular 

pendulums are to be constructed, each of which is isochronous with one of 

the harmonic screws. All these pendulums are to be started at the same 

instant as the rigid body, each with an arc, and an angular velocity equal 

respectively to the initial amplitude of the twist, and to the twist velocity, 

which have been assigned to the corresponding harmonic screw. To 

ascertain where the body would be at any future epoch, it will only be 

necessary to calculate the arcs of the n pendulums for that epoch, and then 

give the body twists from its position of equilibrium about the harmonic 

screws, whose amplitudes are equal to these arcs.

107. Remark on Harmonic Screws.

We may to a certain extent see the actual reason why the body, when 

once oscillating upon a harmonic screw, will never depart therefrom. The 

body, when displaced from the position of equilibrium by a twist upon a 

harmonic screw 6, and then released, is acted upon by the wrench upon a 

certain screw r), which is evoked by the twist. But the actual effect of an 

impulsive wrench on would be to make the body twist about the harmonic 

screw (§ 104), and as the continued action of the wrench on is indis­

tinguishable from an infinite succession of infinitely small impulses, we can 

find in the influence of the forces no cause adequate to change the motion 

of the body from twisting about the harmonic screw 0.

j



CHAPTER X .

FREEDOM OF THE FIRST ORDER.

108. Introduction.

In the present chapter we shall apply the principles developed in the 

preceding chapters to study the Statics and Dynamics of a rigid body 

which has freedom of the first order. Ensuing chapters will be similarly 

devoted to the other orders of freedom. We shall in each chapter first 

ascertain what can be learned as to the kinematics of a rigid body, so far as 

small displacements are concerned, from merely knowing the order of the 

freedom which is permitted by the constraints. This will conduct us to a 

knowledge of the special screw system which defines the freedom enjoyed by 

the body. We shall then be enabled to determine the reciprocal screw 

system, which involves the theory of equilibrium. The next group of 

questions will be those which relate to the effect of an impulse upon a 

quiescent rigid body, free to twist about any screw of the screw system. 

Finally, we shall discuss the small oscillations of a rigid body in the vicinity 

of a position of stable equilibrium, under the influence of a given system of 

forces, the movements of the body being limited as before to the screws of 

the screw system.

109. Screw System of the First Order.

A body which has freedom of the first order can execute no movement 

which is not a twist about one definite screw. The position of a body so 

circumstanced is to be specified by a single datum, viz., the amplitude of the 

twist about the given screw, by which the body can be brought from a 

standard position to any other position which it is capable of attaining. As 

examples of a body which has freedom of the first order, we may refer to the 

case of a body free to rotate about a fixed axis, but not to slide along it, or 

of a body free to slide along a fixed axis, but not to rotate around it. In 

the former case the screw system consists of one screw, whose pitch is zero; 

in the latter case the screw system consists of one screw, whose pitch is 

infinite.
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110. The Reciprocal Screw System.

T h e  in te g e r  w h ic h  d e n o te s th e  o r d e r o f a  s c r e w  s y s te m , a n d  th e  in te g e r  

w h ic h  d e n o te s th e  o r d e r o f th e  r e c ip r o c a l s c r e w  s y s te m , w ill , in  a l l c a s e s ,  

h a v e th e  n u m b e r s ix  f o r th e i r s u m  ( §  7 2 ) . H e n c e a s c re w  s y s te m  o f th e  

f i r s t o r d e r  w il l h a v e  a s  i t s  r e c ip r o c a l a  s c r e w  s y s te m  o f th e  f i f th  o r d e r .

F o r  a  s c re w  6 to  b e lo n g  to  a  s c r e w  s y s te m  o f  th e  f i f th  o r d e r ,  th e  n e c e s s a ry  

a n d  s u f f ic ie n t c o n d i t io n  i s , th a t 6 b e  r e c ip ro c a l to  o n e  g iv e n  s c re w  a . T h is  

c o n d i t io n  i s  e x p r e s s e d  in  th e  u s u a l f o r m :—

( p „  + Pø) c o s  0 - daB s in  0  =  0 ,  

w h e re  0 i s  th e  a n g le , a n d  dae th e  p e r p e n d ic u la r  d is ta n c e  b e tw e e n  th e  s c r e w s  

d a n d  a.

W e  c a n  n o w  s h o w  th a t  e v e r y  s t r a ig h t l in e  in  a p a c e , w h e n  i t r e c e iv e s  a n  

a p p r o p r ia te  p i tc h , c o n s ti tu te s  a  s c re w  o f  a  g iv e n  s c r e w  s y s te m  o f  th e  f i f th  

o r d e r . F o r  th e  s t r a ig h t l in e  a n d  a b e in g  g iv e n , da(j a n d  (J a r e  d e te r m in e d ,  

a n d  h e n c e th e p i tc h  pe c a n  b e d e te r m in e d b y  th e l in e a r e q u a t io n ju s t  

w r i tte n .

C o n s id e r  n e x t  a  p o in t A, a n d  th e  s c r e w  a . E v e r y  s t r a ig h t l in e  th r o u g h  

A, w h e n  f u r n is h e d  w ith  th e  p r o p e r p i tc h , w il l b e  r e c ip r o c a l to  a . S in c e  th e  

n u m b e r  o f l in e s th r o u g h  A i s  d o u b ly  in f in i te ,  i t  f o l lo w s  th a t  a  s in g ly  in f in i te  

n u m b e r o f s c r e w s o f g iv e n  p i tc h  c a n  b e d r a w n th r o u g h  A, s o a s to  b e  

r e c ip r o c a l to  a . W e  s h a ll n o w  p r o v e  th a t a l l th e  s c r e w s o f the same pitch 

which pass through A, and are reciprocal to a, lie in a plane. T h is  w e  s h a ll  

f i r s t s h o w  to  b e  th e  c a s e  f o r  a l l th e  s c re w s o f  z e r o  p i tc h * , a n d  th e n  w e  s h a l l  

d e d u c e  th e  m o r e  g e n e r a l  th e o re m .

B y  a  tw is t o f s m a l l a m p l itu d e  a b o u t a  th e  p o in t  A i s m o v e d  to  a n  a d ja ­

c e n t p o in t  B. T o  e f fe c t th is m o v e m e n t a g a in s t a  f o r c e  a t A w h ic h  i s p e r ­

p e n d ic u la r to  AB, n o  w o r k  w il l b e  r e q u i r e d ; h e n c e  e v e r y  l in e  th r o u g h  A, 

p e r p e n d ic u la r to  AB, m a y  b e  r e g a r d e d  a s a  s c re w  o f  z e ro  p i tc h , r e c ip r o c a l  

to  a.

W e m u s t n o w  e n u n c ia te  a  p r in c ip le  w h ic h  a p p l ie s  to  a  s c re w  s y s te m  o f  

a n y  o r d e r . W e  h a v e  a l r e a d y  r e f e r r e d  to  i t w ith  r e s p e c t to  th e  c y l in d r o id  

( §  1 8 ) . I f a l l th e  s c r e w s o f  a  s c re w  s y s te m  b e  m o d if ie d  b y  th e  a d d it io n  o f  

th e  s a m e  l in e a r  m a g n i tu d e  ( p o s i t iv e  o r  n e g a t iv e )  to  th e  p i tc h  o f  e v e r y  s c re w ,  

th e n  th e  c o l le c tio n  o f  s c re w s th u s  m o d if ie d  s t i l l f o r m  a  s c re w  s y s te m  o f  th e  

s a m e  o r d e r . T h e  p r o o f  i s o b v io u s , f o r s in c e  th e  v ir tu a l c o - e f f ic ie n t  d e p e n d s  

o n  th e  sum o f th e  p i tc h e s , i t f o l lo w s  th a t , i f  a l l th e  p i tc h e s  o f  a  s y s te m  b e

* T h is  th e o re m  i s  d u e  to  M ö b iu s , w h o  h a s  s h o w n , th a t , i t s m a l l r o ta t io n s  a b o u t s ix  a x e s  c a n  

n e u tr a l i s e , a n d  i f f iv e  o f th e  a x e s  b e  g iv e n , a n d  a  p o in t  o n  th e  s ix th  a x is , th e n  th e  s ix th  a x is  i s  

l im ite d  to  a p la n e . (“  U e b e r d ie Z u s a m m e n s e tz u n g  u n e n d l ic h  k le in e r D re h u n g e n ,” Crelle’s 

Journal, t . x v i i i . , p p . 1 8 9 — 2 1 2 .) ( B e r l in , 1 8 3 8 .)
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increased by a certain quantity, and all the pitches of the reciprocal system 
be diminished by the same quantity, then all the first set of screws thus 
modified are reciprocal to all the second group as modified. Hence, since a 
screw-system of the nth order consists of all the screws reciprocal to 6 — n 
screws, it follows that the modified set must still be a screw system.

We shall now apply this principle to prove that all the screws Å of any 
given pitch k, which can be drawn through A, to be reciprocal to a, lie in a 
plane. Take a screw y, of pitch pa + k, on the same line as a, then we have 
just shown that all the screws p, of zero pitch, which can be drawn through 
the point A, so as to be reciprocal to y, lie in a plane. Since p and y are 
reciprocal, the screws on the same straight lines as p and y will be reciprocal, 
provided the sum of their pitches is the pitch of y; therefore, a screw X, of 
pitch k, on the same straight line as p, will be reciprocal to the screw a, of 
pitch yja; but all the lines p lie in a plane, therefore all the screws X lie in 
the same plane.

Conversely, given a plane and a pitch k, a point A can be determined 
in that plane, such that all the screws drawn through A in the plane, and 
possessing the pitch k, are reciprocal to a. To each pitch ky, k.2>..., will 
correspond a point A.,...; and it is worthy of remark, that all the points 
Alt A2 must lie on a right line which intersects a at right angles; for join 
-41, -42, then a screw on the line A^.j, which has for pitch either k, or k2, 
must be reciprocal to a; but this is impossible unless ylp42 intersect a at 
a right angle.

111. Equilibrium.

If a body which has freedom of the first order be in equilibrium, then 
the necessary and sufficient condition is, that the forces which act upon the 
body shall constitute a wrench on a screw of the screw system of the fifth 
order, which is reciprocal to the screw which defines the freedom. We thus 
see that every straight line in space may be the residence of a screw, a 
wrench on which is consistent with the equilibrium of the body.

If two wrenches act upon the body, then the condition of equilibrium is, 
that, when the two wrenches are compounded by the aid of a cylindroid, 
the single wrench which replaces them shall lie upon that one screw of the 
cylindroid, which is reciprocal to a (§ 26).

We can express with great facility, by the aid of screw co-ordinates, the 
condition that wrenches of intensities 0", <f>", on two screws 0, </>, shall 
equilibrate, when applied to a body only free to twist about a.

Adopting any six co-reciprocals as screws of reference, and resolving each 
of the wrenches on 0 and ø into its six components on the six screws of
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re fe re n c e , w e sh a ll h a v e fo r th e  in te n s ity  o f th e  c o m p o n e n t o f th e  re su lta n t  

w re n ch  o n  wn—

6"0n + </>"</>„.

H e n c e  th e  c o -o rd in a te s o f  th e  re su ltan t w re n ch  a re  p ro p o r tio n a l to

... 6"6s + </>"</>6.

1  o r e q u ilib r iu m  th is  sc re w  m u s t b e  re c ip ro c a l to  a, w h e n c e w e  h a v e

P& (Ø'^ + </>"&) + ... + (0"0S + =  0 ,

o r > =  0 .

T h is e q u a tio n m e re ly e x p re sse s th a t th e su m  o f th e w o rk s d o n e in  a  

sm a ll tw is t a b o u t a a g a in s t th e  w re n c h e s o n  0 a n d is  z e ro .

W e a lso  p e rc e iv e th a t a g iv e n w re n c h m a y  b e a lw ay s re p la ce d b y  a  

w re n c h o f a p p ro p r ia te in ten s ity  o n  a n y  o th e r sc rew , in  so fa r a s th e e ffec t 

o n  a  b o d y  o n ly  f re e  to  tw is t a b o u t a is  c o n c e rn e d .

I t m a y  n o t b e  o u t o f p la c e  to  n o tic e  th e  a n a lo g y  w h ic h  th e  e q u a tio n  ju s t  

w ritte n  b e a rs to  th e s im p le p ro b le m  o f th e  d e te rm in a tio n  o f th e  c o n d itio n  

th a t tw o fo rc e s sh o u ld b e u n a b le to d is tu rb th e e q u ilib r iu m  o f a p a rtic le  

o n ly  f re e to  m o v e o n  a s tra ig h t l in e . I f  P, Q b e  th e  tw o  fo rc e s , a n d  if I, m 

b e  th e  a n g le s  w h ic h  th e  fo rc e s  m a k e  w ith  th e  d ire c tio n  in  w h ic h  th e p a r tic le  

c a n  m o v e , th e n  th e  c o n d itio n  is—

P c o s  I + Q c o s  m — 0 .

T h is su g g e s ts a n  a n a lo g y  b e tw e e n  th e  v ir tu a l c o -e ffic ie n t o f tw o  sc re w s ,  

a n d  th e  c o s in e o f  th e  a n g le  b e tw e e n  tw o  l in e s .

1 1 2 .  P a r tic u la r C a se .

I f  a  b o d y  h a v in g  f re ed o m  o f th e  f irs t o rd e r b e  in  e q u ilib r iu m  u n d e r th e  

a c tio n  o f g ra v ity , th e n  th e  v e r tic a l th ro u g h  th e c e n tre o f in e r tia m u s t l ie  

in th e p la n e o f re c ip ro c a l sc re w s o f z e ro p itc h , d ra w n th ro u g h  th e  c e n tre  

o f in e r tia .

1 1 3 .  Im p u ls iv e F o rc es .

I f a n  im p u ls iv e w re n c h o f in te n s ity a c t o n  th e sc re w  > /, w h ile th e  

b o d y  is o n ly  p e rm itte d  to  tw is t a b o u t a, th e n  w e h a v e se en  in  §  9 0  h o w  th e  

tw is t v e lo c ity  p ro d u c e d  c a n  b e  fo u n d . W e  sh a ll n o w  d e te rm in e  th e  im p u ls iv e  

re a c tio n  o t th e  c o n s tra in ts . T h is re a c tio n m u s t b e  a n  im p u ls iv e w re n c h  o f  

in ten s ity  X'" o n  a  sc rew  X, w h ic h  is  re c ip ro c a l to  a. T h e  d e te rm in a tio n  o f X  

m a y  b e  e ffec te d  g e o m e tric a lly  in  th e  fo llo w in g  m a n n e r :— L e t p b e  th e  sc rew ,  

a n  im p u ls iv e  w ren c h  o n w h ic h w o u ld , if th e  b o d y  w e re p e rfe c tly  f re e , c a u se  

a n  in s tan ta n e o u s tw is tin g  m o tio n  a b o u t a  (§  8 0 ) . D ra w  th e  c y lin d ro id  (y, p).



114] FREEDOM OJF THE FIRST ORDER. 105

Ihen X must be that screw on the cylindroid which is reciprocal to a, for a 

wrench on X, and the given wrench on t), must compound into a wrench on p, 

whence the three screws must be co-cylindroidal*; also X must be reciprocal 

to a, so that its position on the cylindroid is known (§ 26). Finally, as the 

impulsive intensity i/" is given, and as the three screws p, X, /x are all 
known, the impulsive intensity X'" becomes determined (§ 14).

114. Small Oscillations.

We shall now suppose that a rigid body which has freedom of the first 

order occupies a position of stable equilibrium under the influence of a 

system of forces. If the body be displaced by a small twist about the screw 

« which prescribes the freedom, and if it further receive a small initial twist 

velocity about the same screw, the body will continue to perform small 

twist oscillations about the screw a. We propose to determine the time 

of an oscillation.

is

The kinetic energy of the body, when animated by a twist velocity

MS')’«-

da' 

dt

The potential energy due to the position attained by

giving the body a twist of amplitude a away from its position of equili­

brium, is Fv^a" (§ 102). But the sum of the potential and kinetic energies 

must be constant, whence

fdax1 „ . 
\dt) +MuS const.

Differentiating we have

d2a' Fv^ , _ 
dF Mua1 a

Integrating this equation we have

“ A sin 1 B C,,S
where yl and B are arbitrary constants. The time of one oscillation is 

therefore
ua /M 

217 va\/F‘

Regarding the rigid body and the forces as given, and comparing 

inter se the periods about different screws a, on which the body might have 

been constrained to twist, we see from the result just arrived at that the 

time for each screw a is proportional to .

We shall often for convenience speak of three screws on the same cylindroid as co-cylindroidal.
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115. Property of Harmonic Screws.

A s the tim e of v ib ration  is affected  by  the  position  of the  screw  to w hich  

the m otion is lim ited , it becom es of in terest to consider how  a screw  is to  

be chosen so tha t the tim e of v ib ration shall be a m axim um  or m in im um . 

W ith  sligh tly  increased  genera lity  w e m ay  state  the prob lem  as fo llow s:

G iven the po ten tial fo r every position  in  the neighbourhood of a  position  

of stab le equ ilib rium , it is requ ired to se lect from a g iven screw  system  

the screw  or screw s on w hich , if the body  be constra ined to tw ist, the tim e  

of v ib ration w ill be a m axim um  or m in im um , re la tive ly to the tim e of 

v ib ra tion on the neighbouring screw s of the sam e screw  system .

T ake the n princ ipa l screw s of inertia belong ing to the screw  system , 

as screw s of reference , then w e have to determ ine the n co -o rd ina tes of a  

screw a bv the cond ition tha t the function shall be a m axim um  or a  
J va

m in im um .

In troducing the value of ua (§  97), and of va (§ 102), in te rm s of the  

co -o rd ina tes, w e have to determ ine the m axim um and m in im um of the  

function

J na x2 +  ... +  Anna,2 +  2  A^a., +  2 /1  ^a,. + ... =

U^ai1 + ... + Un«-n

M ultip ly ing th is equation by the denom inato r of the le ft-hand side , 

d ifferen tiating w ith respect to each co -o rd ina te successive ly , and observ ing  

tha t the  d ifferen tia l coeffic ien ts of  x m ust be  zero , w e  have  the  n equations :—

(-A jl —  0£ j +  -Z L i2® 2 •••4"  A~  0?

& c., & c.

AjuOti + A^ct-j... "I- x) —  0 .

W e hence see tha t there are n screw s belong ing to each screw  of the  

w th order on  w hich  the  tim e of v ib ra tion  is a  m axim um  or m in im um , and  by  

com parison  w ith §  104  w e deduce the in teresting resu lt tha t these n screw s  

are  also  the  harm on ic screw s.

T ak ing the screw  system  of the six th order, w hich of course inc ludes  

every screw  in space , w e see tha t if the body be perm itted to tw ist abou t 

one of the six harm on ic screw s the tim e of v ib ra tion w ill be a m axim um  

or m in im um , as com pared w ith  the tim e of v ib ra tion  on  any ad jacen t screw .

If the six harm on ic screw s w ere taken as the screw s of reference , then  

u2 and  v2 w ould  each  consist of the  sum  o f  six  square  te rm s  (§§  89 , 102). If  

the coefficien ts in these tw o expressions w ere proportional, so tha t u2 on ly  

d iffered  from  va2 by  a  num erica l facto r, w e should then  find tha t every  screw  

in space w as an harm on ic screw , and tha t the tim es of v ib rations abou t 

all these screw s w ere equal.



CHAPTER XI .

FREEDOM OF THE SECOND ORDER.

116. The Screw System of the Second Order.

When a rigid body is capable of being twisted about two screws 0 and 

</>> it is capable of being twisted about every screw on the cylindroid (0, <£) 

(§ 14). If it also appear that the body cannot be twisted about any screw 

which does not lie on the cylindroid, then as we know the body has freedom 

of the second order, and the cylindroid is the screw system of the second 

order by which the freedom is defined (§ 219).

Eight numerical data are required for determination of a cylindroid (§75). 

We must have four for the specification of the nodal line, two more are 

required to define the extreme points in which the surface cuts the nodal 

line, one to assign the direction of one generator, and one to give the pitch 

of one screw, or the eccentricity of the pitch conic.

Although only eight constants are required to define the cylindroid, yet 

teu constants must be used in defining two screws 0, tj>, from which the 

cylindroid could be constructed. The ten constants not only define the 

cylindroid, but also point out two special screws upon the surface (§77).

117. Applications of Screw Co-ordinates.

We have shown (§ 40) that if a, ß be the two screws of a cylindroid, 

which intersect at right angles, then the co-ordiuates of any sciew 0, which 

makes an angle I with the screw a, are:

«, cos I + ßi sin I,... «B cos I + ße sin I, 

reference being made as usual to any set of six co-reciprocals.

In addition to the examples of the use of these co-ordinates already 

given (§ 40), we may apply them to the determination of that single screw 

0 upon the cylindroid (a, ß), which is reciprocal to a given screw y.



108 THE THEORY OF SCREWS. [117-

From the condition of reciprocity we must have:

Pi'll («1 cos I + /3j sin I) + ... +p,iyi (a6 cos I + ßti sin I) = 0,

or, cos I + sin I = 0.

From this tan I is deduced, and therefore the screw 3 becomes known 
(§ 26).

In general if be the virtual coefficient of any screw y and a screw 3 

on the cylindroid, we have

cos I + sin I;

whence if on each screw 3 a distance be set off from the nodal line equal to 
the virtual coefficient between y and 3, the points thus found will lie on 
a right circular cylinder, of which the equation is;

«2 + y1 = + vr^y.

Thus the screw which has the greatest virtual coefficient with y is at 
right angles to the screw reciprocal to y, and in general two screws can be 
found upon the cylindroid which have a given virtual coefficient with any 
given external screw.

118. Relation between Two Cylindroids.

We may here notice a curious reciprocal relation between two cylindroids, 
which is manifested when one condition is satisfied. If a screw can be found 
on one cylindroid, which is reciprocal to a second cylindroid, then conversely 
a screw can be found on the latter, which is reciprocal to the former. Let 
the cylindroids be (a, ß), and (X, p). Il a screw can be found on the former, 
which is reciprocal to the latter, then we have:

PiK (ctj cos I + Ä sin I) + ... + pnXn (a,t cos I + ßn sin I) = 0,

Pifh (a, cos I + ß1 sin I) + ... 4- pnpn (an cos I + ßn sin Z) = 0.

Whence eliminating I, we find:—

^aX^ßp ' ^ßx^ap — 0.

As this relation is symmetrical with regard to the two cylindroids, the 
theorem has been proved.

119. Co-ordinates of Three Screws on a Cylindroid.

The co-ordinates ol three screws upon a cylindroid are connected by four 
independent relations. In fact, two screws define the cylindroid, and the 
third screw must then satisfy four equations of the form (§ 20). These 
relations can be expressed most symmetrically in the form of six equations, 
which also involve three other quantities.
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L e t X , fi, v b e  t h r e e  s c r e w s  u p o n  a  c y l in d r o id ,  a n d  l e t  A, B, G d e n o te  t h e  

a n g le s  b e tw e e n  / z  v, b e tw e e n  v X, a n d  b e tw e e n  X  p, r e s p e c t iv e ly . I f  w r e n c h e s  

o f  i n t e n s i t i e s  X " , p", v", o n  X , p, v, r e s p e c t iv e ly , a r e  i n  e q u i l i b r iu m ,  w e  m u s t  

h a v e  ( §  1 4 ) :—
>  / / / / / /
A. /Z V

s in  A s in  B s in  G'

B u t  w e  h a v e  a l s o  a s  a  n e c e s s a r y  c o n d i t io n  t h a t  i f  e a c h  w r e n c h  b e  r e s o lv e d  

i n to  s ix  c o m p o n e n t w r e n c h e s o n  s ix  s c r e w s  o f r e f e r e n c e , t h e s u m  o f t h e  

i n t e n s i t i e s  o f t h e  t h r e e  c o m p o n e n t s  o n  e a c h  s c r e w  o f r e f e r e n c e i s z e r o ;  

w h e n c e

X j  s in  A +  / i ,  s in  B + s in  G =  0 ,

X 6  s in  A + pa s in  B + v6 s in  ( 7 = 0 .

F r o m  t h e s e  e q u a t io n s  w e  d e d u c e  t h e  f o l l o w in g  c o r o l l a r i e s :—

T h e  s c r e w  o f w h ic h  t h e  c o - o r d in a t e s  a r e  p r o p o r t i o n a l t o  u'Xl + bplt ... 

a X 6  +  bpe, l i e s  o n  t h e  c y l in d r o id  ( X , p), a n d  m a k e s  a n g le s  w i th  t h e  s c r e w s  

X , p, o f  w h ic h  t h e  s in e s  a r e  i n v e r s e ly  p r o p o r t i o n a l  t o  a a n d  b.

T h e  tw o  s c r e w s , o f  w h ic h  t h e  c o - o r d in a t e s  a r e  p r o p o r t io n a l t o

a X , +  bpi,. . .  a X c  +  bp,it

a n d  t h e  tw o  s c r e w s  X , p a r e  r e s p e c t iv e ly  p a r a l l e l  t o  t h e  f o u r  r a y s  o f  a  p la n e  

h a r m o n ic  p e n c i l .

120. Screws on One Line.

T h e r e  i s  o n e  c a s e  i n  w h ic h  a  b o d y  h a s  f r e e d o m  o f  t h e  s e c o n d  o r d e r  t h a t  

d e m a n d s  s p e c i a l a t t e n t io n . S u p p o s e  t h e  tw o  g iv e n  s c r e w s  0, (f>, a b o u t w h ic h  

t h e  b o d y  c a n  b e  tw i s t e d , h a p p e n  t o  l i e  o n  t h e  s a m e  s t r a ig h t l i n e , t h e n  t h e  

c y l in d r o id  b e c o m e s  i l lu s o r y . I f  t h e  a m p l i t u d e s  o f  t h e  tw o  tw i s t s  b e  O', $>', 

t h e n  t h e  b o d y  w i l l h a v e  r e c e iv e d  a  r o t a t i o n  O' + <f>', a c c o m p a n ie d  b y  a  t r a n s ­

l a t i o n  O'po + T h i s  m o v e m e n t i s  r e a l l y  i d e n t i c a l w i th  a  tw i s t o n a  

s c r e w  o f  w h ic h  t h e  p i t c h  i s :

O'pe + <f>'P<b

0‘ + <p'

S in c e  O', <j>' m a y  h a v e  a n y  r a t io ,  w e  s e e  t h a t , u n d e r  t h e s e  c i r c u m s ta n c e s , t h e  

s c r e w  s y s t e m  w h ic h  d e f in e s  t h e  f r e e d o m  c o n s i s t s o f a l l t h e s c r e w s w i th  

p i t c h e s r a n g in g  f r o m  —  o o t o  +  c o , w h ic h  l i e  a lo n g  t h e  g iv e n  l i n e . I t  

f o l l o w s ( §  4 7 ) , t h a t t h e  c o - o r d in a t e s o f a l l t h e  s c r e w s a b o u t w h ic h  t h e  

b o d y  c a n  b e  tw i s t e d  a r e  t o  b e  f o u n d  b y  g iv in g  a; a l l t h e v a lu e s f r o m  

—  o o t o  +  o o i n  t h e  e x p r e s s io n s :

x dR „ x dR
U1 + ApidOi’" ^Ip.dO,’

i n  w h ic h  R = (0l +  0 2 ) 2  +  (03 +  0 4 ) 2  +  ( 0 5  +  0 , ;) a .
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121. Displacement of a Point.

Let P be a point, and let a, ß be any two screws upon a cylindroid. If 

a body to which P is attached receive a small twist about a, the point P will 

be moved to P'. If the body receive a small twist about ß, the point P 

would be moved to P". Then whatever be the screw 7 on the cylindroid 

about which the body be twisted, the point P will still be displaced in the 

plane PPP".

For the twist about 7 can be resolved into two twists about a and ß, and 

therefore every displacement of P must be capable of being resolved along 

PP' and PP".

Thus through every point P in space a plane can be drawn to which the 

small movements of P, arising from twists about the screws on a given 

cylindroid are confined. The simplest construction for this plane is as 

followsDraw through the point P two planes, each containing one of the 

screws of zero pitch; the intersection of these planes is normal to the 

required plane through P.

The construction just given would fail if P lay upon one of the screws 

of zero pitch. The movements of P must then be limited, not to a plane, 

but to a line. The line is found by drawing a normal to the plane passing 

through P, and through the other screw of zero pitch.

We thus have the following curious property due to M. Mannheim*, viz., 

that a point in the rigid body on the line of zero pitch will commence to 

move in the same direction whatever be the screw on the cylindroid about 

which the twist is imparted.

This easily appears otherwise. Appropriate twists about any two screws, 

a and ß, can compound into a twist about the screw of zero pitch X, but the 

twist about X cannot disturb a point on X. Therefore a twist about ß must 

be capable of moving a point originally on X back to its position before it 

was disturbed by ct. Therefore the twists about ß and ot must move the 

point in the same direction.

122. Properties of the Pitch Conic.

Since the pitch of a screw on a cylindroid is proportional to the inverse 

square of the parallel diameter of the pitch conic (§ 18), the asymptotes 

must be parallel to the screws of zero pitch; also since a pair of reciprocal 

screws are parallel to a pair of conjugate diameters (§ 40), it follows that 

the two screws of zero pitch, and any pair of reciprocal screws, are parallel 

to the rays of an harmonic pencil. If the pitch conic be an ellipse, there

* Journal de Vécole Polytechnique, T. xx. cah. 43, pp. 57—122 (1870).
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are no real screws of zero pitch. If the pitch conic be a parabola, there is 

but one screw of zero pitch, and this must be one of the two screws which 

intersect at right angles.

123 Equilibrium of a Body with Freedom of the Second Order.

We shall now consider more fully the conditions under which a body 

which has freedom of the second order is in equilibrium. The necessary 

and sufficient condition is, that the forces which act upon the body shall 

constitute a wrench upon a screw which is reciprocal to the cylindroid which 

defines the freedom of the body.

It has been shown (§ 23), that the screws which are reciprocal to a cylin­

droid exist in such profusion, that through every point in space a cone of 

the second order can be drawn, of which the entire superficies is made up of 

such screws. We shall now examine the distribution of pitch upon such a 

cone.

The pitch of each reciprocal screw is equal in magnitude, and opposite in 

sign, to the pitches of the two screws of equal pitch, in which it intersects the 

cylindroid (§ 22). Now, the greatest and least pitches of the screws on the 

cylindroid are pa and pß (§ IS). For the quantity pa cos21 +pß sin21 is always 

intermediate between pa cos21 + pa sin21 and pß cos21 + Pß sin21- Hence it 

follows that the generators of the cone which meet the cylindroid in three 

real points must have pitches intermediate between pa and pp. It. is also 

to be observed that, as only one line can be drawn through the vertex of 

the cone to intersect any two given screws on the cylindroid, so only one 

screw of any given pitch can be found on the reciprocal cone.

One screw can be found upon the reciprocal cone of every pitch from 

- oo to + oo . The line drawn through the vertex parallel to the nodal line 

is a generator of the cone to which infinite pitch must be assigned. Setting 

out from this line around the cone the pitch gradually decreases to zero, 

then becomes negative, and increases to negative infinity, when we reach 

the line from which we started. We may here notice that when a screw 

has infinite pitch, we may regard the infinity as either + or — indifferently. 

If we conceive distances marked upon each generator of the cone from the 

vertex, equal to the pitch of that generator, then the parallel to the nodal 

line drawn from the vertex forms an asymptote to the curve so traced upon 

the cone. It is manifest that we must admit the eylindroid to possess 

imaginary screws, whose pitch is nevertheless real.

The reciprocal cone drawn from a point to a cylindroid, is decomposed 

into two planes, when the point lies upon the cylindroid. The first plane 

is normal to the generator passing through the point. Every line in this 

plane must, when it receives the proper pitch, be a reciprocal screw. The
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second plane is that drawn through the point, and through the other screw 

on the cylindroid, of equal pitch to that which passes through the point.

We have, therefore, solved in the most general manner the problem of 

the equilibrium of a rigid body with two degrees of freedom. We have 

shown that the necessary and sufficient condition is, that the resultant 

wrench be about a screw reciprocal to the cylindroid expressing the freedom, 

and we have seen the manner in which the reciprocal screws are distributed 

through space. We now add a few particular cases.

124. Particular Cases.

A body which has two degrees of freedom is in equilibrium under the 

action of a force, whenever the line of action of the force intersects both 

the screws of zero pitch upon the cylindroid.

If a body acted upon by gravity have freedom of the second order, the 

necessary and sufficient condition of equilibrium is, that the vertical through 

the centre of inertia shall intersect both of the screws of zero pitch.

A body which has freedom of the second order will be in equilibrium, 

notwithstanding the action of a couple, provided the axis of the couple be 

parallel to the nodal line of the cylindroid.

A body which has freedom of the second order will remain in equilibrium, 

notwithstanding the action of a wrench about a screw of any pitch on the 

nodal line of the cylindroid.

125. The Impulsive Cylindroid and the Instantaneous Cylin­
droid.

A rigid body M is at rest in a position P, from which it is either partially 

or entirely free to move. If M receive an impulsive wrench about a screw 

Xlt it will commence to twist about an instantaneous screw Alt if, however, 

the impulsive wrench had been about X., or X3 (M being in either case at 

rest in the position P) the instantaneous screw would have been A,, or A... 

Then we have the following theorem:—

If Xlt X2, X3 lie upon a cylindroid $ (which we may call the impulsive 

cylindroid), then _42, A:) lie on a cylindroid S' (which we may call the 

instantaneous cylindroid).

For if the three wrenches have suitable intensities they may equilibrate, 

since they are co-cylindroidal; when this is the case the three instantaneous 

twist velocities must, of course, neutralise; but this is only possible if the 

instantaneous screws be co-cylindroidal (§ 93).
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If w e draw  a pencil of four lines th rough  a poin t parallel to  four gene ­

ra tors of a cy lindro id , the lines fo rm ing the pencil w ill lie in  a  plane. W e  

m ay define the anharmonic ratio of four generators on a cylindroid to be  

the anharm onic ra tio of the  paralle l pencil. W e shall now  prove the fo llow ­

ing  theorem  :—

The anharmonic ratio of four screws on the impulsive cylindroid is equal 

to the anharmonic ratio of the four corresponding screws on the instantaneous 

cylindroid.

B efore com m encing  the proof w e rem ark  that,

If an im pulsive w rench of in tensity  F acting  on  the  screw  X be capable  

of producing the unit of tw ist velocity abou t A, then an im pulsive w rench  

of in tensity  Fa> on  X w ill produce a tw ist velocity a> abou t A.

L et Xlt X2, X:l, X4 be four screw s on the im pulsive cy lindro id , the  

in tensities of the w renches appropria te to  w hich arc F4a>u F2a>2, .F 3w 3> 

L et the four corresponding instan taneous screw s be Alt A2, As, A4, and  the  

tw ist velocities be a>2, < a3) ® .,. L et < /> „,, bo the ang le on the im pulsive  

cy lindro id defin ing Xm, and le t 0,tl. be the ang le on the instan taneous  

cy lindro id  defin ing Am.

If th ree  im pulsive w renches equ ilib rate , the corresponding tw ist velocities 

neu tralize by the second law of m otion  : hence (§ 14) certa in values of 

«i, w 2> & >3 , m ust, satisfy  the fo llow ing  equations:—

_ (l>2 _ ______& > 3

sin  (0., — 03) sin  (03 — #i) sin  (0 j —  02)

-A 'jW j F.,<O2 __ F___

sin  (< /> 2 —  < />3) sin  (< />3 —  fa) sin  (< /> ( —  < />2 )

& >2  _  & > 3 _ ______ "> l

sin  (/( (()-  sinO V -  ^)  ~  sin  Ö k  “ ’

F2(o 2 __ F3m s _ FttOf

sm(fa - fa) ~ sin  (fa  -  fa) sin  (fa  -fa) ’ 

w hence

sin  (04 — 0..) sin  (0-. — 00  sin  (fa  —  fa ) sin  (fa  —  fa)  

sm(0f- 0i) sin(0i - 02) ~ sin  (fa 3 -  fa) sin  (fa  -  fa) ’

w hich  proves the theorem .

If w e are given th ree screw s on the im pulsive cy lindro id , and the  

correspond ing th ree screw s on the instan taneous cy lindro id , the connex ion  

betw een every other corresponding pair is , therefo re , geom etrically deter­

m ined .

B . 8
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126. Reaction of Constraints.

Whatever the constraints may be, their reaction produces an impulsive 

wrench R} upon the body at the moment of action of the impulsive wrench 

X2. The two wrenches X, and R, compound into a third wrench F,. If 

the body were free, Y2 is the impulsive wrench to which the instantaneous 

screw A1 would correspond. Since X,, X.,, X3 are co-cylindroidal, Alt A2, A3 

must be co-cylindroidal, and therefore also must be Ylt Y2, Y3. The nine 

wrenches Xy, X2, X3, Rlt R2, Rs, - Ylt — Y2, — Ya must equilibrate; but if 

Xj, X2, X3 equilibrate, then the twist velocities about A2, A2> 43 must 

neutralize, and therefore the wrenches about Yz, Y2, F3 must equilibrate. 

Hence Rlt R2, R> equilibrate, and are therefore co-cylindroidal.

Following the same line of proof used in the last section, we can show 

that

If impulsive wrenches on any four co-cylindroidal screws act upon a 

partially free rigid body, the four corresponding initial reactions of the 

constraints also constitute wrenches about four co-cylindroidal screws; and, 

further, the anharmonic ratios of the two groups of four screws are equal.

127. Principal Screws of Inertia.

If a quiescent body with freedom of the second order receive impulsive 

wrenches on three screws X2, X2, X3 on the cylindroid which expresses the 

freedom, and if the corresponding instantaneous screws on the same cylin­

droid be t !,, A2, A:!, then the relation between any other impulsive screw X 

on the cylindroid and the corresponding instantaneous screw A is completely 

defined by the condition that the anharmonic ratio of X, Xlt X2, X3 is equal 

to the anharmonic ratio of A, At, A2, A3.

If three rays parallel to Xlt X2, X3 be drawn from a point, and from the 

same point three rays parallel to AJt A2, A3, then, all six rays being in the 

same plane, it is well known that the problem to determine a ray Z such 

that the anharmonic ratio of Z, AIt As, A3 is equal to that of Z, Xy, X2, X3, 

admits of two solutions. There are, therefore, two screws on a cylindroid 

such that an impulsive wrench on one of these screws will cause the 

body to commence to twist about the same screw.

We have thus arrived by a special process at the two principal screws of 

inertia possessed by a body which has freedom of the second order. This is, 

of course, a particular case of the general theorem of § 78. We shall show 

in the next section how these screws can be determined in another manner.

128. The Ellipse of Inertia.

We have seen (§ 89) that a linear parameter wo may be conceived appro­

priate to any screw a of a system, so that when the body is twisting about
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th e  s c re w  a w ith  th e  u n it o f tw is t v e lo c ity , th e k in e tic e n e rg y  is fo u n d  b y  

m u ltip ly in g  th e  m a ss  o f th e  b o d y  in to  th e  s q u a re  o f th e  l in e  ua.

W e  a re n o w  g o in g  to  c o n s id e r th e  d is tr ib u tio n  o f th is  m a g n itu d e  ua o n  

th e  s c re w s o f a  c y lin d ro id . I f  w e d e n o te b y  ult u2 th e  v a lu e s o f  ua fo r a n y  

p a ir o f c o n ju g a te  s c re w s o f in e r t ia  o n  th e  c y lin d ro id  (§  8 1 ) , a n d  i f b y  a „  a 2 

w e d e n o te th e  in te n s i tie s o f th e  c o m p o n e n ts o n  th e  tw o  c o n ju g a te  s c re w s  o f  

a  w re n c h  o f  u n it in te n s i ty  o n  a, w e  h a v e  (§  9 7 )—

w a 2  =  W ;2 « ! 2  +  w 2 2 a .,2 .

F ro m  th e  c e n tre  o f th e  c y lin d ro id  d ra w  tw o  s tra ig h t l in e s  p a ra lle l to  th e  

p a ir o f c o n ju g a te s c re w s o f  in e r tia ,  a n d  w ith  th e se l in e s  a s  a x e s  o f  x a n d  y 

c o n s tru c t th e  e ll ip se  o f  w h ic h  th e  e q u a tio n  is

UfX1 +  Z /2 2 7 /3  =  H, 

w h e re  II is a n y  c o n s ta n t . I f  r b e  th e  ra d iu s  v e c to r  in  th is  e ll ip s e , w e h a v e  

(§  3 5 )

« . y
-  =  « 1 a n d ~  =  a 2 ;

w h e n c e  b y  s u b s ti tu t io n  w e  d e d u c e  

w h ic h  p ro v e s  th e  fo l lo w in g  th e o re m  : —

T h e l in e a r p a ra m e te r ua o n a n y  s c re w  o f th e c y lin d ro id is in v e rs e ly  

p ro p o r t io n a l to th e p a ra lle l d ia m e te r o f a c e rta in e ll ip se , a n d a p a ir o f  

c o n ju g a te s c re w s o f in e r tia o n th e c y lin d ro id a re p a ra lle l to a p a ir o f  

c o n ju g a te  d ia m e te rs o f th e s a m e e ll ip se . T h is e ll ip s e m a y  b e c a lle d th e  

ellipse of inertia.

T h e m a jo r a n d  m in o r a x e s  o f th e  e ll ip s e  o f in e r tia  a re  p a ra lle l to  s c re w s  

u p o n  th e  c y lin d ro id ,  w h ic h  fo r  a  g iv e n  tw is t  v e lo c ity  c o r re sp o n d  re sp e c tiv e ly  to  

a  m a x im u m  a n d  m in im u m  k in e tic  e n e rg y .

A n  im p u ls iv e w re n c h  o n  a  s c re w  y a c ts u p o n  a q u ie s c e n t r ig id b o d y  

w h ic h  h a s f re e d o m  o f th e  s e c o n d o rd e r . I t is re q u ire d to d e te rm in e th e  

s c re w  0 o n  th e  c y lin d ro id  e x p re s s in g  th e f re e d o m  a b o u t w h ic h th e b o d y  

w ill c o m m e n c e to  tw is t .

T h e  e ll ip s e  o f in e r t ia  e n a b le s  u s  to  s o lv e  th is  p ro b le m  w ith  g re a t fa c i li ty .  

D e te rm in e  th a t o n e  s c re w  < /> o n  th e  c y lin d ro id  w h ic h  is  re c ip ro c a l to  y (§  2 6 ) .  

D ra w  a  d ia m e te r  D o f  th e  e llip s e  o f  in e r tia  p a ra lle l to  < /> . T h e n  th e  re q u ire d  

s c re w  0 is s im p ly  th a t s c re w  o n th e c y lin d ro id  w h ic h is p a ra lle l to  th e  

d ia m e te r c o n ju g a te  to  D in  th e  e ll ip s e  o f  in e r t ia .

T h e  c o n v e rs e  p ro b le m , v iz ., to  d e te rm in e  th e  s c re w  y, a n  im p u ls iv e  w re n c h

8 — 2
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on which would make the body commence to twist about 3, is indeterminate. 

Any screw in space which is reciprocal to </> would fulfil the required condition 

(§136).

We have seen in § 96 that an impulsive wrench on any screw in space may 

generally be replaced by a precisely equivalent wrench upon the cylindroid 

which expresses the freedom. We are now going to determine the screw y, 

on the cylindroid of freedom, an impulsive wrench on which would make the 

body twist about a given screw 3 on the same cylindroid. This can be easily 

determined with the help of the pitch conic; for we have seen (§ 40) that a 

pair of reciprocal screws on the cylindroid of freedom are parallel to a pair 

of conjugate diameters of the pitch conic. The construction is therefore as 

follows:—Find the diameter A which is conjugate, with respect to the ellipse 

of inertia, to the diameter parallel to the given screw 3. Next find the 

diameter B which is con jugate, to the diameter A with respect to the pitch 

conic. The screw on the cylindroid parallel to the line B thus determined 

is the required screw y.

Two concentric ellipses have one pair of common conjugate diameters. 

In fact, the four points of intersection form a parallelogram, to the sides of 

which the pair of common conjugate diameters are parallel. We can now 

interpret physically the common conjugate diameters of the pitch conic, and 

the ellipse of inertia. The two screws on the cylindroid parallel to these 

diameters are conjugate screws of inertia, and they are also reciprocal; they 

are, therefore, the principal screws of inertia, to which we have been already 

conducted (§ 127).

If the distribution of the material of the body bear certain relations to 

the arrangement of the constraints, we can easily conceive that the pitch 

conic and the ellipse of inertia might be both similar and similarly situated. 

Under these exceptional circumstances it appears that every screw of the 

cylindroid would possess the property of a principal screw of inertia.

129. The Ellipse of the Potential.

We are now to consider another ellipse, which, though possessing many 

useful mathematical analogies to the ellipse of inertia, is yet widely different 

from a physical point of view. We have introduced (§ 102) the conception 

of the linear magnitude va, the square of which is proportional to the work 

done in effecting a twist of given amplitude about a screw a. from a position 

of stable equilibrium under the influence of a system of forces. We now 

propose to consider the distribution of the parameter upon the screws of 

a cylindroid. It appears from §102 that if vlt v., denote the values of the 

quantity va for each of two conjugate screws of the potential, and if a,, a., 

denote the intensities of the components on the two conjugate screws of a
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wrench of unit intensity on a screw a, which also lies upon the cylindroid, 

then—

Va2 = + if**2-

From the centre of the cylindroid draw two straight lines parallel to the 

pair of conjugate screws of the potential, and with these lines as axes of x 

and y construct the ellipse, of which the equation is—

Vi2x2 + v.ty2 = H,

where II is any constant. If r be the radius vector in this ellipse, we have—

- = a, and - — a2; 
r r

whence by substitution we deduce— 

which proves the following theorem:—

The linear parameter va on any screw of the cylindroid is inversely pro­

portional to the parallel diameter of a certain ellipse, and a pair of conjugate 

screws of the potential are parallel to a pair ol conjugate diameters ut the 

same ellipse.

This ellipse may be called the ellipse of the potential.

The major and minor axes of the ellipse of the potential are parallel to 

screws upon the cylindroid, which, for a twist of given amplitude, correspond 

to a maximum and minimum potential energy.

When the body has to relinquish its original position of equilibrium by 

the addition of a wrench on a screw y to the forces previously in operation, 

the twist by which the body may proceed to its new position of equilibrium 

is about a screw 0, which can be constructed by the ellipse of the potential. 

Determine the screw </> (on the cylindroid of freedom) which is reciprocal to 

y (§ 26), then </>, and the required screw 0, are parallel to a pair of conjugate 

diameters of the ellipse of the potential.

The common conjugate diameters of the pitch conic, and the ellipse of 

the potential, are parallel to the two screws on the cylindroid, which we 

have designated the principal screws of the potential (§ 101).

When a body is disturbed from its position of equilibrium by a small 

wrench upon a principal screw of the potential, then the body could be move 

to the new position of equilibrium required in its altered circumstances by a 

small twist about the same screw.
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130. Harmonic Screws.

The common conjugate diameters of the ellipse of inertia, and the ellipse 

of the potential, are parallel to the two harmonic screws on the cylindroid 

(§ 104). This is evident, because the pair of screws thus determined are 

conjugate screws both of inertia and of the potential.

If the body be displaced by a twist about one of the harmonic screws, 

and be then abandoned to the influence of the forces, the body will continue 

to perform twist oscillations about that screw.

It the ellipse of inertia, and the ellipse of the potential, be similar, 

and similarly situated, it follows that every screw on the cylindroid will 

be a harmonic screw.

131. Exceptional Case.

We have now to consider the modifications which the results we have 

arrived at undergo when the cylindroid becomes illusory in the case con­
sidered (§ 120).

Suppose that £ and £ were a pair of conjugate screws of inertia on the 

straight line about which the body was free to rotate and slide independently. 

Then taking the six absolute principal screws of inertia as screws of reference, 

we must have (§ 97)—

v , / , P( dR\ / dR\ „ 
spr Hi + F bi + f- , =0,

\ dp J \ dpj

where p denotes the screw of zero pitch on the same straight line.

Expanding this equation, and reducing, we find

+ 4 + dp) + 16 I2 = °-

This result can be much simplified. By introducing the condition that 
as in § 120—

= (p, + %)2 + (% + p4y + (Vs + Vliy, 

we obtain

(//b /(] /?\ 2
=8-

Hence we can prove (§ 133) that in this case the product of the pitches of 

two conjugate screws of inertia is equal to minus the square of the radius of 

gyration about the common axis of the screws.
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132. Reaction of Constraints.

We shall now consider the following problem:—A body which is free to 

twist about all the screws of a cylindroid G receives an impulsive wrench on 

a certain screw p. It is required to find the screw X, a wrench on which 

constitutes the impulsive reaction of the constraints. Let 0 represent the 

cylindroid which, if the body were perfectly free, would form the locus of 

those screws, impulsive wrenches on which correspond to all the screws of G 

as instantaneous screws. Since a wrench on r/, and one on X, make the body 

twist about some screw on C, it follows that the cylindroid (??, X) must have 

a screw p in common with C. The wrench on X might be resolved into two, 

one on y, and the other on p, and the latter might be again resolved into 

two wrenches on any two screws of G'. It therefore follows that X must 

belong to the screw system of the third order, which may be defined by ?/, 

and by any two screws from G". Take any three screws reciprocal to this 

system, and any two screws on G. We have then five screws to which X is 

reciprocal, and it is therefore geometrically determined (§ 26).

When X is found, the cylindroid (,/, X) can be drawn, and thus p is deter­

mined. The position of p on G' will point out the screw on G, about which 

the body will commence to twist, while the position of p on (,/, X), and the 

known intensity of the wrench on rj, will determine the intensity of the 

'wrench on X.



CHAPTER XII.

PLANE REPRESENTATION OF DYNAMICAL PROBLEMS CONCERNING A BODY 

WITH TWO DEGREES OF FREEDOM*.

133. The Kinetic Energy.

If a rigid body of mass twist about a screw 0, with the twist velocity 

0, then the kinetic energy of the body may be written in the form

Muefft,

where ua is a linear magnitude appropriate to the screw 0 (§ 89).

Ihe function is the arithmetic mean between the square of the radius 

°1 gyration and the square ot the pitch, for the kinetic energy of the body 

when twisting about 0 is the sum of two parts : one, the kinetic energy of 

the rotation; the other, of the translation. The energy of the rotation 
is simply

this being in accordance with the definition of the radius of gyration pe. 

Ihe kinetic energy due to the translation is, of course,

whence the total kinetic energy is

^AJ0- (pg2 + pf), 

and therefore

M»3 = 1 (pe + pe)-

134. Body with two Degrees of Freedom.

Ihe movements are under these circumstances restricted to twists about 

the screws of a cylindroid, and we shall now examine the law of distribution

* Royal Irish Academy, Cunningham Memoirs, No. 4, p. 19 (1886); see also Proceedings of the 

Royal Irish Academy, 2nd Series, Vol. iv. p. 29 (1883).
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o f ue u p o n  th e sev e ra l sc rew s o f th e cy lin d ro id  (§  1 2 8 ). T h e  rep re sen ta tiv e  

c irc le  (§  5 0 ) w ill g iv e  a  co n v en ien t g eo m etrica l co n s tru c tio n .

L e t 0, an d 0-, b e th e tw o co -o rd in a te s o f 0 re la tiv e ly  to  an y  tw o  sc rew s  

o f re fe ren ce o n th e cy lin d ro id . T h en th e co m p o n en ts o f th e  tw is t v e lo c ity  

w ill b e 00, an d 002. T h e ac tu al v e lo c ity o f an y p o in t o f th e b o d y w ill 

n ecessa rily b e a lin ea r fu n c tio n o f th e se co m p o n en ts . T h e sq u are o f th e  

v e lo c ity  w ill co n ta in  te rm s  in  w h ich 0- is m u ltip lied in to  0,2, 0,0,, 0-?, re sp ec ­

tiv e ly . If , th en , b y in teg ra tio n w e o b ta in  th e  to ta l k in e tic en e rg y , it m u st 

assu m e  th e  fo rm
J /0 2 (X Ö 13 +  2p,0,0.,+ v0A),

w h en ce , fro m  th e  d efin ition  o f ue,

= X02 4 - 2(10,02 + V0-21-

T h e th ree co n s tan ts , X , p, v, a re th e sam e fo r a ll sc rew s  o n  th e  cy lin d ro id . 

T h ey  a re d e term in ed b y th e m ateria l d isp o s itio n o f th e b o d y re la tiv e ly  to  

th e  cy lin d ro id .

W e h av e tak en th e tw o  sc rew s o f re fe ren ce  a rb itra rily , b u t th is eq u a tio n  

can rece ive a rem ark ab le s im p lifica tio n w h en th e tw o sc rew s o f re fe ren ce  

h av e b een  ch o sen  w ith  sp ec ia l ap p ro p ria ten ess.

F ig . 1 8 .

L e t th e len g th s AX an d BX (f ig . 1 8 ) b e  d en o ted b y  p, an d  p2, an d if e  

b e  th e  an g le  su b ten d ed  b y  AB, w e h av e  fro m  §  5 7 ,

Xp,2 +  2 /zp ,p , +  vp23 - ue2 (p,- - 2p,p., co s  e  +  p 2 2)  =  0 .

L e t u s n o w  tran sfo rm  th is eq u a tio n fro m  th e sc rew s o f re fe rence A, B 

to an o th e r p a ir o f sc rew s A', B'. L e t p /, p2 b e th e d is tan ces o f X fro m  

A', B', re sp ec tiv e ly ; th en , fro m  P to lem y ’s th eo rem , w e h av e th e fo llo w in g  

eq u a tio n s :—
p,. AB — p2 • A A — p, .AB,

p2.A'B' = p2.A'B-p,'.BB'.
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We thus see that pt and p2 are linear functions of p/ and p2', the several 

coefficients A'B', A'B, &c., in these two equations being constant. The 

equation for w9s is thus to be transformed by a linear substitution for px and 

p2. Of course ue, being dependent only upon the position of X, is quite 

unaffected by the change of the screws of reference. We can therefore 

apply the well-known principle that the invariant of this binary quantic 

can only differ by a constant factor from the transformed value. The 

invariant is
(X - w92) (p — ue2) - (p + Ug2 cos e)2.

This must be true for every point X, and therefore for all values of 

It is necessary that the coefficients of the terms in the expression

tig4 sin2 e - ue3 (X + v + 2/z. cos e) + Xv - /z,3

shall be severally proportional to those in the transformed expression

Ug siU" t — Ug" (X p + 2^4 cos e) 4" Xu' — y'2.

We thus obtain the two equations of condition,

sin2 e X + p + 2/z' cos e' Xv — y1 

sin2 e X + v + 2y cos e Xv — y2

The four quantities, X, y, p', e, may now be chosen arbitrarily, subject to 

these two equations, which are the necessary as well as the sufficient 

conditions. Indeed it is obvious that there must be but two independent 

quantities corresponding to the two positions of A' and B’.

We may impose two conditions on the four quantities, and for our present 

purpose we shall make
X = p ; y' = 0.

The equations of X and e are then

sin2 e' 2X X2

sin2 e X+ 2y cos e + v Xv — y2’ 

and we obtain
x,= 2(Xi/-^)

X + 2p cos e + p ’

■ 2 ’ ■ 4 (Xv — /z2)
s m- e = sm- e y----------- ——- ;

(X + 2p cos e + v)2

X is thus uniquely determined, and the expression for sin-e' gives for e four 

values of the type + e, + (t t  — e). The negative values are meaningless, and 

the two others are coincident, because the arc which subtends e on one side 

subtends t t  — e' on the other.

There is thus a single pair of screws of reference which permit the 

expression for to be exhibited in the canonical form

c2Ug2 = X' (pf + p3-’).
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We are now led to a simple geometrical representation for w82. Let A, B 
(fig. 19) be the two canonical screws of reference. Bisect AB in O', then

P]? + p.i=BX- + AX2,

= 2AO'*+2XOf

= 2Z0'. YO’ + 2X0'2,

= 2XY.X0'.

Fig. 19.

It is obvious that the point O’ must have a critical importance in the 
kinetic theory, and its fundamental property, which has just been proved, is 
expressed in the following theorem:—

If a rigid body be twisting with the unit of twist velocity about any screw 
X on the cylindroid, then its kinetic energy is proportional to the rectangle 
XO' .X Y, where O’ is a fixed point.

We are at once reminded of the theorem of § 59, in which a similar 
law is found for the distribution of pitch, only in this case another point, 
0, is used instead of the point O'. Both points, 0 and O', are of much 
significance in the representative circle. We can easily prove the following 
theorem, in which we call the polar of O' the axis of inertia:—

If a rigid body be twisting with the unit of twist velocity about X, then 
its kinetic energy is proportional to the perpendicular distance from Å to the 
axis of inertia.

The geometrical construction for the pitch given in § 51 can also be 
applied to determine uf This quantity is therefore proportional to the 
perpendicular from O’ on the tangent at X. It thus appears that the 
representative circle gives a graphic illustration of the law of distribu­
tion of m92 around the screws on a cylindroid.

The axis of inertia cannot cut the representative circle in real points, for
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otherwise we should have at either intersection a twist velocity without any 

kinetic energy. There is no similar restriction to the axis of pitch. We thus 

see that O' must always lie inside the circle, but that 0 may be in any 

part of the plane,

135. Conjugate Screws of Inertia.

We have already made much use of the conception of Conjugate Screws 

of Inertia. We shall here approach the subject in a manner different from 

that previously employed.

Let a be a screw about which a rigid body is twisting with a twist 

velocity ä; let the body be simultaneously animated by a twist velocity ß 

about a screw ß. These two will compound into a twist velocity 0 about 

some screw 0. If the body only had the first twist velocity, its kinetic 

energy would be Mua2a2. If it only had the second, the energy would be 

Mufß2. When it has both twist velocities together, the kinetic energy is 

Mue2&2. Generally it will not be true that the resulting kinetic energy is 

equal to the sum of the components; but, under a special relation between 

a and ß, we can have this equality; and as shown in § 88 under these cir­

cumstances a and ß are conjugate screws of inertia. The necessary condition 

is thus expressed :—

'ufft2 = ua2a2 + ufß2.

We have now to prove the following important theorem :—

Aug chord through the pole of the axis of inertia intersects the representa­

tive circle in a pair of conjugate screws of inertia.

For we have

02 : a2 : ß2 :: AB2 : BX2 : AX2;

but if AB passes through the pole of the axis of inertia, then the centre of 

gravity of masses — AB2 at X, + BX2 at A, and + AX2 at B, will lie on the 

axis of inertia ; and, accordingly,

ABhtf = BX2ua2 + ^1 X‘2uf; 
whence

Ug20'2 = M„2d- + Uß2ß2, 

which proves the theorem.

Or we might have proceeded thus:—From Ptolemy’s theorem (fig. 19),

AB.XY = AX .BY+AY.BX-.

multiplying by AB . XO',

AB2. XY. XO'= AX. AB. BY. XO'+ AY. XO'. BX. AB;
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b u t ,  f r o m  t h e  p r o p e r t y  o f  t h e  c i r c l e ,

BY. XO' = AX. BO'; A Y. XO' = BX. AO'-, 

w h e n c e

AB-.XY. XO' =  ? L Y 2 . A B. BO' + BX2 .AB. AO', 

f r o m  w h i c h  w e  o b t a i n , a s  b e f o r e ,

0 - « /  =  d 3 w a 2  +  ß"itß2.

136. Impulsive Screws and Instantaneous Screws.

A  r i g id  b o d y  h a v i n g  t w o  d e g r e e s  o f  f r e e d o m  l i e s  i n i t i a l l y  a t  r e s t . I t  i s  

s u d d e n l y  a c t e d  u p o n  b y  a n  i m p u l s iv e  w r e n c h  o f  l a r g e  i n t e n s i ty  a c t i n g  f o r  a  

s h o r t  t i m e . T h e  b o d y  w i l l ,  i n ,g e n e r a l ,  c o m m e n c e  t o  m o v e  b y  t w i s t in g  a b o u t  

s o m e  s c r e w  o n  t h e  c y l i n d r o i d ,  a n d  t h e  k i n e t i c  p r o b le m  n o w  t o  b e  s t u d i e d  i s  

t h e  f o l l o w i n g : — G i v e n  t h e  i m p u l s iv e  s c r e w , a n d  t h e  i n t e n s i t y  o f  t h e  i m p u l ­

s iv e  w r e n c h , f i n d  t h e  i n s t a n t a n e o u s  s c r e w  a n d  t h e  a c q u i r e d  t w i s t  v e l o c i ty .

T h e  p r o b l e m  w i l l b e  r e n d e r e d  m o r e  c o n c i s e  b y  t h e  c o n c e p t i o n  o f t h e  

r e d u c e d  w r e n c h  ( §  9 6 ) . I t i s t o  b e  r e m e m b e r e d , t h a t a s  t h e  b o d y  i s  o n l y  

p a r t ia l ly  f r e e , t h e r e  a r e  a n  i n f i n i t e  n u m b e r o f s c r e w s o n  w h i c h  w r e n c h e s  

w o u l d  m a k e  t h e  b o d y  c o m m e n c e  t o  t w i s t a b o u t a  g i v e n  s c r e w  o n  t h e  c y l in ­

d r o i d . F o r , l e t 0 b e  a n  i m p u l s i v e  s c r e w  s i t u a t e d  a n y w h e r e , a n d  l e t a n  

i m p u l s i v e  w r e n c h  o n  0 c a u s e  t h e  b o d y  t o  c o m m e n c e  t o  m o v e  b y  t w i s t i n g  

a b o u t s o m e  s c r e w ,  a, o n  t h e  c y l i n d r o i d . L e t X , / t , v, p b e  a n y  f o u r s c r e w s  

r e c i p r o c a l t o  t h e  c y l i n d r o i d . T h e n  a n y  w r e n c h  o n  a  s c r e w  b e l o n g i n g  t o  t h e  

s y s t e m  d e f i n e d  b y  t h e s e  f i v e  s c r e w s  w i l l m a k e  t h e  b o d y  c o m m e n c e  t o  m o v e  

b y  t w i s t i n g  a b o u t a . L e t e b e  t h a t o n e  s c r e w  o n  t h e  c y l i n d r o i d  w h i c h  i s  

r e c ip r o c a l  t o  0, t h e n  e i s  r e c i p r o c a l t o  t h e  w h o l e  s y s t e m  d e f i n e d  b y  X, p., v, p, 

0, a n d , c o n v e r s e l y , e a c h  s c r e w  o f t h i s  s y s t e m  w i l l b e  r e c ip r o c a l t o  e . V V  e  

t h u s s e e t h a t a n y  s c r e w , w h e r e v e r s i t u a t e d , p r o v i d e d o n l y  t h a t i t i s  

r e c i p r o c a l t o  e , w i l l b e  a n  i m p u l s i v e  s c r e w  c o r r e s p o n d i n g  t o  a  a s  a n  i n s ta n ­

t a n e o u s s c r e w . A n y  o n e  o f t h i s  s y s t e m  m a y , w i t h  p e r f e c t g e n e r a l i t y , b e  

c h o s e n  a s t h e  i m p u l s iv e  s c r e w . A m o n g  t h e m  t h e r e  i s  o n e  w h i c h  h a s a  

s p e c i a l f e a t u r e . I t  i s  t h a t s c r e w , < / > , o n  t h e  c y l i n d r o i d  w h i c h  i s  r e c ip r o c a l t o  

p ; a n d  h e n c e  w e  h a v e  t h e  f o l l o w i n g  t h e o r e m  ( §  1 2 8 ) :

Given any screw, a, on the cylindroid, then there is in general another screw, 

</>, also on the cylindroid, such that an impulsive wrench administered on </> 

will make the body twist about a.

T h i s  c o r r e s p o n d e n c e  o f  t h e  t w o  s y s t e m s  o f  s c r e w s  m u s t  b e  o f  t h e  o n e - t o -  

o n e  t y p e ; f o r , s u p p o s e  t h a t  t w o  i m p u l s i v e  s c r e w s  o n  t h e  c y l i n d r o i d  h a d  t h e  

s a m e i n s t a n t a n e o u s s c r e w , i t w o u l d  t h e n  b e p o s s ib l e  f o r t w o  i m p u l s i v e  

w r e n c h e s , o f  p r o p e r l y  c h o s e n  i n t e n s i t i e s  o n  t w o  d i f f e r e n t s c r e w s ,  t o  p r o d u c e
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equal and opposite twist velocities on the common instantaneous screw. 

The body would then not move, and therefore the two impulsive wrenches 

must equilibrate. But this is impossible, if they are on two different 

screws.

137 Two Homographic Systems.

From what has been shown it might be expected that the points corre­

sponding to the instantaneous screws and those corresponding to the 

impulsive screws should, on the representative circle, form two homographic 

systems. That this is so we shall now prove.

Let A, B (fig. 20) be a pair of impulsive screws, and let A', B' be respec­

tively the corresponding pair of instantaneous screws, i.e. an impulsive 

wrench on A will make the body commence to twist about A', and similarly 

for B and B1. Let an impulsive wrench on A, of unit intensity, generate a 

twist velocity, d, about A', and let ß be the similar quantity for B and B’.

Let X be any other screw on which an impulsive wrench is to be applied 

to the body supposed quiescent. The body will commence to twist about 

some other screw, X', with a certain twist velocity 6>. We can determine 

ö> in the following mannerThe unit impulsive wrench on X can be 

replaced by two component wrenches on A and B, the intensities of these 

being

BX AX

AB' AB’

respectively.

These impulsive wrenches will generate about A', B' twist velocities 

respectively equal to

BX A AX 
aAB’ 13 AH'
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these components must, when compounded, produce the twist velocity w about 

X', and, accordingly, we have

BX . B’X' ö AX A’X' 
a AB~W A'B7’ ^AB~WA’B"

Retaining A, B, A', B', as before, let us now introduce a second pair of points, 

T and Y’, instead of X and X', and writing m instead of w, we have

■ BY .,B'Y' 6AY ,,A'Y'
a AB~a A'B' ’ ß AB ” A'B' ’

whence, eliminating d, ß, å>, &>', we have

BX BY B’X’ B'Y'
AX ' AY’’ AX' ' A'Y"

As the length of a chord is proportional to the sine of the subtended 

angle, we see that the anharmonic ratio of the pencil, subtended by the four 

points A, B, X, F at a point on the circumference, is equal to that subtended 

by their four correspondents, A', B', X', Y'. We thus learn the following 

important theorem:—

A system of points on the representative circle, regarded as impulsive 

screws, and the corresponding system of instantaneous screws, form two homo­

graphic systems.

138. The Homographic Axis.

Let A, B, C, D (fig. 21) represent four impulsive screws, and let A', B’, 

C, D' be the four corresponding instantaneous screws. Then, by the well-

Fig. 21.

known homographic properties of the circle, the three points, L, M, N, will 

be collinear, and we have the following theorem:—
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If A and B be any two impulsive screws, and if A' and B' be the corre­

sponding instantaneous screws, then the chords AB and BA' will always 

intersect upon the fixed right line XY.

This right line is called the homographic axis. It intersects the circle in 

two points, X and Y, which are the double points of the homographic systems. 

These points enjoy a special dynamical significance. They are the two 

Principal Screws of Inertia, and hence—

The homographic axis intersects the circle in two points, each of which 

possesses the property, that an impulsive wrench administered on that screw will 

make the body commence to move by twisting about the same screw.

The method by which we have been conducted to the Principal Screws 

of Inertia shows how there are in general two, and only two, of these screws 

on the cylindroid. The homographic axis is the Pascal line, for the 

Hexagon AA'BB'CC, and thus we have a dynamical significance for 

Pascal’s theorem.

139. Determination of the Homographic Axis.

The two principal screws of inertia must be reciprocal, and must also be 

conjugate screws of inertia (§ 84). The homographic axis must therefore 

comply with the conditions thus prescribed. We have already shown (§ 58) 

the condition that two screws be reciprocal, and (§ 135) the condition that 

two screws be conjugate screws of inertia, and, accordingly, we see—

1°. That the homographic axis must pass through 0, the pole of the 

axis of pitch.

2°. That the homographic axis must pass through O', the pole of the 

axis of inertia.

The points 0 and O' having been already determined we have accordingly, 

as the simplest construction for the homographic axis, the chord joining 0 

and O'.

140. Construction for Instantaneous Screws.

The points 0 and O' afford a simple construction for the instantaneous 

screw, corresponding to a given impulsive screw. The construction depends 

upon the following theorem (§ 81):—

If two conjugate screws of inertia be regarded as instantaneous screws, then 

the impulsive screw corresponding to either is reciprocal to the other.

Lot A be an impulsive screw (fig. 22); if we join AO we obtain H, the 

screw reciprocal to A ; and if we join HO' we obtain A', the conjugate screw
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of inertia to H. But, as A is the only screw reciprocal to H, it is necessary, 

by the theorem just given, that an impulsive wrench on A must make the 

body commence to move by twisting about A'.

As 0 and O' are fixed, it follows from a well-known theorem, that as 

otherwise proved in § 137, A and A' form two homographic systems.

141. Twist Velocity acquired by an Impulse.

We can obtain a geometrical expression for the twist velocity acquired 

about A' by a unit impulsive wrench on A (Fig. 22).

It appears, from § 90 (see also § 147), that the twist velocity acquired 

on a by an impulsive wrench on q, is proportional to

Ua2 ‘

The numerator being the virtual coefficient is proportional to AO.A'H 

(§ 63), and as wo2 is proportional to A'O'.A'H (§ 134), we see that the 

required ratio varies as A0 + A'O' which itself varies as

HO'

HO’

hence we obtain the following theorem :—

The impulsive wrench on A, of intensity proportional to HO, generates a 

twist motion about A', with velocity proportional to HO'.

The geometrical representation of the effect of impulsive forces is thus 

completely determined both as regards the instantaneous screw, and the 

instantaneous twist velocity acquired.

142. Another Construction for the Twist Velocity.

A still more concise method of determining the instantaneous screw can 

be obtained if we discard the points 0 and O', and introduce a new fixed 

point, fl, also on the homographic axis.

b . 9
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Let X, Y (Fig. 23) be the two principal screws of inertia. Let A be 

an impulsive screw, and A' the corresponding instantaneous screw. Draw

Fig. 23.

through A the line AH parallel to XY. Join HA', and produce it to 

meet the homographic axis at fl. Let a be the twist velocity generated by 

an impulsive wrench of unit intensity at X, and let ß be the corresponding 

quantity for Y.

It may be easily shown that the triangle AA'X is similar to YA'n, and 

that the triangle AA'Y is similar to XA'n; whence we obtain

A'X__nÆ A'Y nA' 

AX “OF’ AY~nX •

The unit wrench on A can be decomposed into components on X and Y of 

respective intensities
AY AX

XY’ XY'

These will generate twist velocities

4F „AX
“XY’ XY'

Let to be the resulting twist velocity on A', then the components on X and F 

must be equal to the quantities just written ; whence

A'Y  AY 
“ XY~a XY’

A'X AX
“ XY~^XY’

and we obtain
nA' n nA' 

a~a} nx; nY ’

or, a : ß :: (1Y : nX;

we thus see that 11 is a fixed point wherever A and A' may be.
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It also follows that
coQA'

is constant; whence we have the following theorem :—

Draw through the impulsive screw A a ray AH parallel to the homographic 

axis, then the ray from H to a fixed point fl on the homographic axis will 

cut the circle in the instantaneous screw A', and the acquired twist velocity will 

be inversely proportional to flzl'.

If the twist velocity to be acquired by A’ from a unit impulsive wrench 

on A be assigned, then DA' is determined: there will be two screws A', and 

two corresponding impulsive screws, either of which will solve the problem. 

The diameter through D indicates the two screws about which the body will 

acquire the greatest and the least velocities respectively with a given 

intensity for the impulsive wrench.

143. Twist Velocities on the Principal Screws.

The quantities a and ß, which are the twist velocities acquired by unit 

impulsive wrenches on the principal screws, can be expressed geometrically 

as follows (Fig. 22):—

Let co be the twist velocity acquired on A' by the wrench on A, then, by 

the last article,
aAY = a>A.'Y, 

ßAX=<oA'X;

n AY AY
“ : ß " AX : AX ■whence

This ratio is the anharmonic ratio of the four points X, Y, A, A', that is, of 

X, Y, 0, O'; whence, finally,

a : ß "
O’Y OY

O'X ' OX ’

144. Another Investigation of the Twist Velocity acquired by 

an Impulse.

We have just seen that

aAY=a>A'Y, 

ßAX = coA'X-, 

whence aß AX . AY = arA'X. A' Y.

Let fall perpendiculars AP, AP’, HQ on the homographic axis (Fig. 24). 

Then, by the properties of the circle,

AX. AY : AX. AY :: AP : AP'-

so that aßAP = co1 AP'.

9—2
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By similar triangles,

Q AO rrr\ 2 -‘I rrrt . 
aß OH ’ ' ~ W HH'**"’

Fig. 24.

_ OA . O'H O'H2 
whence or - aß QH oc 2 ,

OH
or, as before (§141), co x Qjj •

It will be noticed that, for this investigation, H may have been chosen 

arbitrarily on the circle. We thus see that, besides the two points 0 and 0, 

there will be a system of pairs of points of which any one may be employed for 

finding the instantaneous screw, and for determining the instantaneous twist 

velocity.

If we choose any two points (Fig. 25), Il and fl', so that

(Zfin'F) = (XOO'F);

then A being given, determines H, and H£l' determines A', while the 

twist velocity is proportional to O' H -rWe can suppose fl at infinity,
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and thus obtain the construction used in § 142. A similar construction is 

obtained when fl' is at infinity.

The two points, A and A', will divide the arc cut off by XY in a constant 

anharmonic ratio, for the pencil H (XOAl'Y) always preserves the same 

anharmonic ratio as H moves round the circle.

145. A Special Case.

If ?? be an impulsive screw, and if a be the corresponding instantaneous 

screw, it will not usually happen that when a is the impulsive screw y is the 

corresponding instantaneous screw. If, however, in even a single case, it be 

true that the impulsive screw and the instantaneous screw are interchange­

able, then the relation will be universally true.

Let fl and ft' (Fig. 26) be a pair of points belonging to the system 

described in § 144. Then A being given, A' is found. If A' is similarly to

Fig. 26.

determine A, then the figure shows that 11 must lie on the polar of fl', 

and, consequently, fl and fl' are conjugate points with respect to the circle; 

or, what comes to the same thing, they divide XY harmonically. The same 

must be true of each pair of points 12 and H', and therefore of 0 and O', and 

we have the following theorem :—

If the points 0 and O' be harmonic conjugates of the points where the homo­

graphic axis intersects the circle, then every pair of instantaneous and impulsive 

screws on the cylindroid are interchangeable.

We might, perhaps, speak of this condition of the system as one of 

dynamical involution. In this remarkable case an impulsive wrench of unit 

intensity applied to one of the principal screws of inertia will generate a 

velocity equal and opposite to that which would have been produced if the 

wrench had been applied to the other principal screw. The construction
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for the pairs of related screws becomes still more simplified by the theorem, 

that—

When the system is one of dynamical involution, the chord joining an 

impulsive screw with its instantaneous screw passes through the pole of 

the homographic axis.

We may take the opportunity of remarking, that dynamical involution 

is not confined to the system of the second order. It may be extended to a 

rigid body with any number of degrees of freedom, or even to any system of 

rigid bodies. Whenever it happens that the relation of impulsive screw and 

instantaneous screw is interchangeable in one case, it is interchangeable in 

every case.

For, let ... 0n be the co-ordinates of an instantaneous screw, then ('§ 97) 

the corresponding impulsive screw has for co-ordinates, 

and if this latter were regarded as an instantaneous screw, then its impulsive 

screw would be 

but as this is to be only

we must have
w? _ uf _ uf
P1~ P-i Pn2’

which shows that if the theorem be true for one pair, it is true for all. The 

conditions, of course, are, that any one of the following systems of equations 

be satisfied:—

+ uf _ + uf = + uf
- Pl ~ Pi ~ Pn'

146. Another Construction for the Twist Velocity acquired 

by an Impulse.

Reverting to the general case, we find that the chord A A' (Fig. 27) is cut 

by the homographic axis at T, so that the square of the acquired twist 

velocity is proportional to the ratio of TA to TA'.

For, with the construction in § 142, draw HQ parallel to AT \ then,

HQ : A'T :: H£l : A'fl,

AT = Hfl 1
Ä'T A'tl x AW’
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but we showed, in the article referred to, that A'Sl varies inversely as the 

acquired twist velocity, whence the theorem is proved.

This is, in one respect, the simplest construction, for it only involves the 

chord AA' and the homographic axis.

The chord AA' must envelop a conic having double contact with the 

circle (Fig. 28), for this is a general property of the chord uniting two corre­

sponding points, A and A', of two homographic systems. Let I be the

point of contact of the chord and conic (Fig. 28). Then AA' is divided 

harmonically in I and T; for, if XY be projected to infinity, the two conics 

become concentric circles, and the tangent to one meets it at the middle 

point of the chord in the other; the ratio is therefore harmonic, and must 

be so in every projection; whence,

AI = AT

A'l A'T’

but the last varies as the square of the twist velocity acquired, and hence we 

see that—



136 THE THEORY OF SCREWS. [146-

The chord joining any impulsive screw A to the corresponding instantaneous 

screw A' envelops a conic, and the point of contact, I, divides the chord into 

segments, so that the ratio of AI to A'I is proportional to the square of the 

twist velocity acquired about A' by the unit impulsive wrench on A.

147. Constrained Motion.

We can now give another demonstration of the theorem in § 90, which is 

thus stated:—

If a body, constrained to twist about the screw a, be acted upon by an 

impulsive wrench on the screw r/, then the twist velocity acquired varies as

w«2 ’

The numerator in this expression is the virtual coefficient of the two 

screws, and the denominator is the function of § 134, which is proportional 

to the kinetic energy of the body when twisting about a with the unit of 

twist velocity.

Let a and p be represented by A' and I respectively (Fig. 29), and let A 

be the impulsive screw which would correspond to A’ if the body had been 

free to twist about any screw whatever on the cylindroid defined by A and 

A'. Let K be reciprocal to A’.

The impulsive wrench on I is decomposed into components on K and A. 

The former is neutralized by the constraints; the latter has the intensity

KI

KA ’

whence the twist velocity co, acquired by A', is (§ 141) proportional to

KI HO’.

KA ’ HO ’
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but, by geometry,

KA = ^, . OA, 
OA

whence, § 63,
KI.HO'.OA'

WOC HO.HA'. OA’

KI. OA'
X O'A'. HA"

QC — ' , 
w?

which is the required result.

148. Energy acquired by an Impulse.

The kinetic energy acquired by a given impulse, using the same notation 

as before, is (§ 91) proportional to

Let A be the impulsive screw, and A' the screw about which the body 

is constrained to twist. Draw the chord AOH (Fig. 30), then, as A' varies,

Fig. 30.

while A is fixed, the virtual coefficient of A and A' varies as A'H (§63). 

The square of this is proportional to A'T, the length of the perpendicular 

from A' on the tangent at H. If _PQ be the axis of inertia, the value of ua* 

is proportional to the perpendicular A'Q, and, accordingly, the kinetic energy 

acquired is proportional to

A'T

A'Q'
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Any ray through P, the intersection of the axis of inertia with the tangent 

at H, cuts the circle in two points, A' and A", either of which will receive the 

same kinetic energy from the given impulse.

149. Euler’s Theorem.

If the body be permitted to select the screw about which it will 

commence to twist, then, as already mentioned, § 94, Euler’s theorem states 

that the body will commence to move with a greater kinetic energy than if 

it be restricted to some other screw. By drawing the tangent from P (not, 

however, shown in the figure) we obtain the point of contact B, where it is 

obvious that the ratio of the perpendiculars on PH and PQ is a maximum, 

and, consequently, the kinetic energy is greatest. It follows from Euler’s 

theorem that B will be the instantaneous screw corresponding to A as the 

impulsive screw. The line BH is the polar of P, and, consequently, BH 

must contain O', the pole of the axis of inertia. We are thus again led 

to the construction (§ 140) for the instantaneous screw B; that is, draw 

AOH, and then HO'B.

150. To determine a Screw that will acquire a given Twist 

Velocity under a given Impulse.

The impulsive sci’ew being given, and the intensity of the impulsive 

wrench being one unit, the acquired twist velocity (§ 147) will vary as 

(Fig. 30),
AH

A’Q ■

If, therefore, the twist velocity be given, this ratio is given. A' must then lie 

on a given ellipse, with H as the focus and the axis of inertia as the directrix. 

This ellipse will intersect the circle in four points, any one of which gives a 

screw which fulfils the condition proposed in the problem.

The relation between the intensity of the impulsive wrench and the twist 

velocity generated can be also investigated as follows:

Let P, Q, R, S be points on the circle (Fig. 31) corresponding to four im­

pulsive screws, and let P', Q', R', S' be the four corresponding instantaneous 

screws deduced by the construction already given. Let p, q, r, s denote the 

intensities of the impulsive wrenches on P, Q, R, S, which will give the units 

of twist velocity on P', Q', R', S'. Supposing that impulsive wrenches on 

P, Q, R neutralize, then the corresponding twist velocities generated on 

P', Q’, R' must neutralize also. In the former case, the intensities must be 

proportional to the sides of the triangle PQR; in the latter, the twist
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velocities must be proportional to the sides of the triangle P'Q R. 

Introducing another quantity d, we have

rP'Q' = dPQ, 

qP'R' = dPR, 

pQR' = dQR.

Fig. 31.

The three other groups of equations are similarly obtained 

rQ’S' = aQS, qP'S' = cPS, rP'S' = bPS,

qR'S' = aRS, pQ’S1 = cQS, pR'S' = bRS,

sR'Q' = aRQ, sQ’P' = cQP, sR'P’ = bRP.

Whence we easily deduce

ap = bq = cr = ds- hpqrs,

where h is a new quantity. We hence obtain from the first equation

P’Q' = hPQpq.

As this is absolutely independent of R and S, it follows that h must be inde­

pendent of the special points chosen, anti that consequently for any two 

points on the circle P and Q, with their corresponding points P’ and Q', we 

must have
P'Q'

-PQ‘
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In the limit we allow P and Q to coalesce, in which case, of course, P' and 

Q' coalesce, and p and q become coincident; but obviously we have then

PQ : ML :: PX : LX,

P'Q' : ML :: P’Y : LY;

P'Q__P'Y LX

PQ PX* LY’

P’ Yoc —and PX x , 
JU I JLj A.

whence

and as

we have finally

The result is, of course, the same as that of § 141. Being given the 

impulsive screw corresponding to P, we find P' by drawing PXL and LYP' ■, 

and then to produce a unit twist velocity on P', the intensity of the impul­

sive wrench on P must be proportional to LX LY. It is obvious that by 

a proper adjustment of the units of length, force and twist velocity, LX 

may be the intensity of the impulsive wrench, and LY the acquired twist 

velocity.

151. Principal Screws of the Potential.

Let us suppose that a body having two degrees of freedom is in a position 

of stable equilibrium under the influence of a conservative system of forces. 

If the body be displaced by a small twist, it will no longer be in a position of 

equilibrium, and a wrench has commenced to act upon it. This wrench can 

always, by suitable composition with the reactions of the constraints, be 

replaced by an equivalent wrench on a screw of the cylindroid (see § 96).

For every point H, corresponding to a displacement screw, we have a 

related point, H’, corresponding to the screw about which the wrench is evoked. 

The relation is of the one-to-one type, and it will now be proved that the 

system of screws H is homographic with the corresponding system H'. The 

proof is obtained in the same manner as that already given in § 137, for 

impulsive and instantaneous screws.

Let E be a displacement screw about which a twist of unit magnitude 

evokes a wrench of intensity e on E’; let f be the similar quantity for 

another pair of screws, F and F'.

A twist of unit amplitude about H may be decomposed into components, 

HF HE

EF’ EF’

about E and F, respectively.
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These will evoke wrenches on E' and F' of the intensities

HF HE 
e EF’ ’ EF’

respectively. But this pair of wrenches are to compound into a wrench of 

intensity h on H', and consequently we have

KJ" HF

1 E’F’~eEF’

H'E' _ HE. 

' E'F' EF ’

whence
HF H'F’
HE : H'E' "

If we take another pair of points, K and K', we have

HF KF H'F' K'F' 
HE ' KE " H'E' : K'E”

whence (HKFE) = (H’K'F'E').

Thus, the anharmonic ratio of any four points in one system is equal to that of 

their correspondents, and the two systems are homographic.

The homographic axis intersects the circle in two points, which are the 

principal screws of the potential, i.e. a twist about either evokes a wrench 

on the same screw. Of course this homographic axis is distinct from that 

in § 139. But this homographic axis, like the former one, passes through the 

pole of the axis of pitch because the principal screws of the potential are 

i-eciprocal.

152. Work done by a Twist.

Suppose that the body, when in equilibrium under the system of forces, 

receives a twist of small amplitude a' about any screw a, a quantity of work 

is expended, which we shall denote by

Fva2a'2.

In this, J1 is a constant, whose dimensions are a mass divided by the square 

of a time, and va is a linear magnitude specially appropriate to the screw a, 

and depending also upon the system of forces (§ 102). We may compare 

and contrast the three quantities,^, wa, va: each is a linear magnitude 

specially correlated to the screw a. The first and simplest, pa, is the pitch 

of the screw, and depends on the geometrical nature of the constraints; ua 

involves also the mass of the body, and the distribution of the mass relatively 

to a; va, still more complicated, depends also on the system of forces.
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153. Law of Distribution of va.

As we follow the screw a ai’ound the circle, it becomes of interest to study 

the corresponding variations of the linear magnitude va. We have already 

found a very concise representation of pa and wa by the axis of pitch and the 

axis of inertia, respectively. We shall now obtain a similar representation 

of va by the aid of the axis of potential.

It is shown (§ 102) that must be a quadratic function of the co­

ordinates; we may therefore apply to this function the same reasoning as 

we applied to uA (§ 134). We learn that is at each point proportional to 

the perpendicular on a ray, which is the axis of potential.

Thus, if A (Fig. 32) be the screw, the value of va2 is proportional to AP, 

the perpendicular on PT; if 0" be the pole of the axis of potential, then, 

as in § 59, we can also represent the value of i>„- by the product AO". A A'.

154. Conjugate Screws of Potential,

In general the energy expended by a small twist from a position of 

equilibrium can be represented by a quadratic function of the co-ordinates 

of the screw. If, moreover, the two screws of reference form what are 

called conjugate screws of potential (§ 100), then the energy is simply the 

sum of two square terms. The necessary and sufficient condition that the 

two screws shall be so related is, that their chord shall pass through 0".

Another property of two conjugate screws of potential is also analogous 

to that of two conjugate screws of inertia. If A and A' be two conjugate 

screws of potential, then the wrench evoked by a twist round A is reciprocal 

to A', and the wrench evoked by a twist around A' is reciprocal to A.
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155. Determination of the Wrench evoked by a Twist.

The theorem just enunciated provides a simple means of discovering the 

wrench which would be evoked by a small twist which removes the body 

from a position of equilibrium.

Let A (Fig. 33) be the given screw; join AO", and find 77; then the 

required screw A' must be reciprocal to H, and is, accordingly, found by 

drawing the chord HA' through 0.

Fig. 33.

The axis 00" is of course the hotnographic axis of § 151. We need not 

here repeat the demonstration of § 141, which will apply, mutatis mutandis, 

to the present problem. We see that the ratio of the intensity of the 

wrench to the amplitude of the twist is proportional to

HO

H0"‘

The other constructions of a like character can also be applied to this case.

156. Harmonic Screws.

If after displacement the rigid body be released, and small oscillations 

result, the present geometrical method permits us to study the resulting 

movements.

It has been shown (§ 130) that there are two special screws on the surface, 

each of which possesses the property of being a harmonic screw. If a body 

be displaced from rest by a small twist about a harmonic screw, and if it 

also receive any small initial twist velocity about the same screw, then the 

body will continue for ever to perform harmonic twist oscillations about the 

same screw.

The two harmonic screws are X and Y, where the circle is intersected 

by the axis passing through the pole of the axis of inertia O', and the pole 

of the axis of potential 0" (Fig. 34).
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For, suppose the body receives a small initial displacement about X, this 

will evoke a wrench on H, found by drawing XO"Y and YOH (§ 155). But the

effect of a wrench on H will be to produce twist velocity about a screw found 

by drawing HOY and YO'X, i.e. X itself (§ 140). Hence the wrench evoked 

can only make the body still continue to twist about X, and harmonic 

vibration on X will be the result. Similar reasoning, of course, applies 

to Y.

157. Small Oscillations in general.

The initial displacement, and the initial twist velocity of the body, can 

always be decomposed into their respective components on X and Y. The 

resulting small oscillations can thus be produced by compounding simple 

harmonic twist oscillations about X and K

If it should happen that 0' and 0" become coincident, then every screw 

would be a harmonic screw.

If 0 and O’ coincided, then every screw would be a principal screw of 

inertia (§ 86).

If 0 and 0" coincided, then every screw would be a principal screw of 

potential.

158. Conclusion.

The object proposed in this Chapter has now been completed. It has 

been demonstrated that the representative circle affords a concise method 

of exhibiting many problems in the Dynamics of a Rigid System with two 

degrees of freedom, so long as the body remains near its initial position. 

The geometrical interest of the enquiry is found mainly to depend on the 

completely general nature of the constraints. If the constraints be specialized 

to those with which mechanical problems have made us familiar, it will
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frequently be found that the geometrical theory assumes some extreme and 

uninteresting type. For instance, a case often quoted as an illustration of 

two degrees of freedom, is that of a body free to rotate around an axis, 

and to slide along it. The representative circle has then an infinite 

radius, and the finite portion thereof is merely a ray perpendicular to the 

axis of pitch. The geometrical theory then retains merely a vestige of 

its interest.

B.
10



CHAPTER XIII .

THE GEOMETRY OF THE CYLINDROID.

159. Another investigation of the Cylindroid.

The laws of the composition of twists and wrenches are of such funda­
mental importance in the present subject that the following method* of 
investigating the cylindroid seems worthy of attention. This method is not, 
however, presented as a substitute for that already given (Chap. II.) which is 
certainly both more simple and more direct.

Let a and ß be any two screws, then if a body receives a twist about a, 
followed by another twist about ß, the position arrived at could have been 
reached by a single twist about a third screw 7. If the amplitudes of the 
twists about a and ß are given, then the position of 7, as well as the ampli­
tude of the resultant twist thereon, are, of course, both determined. If, 
however, the amplitudes of the twists on a and ß are made to vary while 
the screws a and ß themselves remain fixed, then the position of y, no less 
than the amplitude of the resultant twist, must both vary. It has however 
been shown in § 9 that the position and pitch of 7 remain constant so long as 
the ratio of the amplitudes of the twists about a and ß remains unchanged. 
As this ratio varies, the position of 7 will vary, so that this position is a 
function of a single parameter; and, accordingly, 7 must be restricted to be 
one of the generators of a certain ruled surface 8, which includes a and ß as 
extreme cases in which the ratio is zero and infinity respectively.

Let be a screw which is reciprocal both to a and ß, then 6, must also 
be reciprocal to every screw 7 on Ä Let 02, 0s, Ot be three other screws also 
reciprocal to S. Since a screw is defined by five conditions, it is plain that a 
screw which fulfils the four conditions of being reciprocal to 0lt 02, 03, 04 will 
have one disposable parameter, and must, therefore, be generally confined to 
a certain ruled surface. This surface must include 8, inasmuch as all the 
screws on 8 are reciprocal to 0,, 02, 03, Op, but further, it cannot include any

* Proceedings of the Royal Irish Academy, 2nd Ser., Vol. iv. p. 518 (1885).
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screw e not on $; for as e and any screw  7 on S are reciprocal to 01} 02, 03, 04, 

it will follow that any screw on the surface made from e and 7, just as S is 

made from a and ß, must also be reciprocal to 0lt 0.2, 03, 04. As 7 may be 

selected arbitrarily on 8, we should thus find that the screws reciprocal to 

öi, 0.2, 03, 04 were not limited to one surface, but constituted a whole group of 

surfaces, which is contrary to what has been already shown. It is therefore 

the same thing to say that a screw lies on 8, as to say that it is reciprocal to 

^,^,^,^(§24).

Since the condition of reciprocity involves the pitches of the two screws 

in an expression containing only their sum, it follows that if all the pitches 

on 04, 0.,, 03 , 04 be diminished by any constant m, and all those on S be 

increased by m, the reciprocity will be undisturbed. Hence, if the pitches 

of all the screws on S be increased by + m, the surface so modified will still 

retain the property, that twists about any three screws will neutralize each 

other if the amplitudes be properly chosen.

We can now show that there cannot be more than two screws of equal 

pitch on 8; for suppose there were three screws of pitch m, apply the 

constant - m to all, thus producing on S three screws of zero pitch. It must 

therefore follow that three forces on S can be made to neutralize ; but this is 

obviously impossible, unless these forces intersect in a point and lie on a 

plane. In this case the whole surface degrades to a plane, and the case is a 

special one devoid of interest for our present purpose. It will, however, be 

seen that in general S does possess two screws of any given pitch. We can 

easily show that a wrench can always be decomposed into two forces in such 

a way that the line of action of one of these forces is arbitrary. Suppose 

that S only possessed one screw X of pitch m. Reduce this pitch to zero ; 

then any other wrench must be capable of decomposition into a force on X 

(i.e. a wrench of pitch zero), and a force on some other line which must lie 

on »S'; therefore in its transformed character there must be a second screw  

of zero pitch on »S', and, therefore, in its original form there must have been 

two screws of the given pitch m.

Intersecting screws are reciprocal if they are rectangular, or if their 

pitches be equal and opposite ; hence it follows that a screw 0 reciprocal to 

8 must intersect <8 in certain points, the screws through which are either at 

right angles to 0 or have an equal and opposite pitch thereto.

From this we can readily show that S must be of a higher degree than 

the second ; for suppose it were a hyperboloid and that the screws lay on 

the generators of one species A, a screw 0 which intersected two screws 

of equal pitch m must, when it receives the pitch — m, be reciprocal to the 

entire system A. We can take for 0 one of the generators on the hyper­

boloid belonging to the species B ; 0 will then intersect every screw of the 

10—2
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surface; it must also be reciprocal to all these; and, as there are only two 

screws of the given pitch, it will follow that 9 must cut at right angles every 

generator of the species A. The same would have to be true for any other 

reciprocal screw </> similarly chosen; but it is obvious that two lines 9 and </> 

cannot be found which will cut all the generators at right angles, unless, 

indeed, in the extreme case when all these are coplanar and parallel. In the 

general case it would require two common perpendiculars to two rays, which 

is, of course, impossible. We hence see that S cannot be a surface of the 

second degree.

We have thus demonstrated that $ must be at least of the third degree— 

in other words, that a line which pierces the surface in two points will pierce 

it in at least one more. Let a and ß be two screws on S of equal pitch m, 

and let 9 be a screw of pitch — m which intersects a and ß. It follows that 

9 is reciprocal both to a and ß, and therefore it must be reciprocal to 

every screw of >8. Let 9 cut $ in a third point through which the screw 7 is 

to be drawn, then 9 and 7 are reciprocal; but they cannot have equal and 

opposite pitches, because then the pitch of 7 should be equal to that of a 

and ß. We should thus have three screws on the surface of the same pitch, 

which is impossible. It is therefore necessary that 9 shall always intersect 7 

at right angles. From this it will be easily seen that S must be of the 

third degree; for suppose that 9 intersected S in a fourth point, through 

which a screw 8 passed, then 9 would have to be reciprocal to 8, because it is 

reciprocal to all the screws of S; and it would thus be necessary for 9 to be 

at right angles to 8. Take then the four rays a, ß, y, 8, and draw across 

them the two common transversals 9 and </>. We can show, in like manner, 

that is at right angles to y and 8. We should thus have 9 and <(6 as two 

common perpendiculars to the two rays 7 and 8. This is impossible, unless 

7 and 3 were in the same plane, and were parallel. If, however, y and 0 be 

so circumstanced, then twists about them can only produce a resultant twist 

also parallel to 7 and 8, and in the same plane. The entire surface S would 

thus degenerate into a plane.

We are thus conducted to the result that $ must be a ruled surface 

of the third degree, and we can ascertain its complete character. Since any 

transversal 9 across a, ß, and 7 must be a reciprocal screw, if its pitch be 

equal and opposite to those of a and ß, it will follow that each such trans­

versal must be at right angles to 7. This will restrict the situation of 7, 

for unless it be specially placed with respect to a and ß, the transversal 9 

will not always fulfil this condition. Imagine a plane perpendicular to 7, 

then this plane contains a line I at infinity, and the ray 9 must intersect I as 

the necessary condition that it cuts 7 at right angles. As 9 changes its 

position, it traces out a quadric surface, and as I is one of the generators of 

that quadric, it must be a hyperbolic paraboloid. The three rays a, ß, 7,
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belong ing to  the  o ther system  on the parabo lo id m ust a lso be paralle l to a  

p lane , being tha t defined by  the o ther genera to r I', in w hich the p lane a t 

in fin ity  cu ts the  quad ric .

L et PQ be a com m on  perpend icu lar to a and  7 , then  since it in te rsec ts  

y a t righ t ang les, it m ust a lso in te rsec t I; and since PQ cu ts th e th ree  

genera to rs of the parabo lo id a, 7 and I, it m ust be itself a genera to r, and  

therefo re in te rsec ts ß. B ut a , ß, y are a ll para lle l to the sam e p lane , and  

hence the  com m on  perpend icu lar to  a and 7  m ust be a lso  perpend icu lar  to  ß. 

W e hence deduce the im portan t resu lt, tha t a ll the screw s on  the  su rface 8 

m ust in te rsec t the  com m on  perpend icu lar to  a and  ß, and be  a t righ t ang les  

thereto .

T he  geom etrical construction of  Ä  is then  as fo llow s:— D raw  tw o  rays a and  

ß, and a lso the ir com m on perpend icu lar X . D raw  any  th ird ray  d, sub jec t 

on ly  to  the cond ition tha t it sha ll in te rsec t bo th  a. and  ß. T hen  th e  com m on  

perpend icu lar p to bo th 3 and X w ill be one of th e requ ired generato rs ,  

and as 3 varies th is perpend icu lar w ill trace ou t the su rface. It m igh t 

a t firs t appear that there should be a doub ly in fin ite series of com m on  

perpend icu lars p to X and to 3. W ere th is so , of cou rse £  w ould no t be  

a su rface. T he d ifficu lty  is rem oved  by  th e consideration tha t every tran s­

versa l across p, a, ß is perpend icu lar to p. E ach p thus co rresponds to a  

sing ly in fin ite num ber of screw s 3, and a ll the rays p fo rm  on ly  a sing ly  

in fin ite series , i.e . a su rface .

A  sim p le geom etrical re la tion  can  now  be proved . L et the perpend icu lar  

d istance betw een  p and  a be  dlt and the ang le  betw een  p and  a  be  A ; le t d2 

and be  the  sim ilar quan tities fo r p and  ß, then  it w ill be  obv ious tha t

d1 : d2:: tan  71 x : tan  A..,;

or  d1 + d2:d1- d2:: sin  (A  +  A.ß : sin  (  d j  -  y l2),

iffz be the d istance of p from the central po in t of the perpend icu lar h 

betw een a and 3 ; and if^e be th e ang le betw een a and ß, andetø be th e  

ang le  m ade by  p w ith  a  para lle l to the  b isec to r of th e ang le e, then  w e have  

from  th e above

z : h :: sin  2< £ : sin  2e .

T he  equation  of  the  su rface > S is now  deduced  fo r

cc 
tan  <b = -\

y

w hence w e ob ta in  the equation of  the  cy lind ro id  in  the  w ell-know n fo rm

•z (® 2 +  y) = xy-

T he  law  of the  d istribu tion of p itch  upon  the cy lind ro id  can  a lso  be deduced
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fro m  th e sam e p rin c ip le s. If a an d ß a re sc rew s o f ze ro p itch , th en an y  

rec ip ro ca l tran sv e rsa l 0 w ill b e  a lso  o f  ze ro  p itch ; an d  as p m u st b e  recip ro ca l  

to 0, it w ill fo llo w  th a t th e p itch  o f p m u st b e eq u a l to  th e  p ro d u c t o f th e  

sh o rtes t p erp en d icu la r d is tance b e tw een p an d 0, an d th e tan g en t o f th e  

an g le  b e tw een  th e  tw o  lin es. In  sh o rt, th e p itch o f p m u st s im p ly  b e  eq u a l 

to  w h at is so m etim es ca lled  th e  moment b e tw een  p an d  0.

W e  a re  a lso  led  to  th e  fo llo w in g  co n stru c tio n  fo r th e  cy lind ro id .

Draw a plane pencil of rays and another ray L, situated anywhere. Then 

the common perpendiculars to L and the several rays of the pencil trace out 

the cylindroid.

I h av e a lread y  m en tio n ed (p . 2 0 ) th a t th e  firs t m o d e l o f th e cy lin d ro id  

w as m ad e  b y  P liick e r in  illu s tra tio n  o f  h is Neue Geometrie des Raumes. T h e  

m o d e l o f th e  su rface w h ich  is rep resen ted  in  th e  F ro n tisp iece  w as m ad e  fro m  

m y d esig n  b y  S ir H o w ard G ru bb , th e co st b e in g  d efray ed b y  a g ran t fro m  

th e S c ien tific F u n d o f th e R o y a l Irish A cad em y . A  h o llo w  cy lin d e r w as  

m o u n ted  o n  a  d iv id in g  en g in e  an d  h o les  w ere d rilled  a t th e  calcu la ted  p o in ts . 

S ilv e r w ires w ere th en s tre tch ed  acro ss in th e p o sitio n s o f th e g en era to rs  

an d a b eau tifu l m o d e l is th e re su lt.

T h e eq u a tio n to th e tan g en t co n e d raw n fro m  th e p o in t x', y', z' to  

th e su rface ,

z (a? + ?/2) — %mxy =  0 ,

is o f th e fo u rth d eg ree an d is g iv en b y  eq u a tin g to zero th e d isc rim in an t  

o f th e fo llo w in g fu n c tio n in & > ,

w 3 (xz — zx') -  to 2 {yz'~zy +  2 m (æ  —  # ')}  +  w \xz' — zx +  2  m (y — yf \ + zy' — yz'.

T h is co n e h as th ree cu sp id al ed g es , an d acco rd in g ly th e m o d e l ex h ib its  

in ev e ry asp ec t a rem ark ab le tr icu sp id a rran g em en t.

I  h ere  g iv e  th e d e tails o f th e co n stru c tio n  o f th e  m u ch  s im p le r m o d e l o f  

th e cy lin d ro id  fig u red in P la te II .* A  b o x w o od cy lind e i- , 0 ™ "1 5 lo n g  an d  

O ,,l 'O 5 in d iam ete r, is ch u ck ed to th e m an d ril o f a la th e fu rn ish ed w ith a  

d iv id in g  p la te . A  d rill is m o u n ted  o n  th e  s lid e  re s t, an d  d riv en  b y  o v erh ead  

g ea r. T h e p aram eter pa— pg (in th e p resen t case 0 m 0 6 6 ) is d iv id ed in to  

o n e h u n d red  p arts . B y  th e  sc rew , w h ich  m o v es th e  s lid e re st p aralle l to  th e  

b ed o f th e la th e , th e d rill can b e m o v ed to an y  n u m b er z o f th ese p arts  

fro m  its o rig in a l p o sitio n  a t th e  cen tre o f th e  len g th  o f th e  cy lin d e r. F o u r  

h o les a re to b e d rilled fo r each v a lu e o f z. T h ese co n sis t o f tw o p a irs  

o f d iam etrica lly o p p o site h o les. T h e d irectio n s o f th e h o les in tersect th e

* S ee Transactions of Royal Irish Academy, V o l. x x v . p . 2 1 6  (1 8 7 1 ); an d  a lso  Phil. Mag. V o l. 

x l i i . p . 1 8 1 (1 8 7 1); a lso  B. A. Report, Edinburgh, 1 8 7 1 .
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a x i s  o f  t h e  c y l i n d e r  a t  r i g h t  a n g l e s . T h e  f o l l o w i n g  t a b l e  w i l l  e n a b l e  t h e  

w o r k  t o  b e  e x e c u t e d  w i t h  f a c i l i t y . I i s  t h e  a n g l e  o f  §  1 3  : —

z I 9 0  -I 1 8 0  + 1 2 7 0  -I

0 0 0 9 0 1 8 0 2 7 0

1 7 - 4 5 8 5 1 8 5 2 6 5

3 4 - 2 1 0 8 0 1 9 0 2 6 0

5 0 ' 0 1 5 7 5 1 9 5 2 5 5

6 4 - 3 2 0 7 0 2 0 0 2 5 0

7 6 ' 5 2 5 6 5 2 0 5 2 4 5

8 6 - 6 3 0 6 0 2 1 0 2 4 0

9 4 - 0 3 5 5 5 2 1 5 2 3 5

9 8 - 5 4 0 5 0 2 2 0 2 3 0

1 0 0 - 0 4 5 4 5 2 2 5 2 2 5

F o r  e x a m p l e ,  w h e n  t h e  s l i d e  h a s  b e e n  m o v e d  3 4 ' 2  p a r t s  f r o m  t h e  c e n t r e  

o f  t h e  c y l i n d e r ,  t h e  d i v i d i n g  p l a t e  i s  t o  b e  s e t  s u c c e s s i v e l y  t o  1 0 ° ,  8 0 c ,  1 9 0 ° ,  

2 6 0 ° ,  a n d  a  h o l e  i s  t o  b e  d r i l l e d  i n  a t  e a c h  o f  t h e s e  p o s i t i o n s .  T h e  s l i d e  r e s t  i s  

t h e n  t o  b e  m o v e d  o n  t o  5 0  p a r t s ,  a n d  h o l e s  a r e  t o  b e  d r i l l e d  i n  a t  1 5 ° ,  7 5 ° ,  

1 9 5 ° ,  2 5 5 ° . S t e e l  w i r e s ,  e a c h  a b o u t  0 " l ’ 3  l o n g ,  a r e  t o  b e  f o r c e d  i n t o  t h e  h o l e s  

t h u s  m a d e ,  a n d  h a l f  t h e  s u r f a c e  i s  f o r m e d . T h e  r e m a i n i n g  h a l f  c a n  b e  

s i m i l a r l y  c o n s t r u c t e d :  a  l e n g t h  o f  O w , ' O 6 6  c o s  2 Z  i s  t o  b e  c o l o u r e d  u p o n  e a c h  

w i r e  t o  s h o w  t h e  p i t c h . T h e  s i g n  o f  t h e  p i t c h  i s  i n d i c a t e d  b y  u s i n g  o n e  

c o l o u r  f o r  p o s i t i v e ,  a n d  a n o t h e r  c o l o u r  f o r  n e g a t i v e  p i t c h e s .

A m o n g  t h e  v a r i o u s  o t h e r  r e p r e s e n t a t i o n s  o f  t h e  c y l i n d r o i d  I  c a n  n o w  d o  

n o  m o r e  t h a n  r e f e r  t o  a n  i n g e n i o u s  p l a n  d e s c r i b e d  b y  G o e b e l  i n  h i s  Neueren 

Statik, b y  w h i c h  a  m o d e l  o f  t h i s  s u r f a c e  i n  c a r d - b o a r d  c a n  b e  m a d e  w i t h  

f a c i l i t y . T h e r e  i s  a l s o  a  m o d e l  i n  t h e  c o l l e c t i o n  o f  t h e  C a v e n d i s h  L a b o r a t o r y  

a t  C a m b r i d g e ,  a n d  a n o t h e r  b e l o n g i n g  t o  t h e  M a t h e m a t i c a l  S o c i e t y  o f  L o n d o n ,  

w h i c h ,  l i k e  t h a t  f i g u r e d  i n  P l a t e  I I . ,  w a s  m a d e  b y  m y s e l f .  S i r  H o w a r d  G r u b b  

h a s  a l s o  m a d e  a  s e c o n d  m o d e l  w i t h  t h e  s a m e  d i m e n s i o n s  a s  t h a t  f i g u r e d  

i n  t h e  f r o n t i s p i e c e  b u t  m o u n t e d  i n  a  d i f f e r e n t  m a n n e r . T h i s  e x q u i s i t e  

e x h i b i t i o n  o f  a  r u l e d  s u r f a c e  i s  t h e  p r o p e r t y  o f  M r  G .  L .  C a t h c a r t ,  F e l l o w  o f  

T r i n i t y  C o l l e g e ,  D u b l i n .

A  s u g g e s t i v e  c o n s t r u c t i o n  f o r  t h e  c y l i n d r o i d  h a s  b e e n  a l s o  g i v e n  b y  

P r o f e s s o r  G .  M i n c h i n  i n  h i s  w e l l - k n o w n  b o o k  o n  S t a t i c s ,  a n d  w e  h a v e  a l r e a d y  

m e n t i o n e d  ( n o t e  t o  §  5 0 )  t h e  c o n s t r u c t i o n  g i v e n  b y  M r  L e w i s .
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§ 160. Equation to plane section of Cylindroid.

Each generator of the cylindroid is the abode of a certain screw, and 

accordingly each point in a plane section will lie on one screw, and generally 

on only one. We may, accordingly, regard the several points of the cubic as 

in correspondence with the several screws on the cylindroid. It will often be 

convenient to speak of the points on the section as synonymous with the 

screws themselves which pass through those points.

We must first investigate the equation* to the cubic curve produced by 

cutting the cylindroid by a plane situated in any arbitrary position.

Let OX and OY (Fig. 35) be the two principal screws of the cylindroid of 

which Oil is the nodal line. Let X EQ be the arbitrary plane of section. 

The position of this plane is defined by the magnitudes h, a, ß, whereof h 

is the length of the perpendicular from 0 on XY, a is the angle between OR 

and OX, and ß is the angle ORO, or the inclination of the plane of section 

to the principal plane of the cylindroid.

Draw through fl the line flTV parallel to XY; then we shall adopt ON 

as the new axis of æ and OR as the new axis of y, so that if P be any point 

on the surface, we have PN = y and ON = x. The dotted letters, x, y', z' 

refer to the original axes of the cylindroid. Let fall PT perpendicular on 

the plane of OXY, and TM perpendicular to XY. Then we have MN = RO, 

whence

y + z cosec ß = h sec ß .................................... (i),

* Transactions of the Royal Irish Academy, Vol. xxix. p. 1 (1887).
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while, if 0 be the angle XOT, and OT be denoted by r, we have

x = r sin (0 — a), 

or x = y' cos a — x sin a ................................ (ii) ;

but, obviously,

OR = r cos (0 — a) + MT; 

whence h = x' cos a + y sin a + z' cot ß ........................ (iii).

Solving the equations (i), (ii), (iii), we obtain 

x' = — x sin a + y cos ß cos a, 

y' = + x cos a + y cos ß sin a, 

z' = h tan ß — y sin. ß.

It appears from these that

x2 + y'2 = x- + y2 cos2ß,

x'y = xy cos ß cos 2a + (;y- cos2 ß — x2) sin a cos a.

The equation of the cylindroid gives

y (a/2 + y'2) — 2mxy';

whence we deduce, as the required equation of the section, 

(A tan ß — y sin ß) (x2 + y2 cos2 ß)

= 2mxy cos ß cos 2a + 2m sin a cos a (y2 cos2 ß — x2); 

or, arranging the terms,

sin ß cos2 ßy3 + sin ßyx2 — (m sin 2a + h tan ß) x2 + 2mxy cos ß cos 2a

+ (rø sin 2a cos2 ß — h sin ß cos /3) y2 = 0.

It is often convenient to use the expressions 

x = h tan (0 — a) — m sin 2# cot ß tan (0 — a), 

y^hsecß — m sin 20 cosec ß, 

from which, if 0 be eliminated, the same equation for the cubic is obtained; 

or, still more concisely, we may write

x = y cos ß tan (0 — a),

y = h sec ß — m sin 20 cosec ß.

This cubic has one real asymptote, the equation of which is

y sin ß = m sin 2a + h tan ß, 

and the asymptote cuts the curve in the finite point for which 

x = — tan 2a (h + m sin 2a cot ß).

The value of 0 at this point is — a.
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E x p l a n a t i o n  o f  F i g . 3 6 .

G e n e r a l  S e c t i o n  o f  t h e  C y l i n d r o i d ,  s h o w i n g —

( 1 )  C u b i c  w i t h  t h e  d o u b l e  p o i n t  O.

( 2 )  A s y m p t o t e  o f  t h e  c u b i c .

( 3 )  T h e  p a r a b o l a ,  w h i c h  i s  t h e  e n v e l o p e  o f  t h e  c h o r d s  j o i n i n g  s c r e w s  o f  e q u a l  p i t c h .

( 4 )  H y p e r b o l a  h a v i n g  t r i p l e  c o n t a c t  w i t h  t h e  c u b i c ,  b e i n g  e n v e l o p e  o f  r e c i p r o c a l  c h o r d s .

( 5 )  S e c t i o n  o f  t h e  p r i n c i p a l  p l a n e . I t  i s  a  t a n g e n t  t o  t h e  h y p e r b o l a .

( 6 )  A  t a n g e n t  t o  t h e  p a r a b o l a ,  s h o w i n g  t w o  s c r e w s ,  P a n d  Q, o f  e q u a l  p i t c h .

( 7 )  C o m m o n  t a n g e n t s  t o  t h e  p a r a b o l a  a n d  t h e  c u b i c , t o u c h i n g  t h e  l a t t e r  a t t h e  t w o  

p r i n c i p a l  s c r e w s .

( 8 )  A n y  t a n g e n t  t o  t h e  h y p e r b o l a  i n t e r s e c t s  t h e  c u b i c  i n  t h r e e  p o i n t s ,  t w o  o f  w h i c h  b e l o n g  

t o  r e c i p r o c a l  s c r e w s  ( n o t  s h o w n ) .

Equations of Cubic. 

x — '2y t a n  (0 - 2 5 ° ) ,  

=  2 0 -  6 6  s i n  20.

Equations of Hyperbola, 

x =  1 '6  ±  2 1 '6  s e c  <p ±  4 7 - 5  t a n  ø ,  

y = -  1 2 '8  +  3 2 '8  s e c  <p.

Equation of Parabola. 

y=-Sl-(5 + ^\\
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In Fig. 36 will be found a drawing of this curve. The following are the 

values of the constants adopted :

a  =  25°; /3 =  26u ; A = 18; m  =  28'9;

with which the equations become

x = '9y tan (0 — 25°),

y =  20 —  66 sin 20.

The curve was plotted down on “papier millimétrique,” and has been copied 

in reduced size in the figure. The constants were selected after several 

trials, in order to give a curve that should be at once characteristic, and 

of manageable dimensions.

The distribution of pitch upon the screws of the cylindroid is of 

fundamental importance in the theory, so that we must express the pitches 

appropriate to the several points on the cubic.

Let p denote the pitch ; then, from the known property of the cylindroid, 

P=2,o  +  w ic o s 20,

where is a constant. Transforming this result into the co-ordinates of 

the point on the cubic, we have

(a;2 —  y2 cos2 ß) cos 2a + 2xy cos ß sin 2a 
p — Po m yi cog2 ß

161. Chord joining Two Screws of Equal Pitch.

As the pitches of the two screws, defined by + 6 and —  6, are equal, the 

chord in question is found by drawing the line through the points x', y' and 

x", y", respectively, where

x — y' cos ß tan (0 —  a),

y' =h sec ß — m cosec ß sin 20,

x" — y" cos ß tan  (— 6 —  a),

y" = h sec  ß + m cosec ß sin 26.

After a few reductions, the required equation is found to be

xm (cos 26 +  cos 2a) + y (h sin ß + m cos ß sin 2a)

— h2 tan ß + m2 cot ß sin2 20 =  0.

If this chord passes through the origin, then

— h2 tan2 ß + m2 sin2 26 — 0 ;

or, h tan ß + m sin 26 =  0.

But this is obviously necessary ; for from the geometry of the cylindroid it is 

plain that 6 must then fulfil the required condition.
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We can also determine the chord in a somewhat different manner, which 

has the advantage of giving certain other expressions that may be of 

service.

Let U = 0 be the cubic curve.

Let V= 0 be the equation of the two straight lines from the origin to the 

points of intersection with the two equal pitch screws + 3.

Let L = 0 be the chord joining the two intersections of U and V, distinct 

from the origin : this is, of course, the chord now sought for. Then we must 

have an identity of the type

cU= VX + LY;

where c is some constant. For the conditions L = 0 and K= 0 imply U —0, and 

L cuts U in three points, two of which lie on V, and the third point, called I, 

must lie on X. The line X is otherwise arbitrary, and we may, for con­

venience, take it to be the line HI from the origin to I. The product YX 

thus contains only terms of the third degree, and accordingly the terms of 

the second degree in U must be sought in LY.

Let U= u3 + w2 where us and are of the third and second degrees 

respectively, then cw2 must be the quadratic part of the product LY. As L 

does not pass through the origin, it must have an absolute term, conse­

quently Y must not contain either an absolute term or a term of the first 

degree. If, therefore, c be the absolute term in L, it is plain that F must 

be simply w2, and we have accordingly,

c (w3 + w2) = VX + (L' + c) u2,

where L' denotes the value of L without the absolute term: we have con­

sequently the identity

cw3 = YX + L’u2.

In this equation we know u2, u3, V, and the other quantities have to be found.

If we substitute

x — — y cos ß tan (a + 6),

we make V vanish, and representing L' by Xx + yy, we find

„ . sin ß
X cos ß tan (a + 3) — y = c 7-7----3------- ■—;

h tan ß + m sin 26

and after a few steps

X  m cos 2a + m cos 26 

c — h2 tan ß + m2 cot ß sin2 26 ’

y h sin ß + m cos ß sin 2a 

c — h2 tan ß + m2 cot ß sin2 26 ‘
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We can also obtain X; for let it be Px + Qy, then severally identifying the 

coefficients of Xs and y'\ we have,

P = m sin 2a + h tan ß,

Q = — m cos ß (cos 2a + cos 20);

finally, resuming the various results, we obtain the identity

cU^VX + LY-, 

wherein,

c = — h2 tan ß + m2 cot ß sin2 20,

U = sin ß cos2 ßy2 + sin ßyx2,

— (m sin 2a + h tan ß) x2 + 2mxy cos ß cos 2a

— (m sin 2a cos2 ß — h sin ß cos ß) y2.

V = mx2 (cos 2a 4- cos 20) + 2mxy sin 2a cos ß + my2 cos2 ß (cos 20 — cos 2a),

X = x (m sin 2a + h tan ß) — my cos ß (cos 2a + cos 20),

L = mx (cos 2a + cos 20) + y (h sin ß + m cos ß sin 2a)

— h2 tan ß + m2 cot ß sin- 20,

Y = x2 (— m sin 2a — h tan ß) + 2mxy cos ß cos 2a

+ y2 (m sin 2a cos2 ß — h sin ß cos ß).

162, Parabola.

The screws reciprocal to a cylindroid intersect two screws of equal pitch 

on the surface. Any chord in the section which cuts the cubic in two points 

of equal pitch must thus be the residence of a screw reciprocal to the surface; 

accordingly the chord

mx (cos 2a + cos 20) + y (h sin ß + m cos ß sin 2a)

— h2 tan ß + m2 cot ß sin2 20 = 0, 

when it receives a pitch equal to

— p„ — in cos 20, 

forms a screw reciprocal to the cylindroid.

It is easily shown that the envelope of this chord is a parabola; differ­

entiating with respect to 0 we have

x = 2m cot ß cos 20.

Eliminating 0 we obtain

x2 + 4>mx cot ß cos 2a + 4sy (h cos ß + m cos ß cot ß sin 2a) — 4A2 + 4nt2 cot2 ß = 0.

The vertex of the parabola is at the point

x = — 2m cot ß cos 2a ; y = h sec ß — m cosec ß sin 2a.
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T h e  l a t u s  r e c t u m  i s

4  c o s  ß(h+m c o t  ß s i n  2 a ) .

T h e  v a l u e s  o f  t h e  t w o  e q u a l  p i t c h e s  ( p )  o n  t h e  p a i r  o f  s c r e w s  a r e  t h u s  

e x p r e s s e d  i n  t e r m s  o f  t h e  a b s c i s s a  a> o f  t h e  p o i n t  i n  w h i c h  t h e  c h o r d  t o u c h e s  

t h e  e n v e l o p e  b y  m e a n s  o f  t h e  e q u a t i o n

p = Po + t a n  ß.

F r o m  a n y  p o i n t  P, o n  t h ß  c u b i c ,  t w o  t a n g e n t s  c a n  b e  d r a w n  t o  t h ß  

p a r a b o l a . E a c h  o f  t h e s e  t a n g e n t s  m u s t  i n t e r s e c t  t h e  c u b i c  i n  a  p a i r  o f  s c r e w s  

o f  e q u a l  p i t c h . O n e  t a n g e n t  w i l l  c o n t a i n  t h e  o t h e r  s c r e w  w h o s e  p i t c h  i s  e q u a l  

t o  t h a t  o f  P. T h e  s e c o n d  t a n g e n t  p a s s e s  t h r o u g h  t w o  s c r e w s  o f  e q u a l  p i t c h  

i n  t h e  t w o  o t h e r  p o i n t s  w h i c h ,  w i t h  P, m a k e  u p  t h e  t h r e e  i n t e r s e c t i o n s  w i t h  

t h e  c u b i c . A s  t h e  p r i n c i p a l  s c r e w s  o f  t h e  c y l i n d r o i d  a r e  t h o s e  o f  m a x i m u m  

a n d  m i n i m u m  p i t c h  r e s p e c t i v e l y ,  i t  f o l l o w s  t h a t  t h e  t a n g e n t s  a t  t h e s e  p o i n t s  

w i l l a l s o  t o u c h  t h e  p a r a b o l a . T h e s e  c o m m o n  t a n g e n t s  a r e  s h o w n  i n  t h e  

f i g u r e .

T h i s  p a r a b o l a  i s  d r a w n  t o  s c a l e  i n  F i g .  3 6 . T h e  e q u a t i o n  e m p l o y e d  w a s

2 /  =  _ 3 1 _ ( ^ 5 + £ v )  .

W h e n  t h e  f i g u r e  w a s  c o m p l e t e ,  i t  w a s  o b v i o u s  t h a t  t h e  p a r a b o l a  t o u c h e d  

t h e  c u b i c ,  a n d  t h u s  t h e  f o l l o w i n g  t h e o r e m  w a s  s u g g e s t e d : —

The parabola, which is the envelope of chords joining screws of equal pitch, 

touches the cubic in three points.

T h e  d e m o n s t r a t i o n  i s  a s  f o l l o w s  : ■ — T o  s e e k  t h e  i n t e r s e c t i o n s  o f  t h e  

p a r a b o l a  w i t h  t h e  c u b i c ,  w e  s u b s t i t u t e ,  i n  t h e  e q u a t i o n  o f  t h e  p a r a b o l a ,  t h e  

v a l u e s

x = h t a n  ( 0  -  a) - m c o t  ß s i n  20 t a n  (0 - «),

y = h s e c  ß — m c o s e c  ß s i n  20.

T h i s  w o u l d ,  i n  g e n e r a l ,  g i v e  a n  e q u a t i o n  o f  t h e  s i x t h  d e g r e e  f o r  t a n  0. I t  

w i l l ,  h o w e v e r ,  b e  f o u n d  i n  t h i s  c a s e  t h a t  t h e  e x p r e s s i o n  r e d u c e s  t o  a  p e r f e c t  

s q u a r e . T h e  s i x  p o i n t s  i n  w h i c h  t h e  p a r a b o l a  m e e t s  t h e  c u b i c  m u s t  t h u s  

c o a l e s c e  i n t o  t h r e e ,  o f  w h i c h  t w o  a r e  i m a g i n a r y . T h e  v a l u e s  o f  0 f o r  t h e s e  

t h r e e  p o i n t s  a r e  g i v e n  b y  t h e  e q u a t i o n

h t a n  ( 0  —  a )  —  m c o t  ß { s i n  20 t a n  ( 0  —  a )  +  2  c o s  20} =  0 .

W e  c a n  a l s o  p r o v e  g e o m e t r i c a l l y  t h a t  t h e  p a r a b o l a  t o u c h e s  t h e  c u b i c  a t  

t h r e e  p o i n t s .

I n  g e n e r a l ,  a  c o n e  o f  s c r e w s  r e c i p r o c a l  t o  t h e  c y l i n d r o i d  c a n  b e  d r a w n  

f r o m  a n y  e x t e r n a l  p o i n t . I f  t h e  p o i n t  0 h a p p e n  t o  l i e  o n  t h e  c y l i n d r o i d ,
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the cone breaks up into two planes. The nature of these planes is easily 

seen. One of them, A, must be the plane perpendicular to the generator 

through 0; the other, B, is the plane containing 0, and the screw of equal 

pitch to that of the screw through 0. These planes intersect in a ray, L, 

and it must first be shown that L is a tangent to the cylindroid.

Any ray intersecting one screw on a cylindroid at right angles must cut 

the surface again in two screws of equal pitch; consequently L can only 

meet the surface in two distinct points, each of which has the pitch of the 

generator through 0. It follows that L must intersect the surface at two 

coincident points 0, i.e. that it is a tangent to the cylindroid at 0.

Let any plane of section be drawn through 0. This plane will, in 

genera], intersect A and B in two distinct rays: these are the two screws 

reciprocal to the cylindroid, and they are accordingly the two tangents from 

0 to the parabola we have been discussing. The only case in which these 

two rays could coalesce would occur when the plane of section was drawn 

through L; but the two tangents to a parabola from a point only coalesce 

when that point lies on the parabola. At a point where the parabola meets 

the cubic, L must needs be a tangent both to the parabola and to the cubic, 

which can only be the case if the two curves are touching. We have thus 

proved that the parabola must have triple contact with the cubic.

There are thus three points on the cubic which have the property that 

the tangent intersects the curve again in a point of equal pitch to that of the 

point of contact. We thus learn that all the screws of a four-system which 

lie in a plane touch a parabola having triple contact with the reciprocal 

cylindroid.

From any point P, on the cubic, two tangents can be drawn to the 

parabola. Each of these tangents must intersect the cubic in a pair of screws 

of equal pitch. One tangent will contain the two screws whose pitch is equal 

to that cf P. The other tangent passes through two screws of equal pitch 

in the two other points, which, with P, make up the three intersections 

with the cubic.

As the principal screws of the cylindroid are those of maximum and 

minimum pitch, respectively, it follows that the tangents at these points 

will also touch the parabola. These common tangents are shown in Fig. 36.

From the equation of the cylindroid,

z (a? + ?/) = 2mxy, 

it follows that the plane at infinity cuts the surface in three straight lines 

on the planes,
z = Q,

x + iy = 0.
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The line at infinity on the plane of z is of course intersected by all the real 
generators of the cylindroid, inasmuch as they are parallel to z. Ihe points 
at infinity on the planes x + iy = 0 are each the residence of an imaginary 
screw, also belonging to the surface. The pitches of both these screws are 

infinite.

We may deduce the two screws of infinite pitch on the surface in another 

way. The equations of a screw are

y — x tan 0,

z = m sin 20,

while the pitch is
p„ + m cos 20.

If tan 0 be either + i, we find both z infinite and the pitch infinite. We 
thus see that through the infinitely distant point I, on the nodal line of the 

cylindroid, two screws belonging to the surface can be drawn, just as at any 
finite point. The peculiarity of the two screws through I is, that their 
pitches are equal, i.e. both infinite, and this is not the case with any other 

pair of intersecting screws.

It is now obvious why the envelope just considered turned out to be 
a parabola rather than any other conic section. Every plane section will 
have the line at infinity for a transversal cutting two screws of equal pitch; 
the envelope of such transversals must thus have the line at infinity for 

a tangent, i.e. must be a parabola.

163. Chord joining Two Points.

If 0' and 0" be the angles by which two points on the cubic are defined, 

then the equation to the chord joining those points is

Ax + By + <7=0;

where A = 2 m cos (#' — a) cos (0" — a) cos (0' + 0"),

B = h sin ß + m cos ß cos (0' + 0") sin (2a - 0' - 0")

— m cos ß sin (0' + 0") cos (0' — 0"),

C = — tan ß (A — m cot ß sin 2Ö') (A — m cot ß sin 20").

If in these expressions we make 0' + 0" = 0, we obtain the equation for the 

chord joining screws of equal pitch, as already obtained.

We shall find that, in particular sections, these expressions become con­
siderably simplified. Suppose, for example, that the plane of section be a 
tangent plane to the cylindroid. The cubic then degenerates to a straight 
line and a conic. The condition for this will be obvious from the equation
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of the cubic. If the coefficient of become zero, the required decomposition 
takes place, for y is then a factor. The necessary and sufficient condition 
for the plane of section being a tangent, is therefore

m sin 2a + h tan ß — 0.

When this is the case, the three expressions of A, B, C may be divided by 
a common factor,

2m cos (O' — a) cos (0" — a), 

and we have

A = cos (0' + 0"),

B = — cos ß sin (Ö' + 0"),

C = — 2m cot ß sin (a + 0') sin (a + 0").

If the screws be of equal pitch, 0' + 0" = 0, the coefficient of y disappears, 
and we see that all the chords are merely lines parallel to the axis of y, which 
is parallel to one of the axes of the ellipse.

The equation to the chord then becomes

(cos 2a + cos 20) {x + m cot ß (cos 2a — cos 20)j = 0.

For a given value of x there are two values of 0 corresponding to the two 
chords that can be drawn through the point. One of these chords is parallel 
to y, and has a 0 obtained from the equation

x + m cot ß (cos 2a - cos 20) = 0.

7T

The other value of 0 is „ — a, from the equation

cos 2a + cos 20 = 0.

This is independent of x, as might have been foreseen from the fact that 
the two screws of equal pitch are in this case the line in the section and the 
other screw of equal pitch. The latter cuts the section in a certain point, and, 
of course, all chords through this point meet the curve in two screws of equal 
pitch.

164. Reciprocal Screws.

Another branch of the subject must now be considered. We shall first 
investigate the following general problem :—

From any point, P, a series of transversals is drawn across each pair 
of reciprocal screws on the cylindroid. It is required to determine the cone 
which is the locus of these transversals. We shall show that this is a cone 
of the second degree.

B. U
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Let a, ß, 7 be the co-ordinates of the point. Then the plane through 

this point, and the generator of the cylindroid defined by the equations

y = æ tan 3,

z — m sin 20,

15 (y — x tan 0) (y — m sin 23) = (9 — a tan 3) (z — m sin 23);

or , if we arrange in powers of tan 3, we obtain

A tan3 3 + B tan2 3 + G tan 3 + D = 0, 

in which

A = az — yx; I) = yy — ßz,

B — yy — ßz + 2mx — 2ma ; G = az — yx + 2mß — 2my.

If the same transversal also crosses the generator defined by 3', then,

A tan3 3' + B tan2 3' + G tan 3' + D = 0.

When the two screws defined by 3 and 3' are reciprocal,

tan 3 tan 3' = H, 

when II is a constant.

By eliminating and rejecting the factor

tan 3 — tan 3' 

we obtain

- AW + 71 GIB - BDH + = 0.

And as this is of the second degree in x, y, z, the required theorem has been 

proved.

All these cones must pass through the centre of the cylindroid, inasmuch 

as the two principal screws of the cylindroid are reciprocal. If a constant 

be added to the pitches of all the screws on the cylindroid, then the pairs 

of reciprocals alter, inasmuch as II alters. The cone changes accordingly, 

and thus there would be through each point a family of cones, all of which, 

however, agree in having, as a generator, the ray from the vertex to the 

centre of the cylindroid. Thus, even when the cylindroid is given, we must 

further have the pitch of a stated screw given before the cone becomes 

definite. This state of things may be contrasted with that presented by the 

cone of reciprocal screws which may be drawn through a point. The latter 

depends only upon the cylindroid itself, and is not altered if all the pitches 

be modified by a constant increment.
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The discriminant of the cubic

- All1 + ACIB- BDH + D* =  0 

is

AW (AW + BSD + AC3 — 5’T BW -1ABCD).

Omitting the factor A~D~, we have, for the envelope of the system of cones, 

the cone of the fourth order, found by equating the expression in the 

biacket to zei’o. It may be noted that the same cone is the envelope of 

the planes

AH3 + BIB + CII + I) = 0.

165. Application to the Plane Section.

W e next study the chord joining a pair of reciprocal points on the cubic 

of § 160. Take any point in the plane of the section ; then, as we have just 

seen, a cone of screws can be drawn through this point, each ray of which  

crosses two reciprocal screws. This cone is cut by the plane of section in 

two lines, and, accordingly, we see that through any point in the plane of 

section two chords can be drawn through a pair of reciprocal points. The 

actual situation of these chords is found by drawing a pair of tangents to a 

certain hyperbola. This will now be proved.

The values of 0 and 0', which correspond to a pair of reciprocal points, 

fulfil the condition

tan 0 tan 0’ = H;

whence,

cos (0  —  0') =  X cos (0 + 0');

where, for brevity, we write X. instead of

1+tf

1 — H'

If, further, we make 0 + 0' = yfr, we shall find, for the equation of the chord, 

Pa> + Qy+Rz =  o ;

in which,

^22, 772/ 'TfL

P  =  -~ (X +  cos 2a) -I- sin 2a sin (X  + cos 2a) cos 2i/r,
Aa Ai Aa T

i ■ n . m • n rø COS ß „
Q  =  h sm  ß + cos ß sin 2a - (X  +  cos 2a) sm  2-A 

Ai Ai ‘

QTL

+ cos ß sin 2a  cos 2i/r,

'772'^ 779^

R = - h° tan  ß - —  (V  -  1) cot ß 4- Xhm sin 2i/r -  —  (X 2 -1) cot ß cos 2->/r.
Aa

11-2
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The envelope of this chord is found to be

0 = +a'2 ||rø.asin22a,

+ y2 I |m2 cos2 ß cos2 2a — hm sin ß cos ß sin 2a — h2 sin2 ß

4- X cos 2a cos2 ß + ^m2 X" cos2 ß,

+ xy I — 9 sin 2a cos 2a cos ß — mh cos 2a sin ß

- % m2X sin 2a cos ß - mhX sin ß,

+ x I + mb2cos 2a tan ß + hm2X sin 2a + mh? Xtan ß,

+ y I - m?h cos ß + mh? sin ß sin 2a + 2/i3 sin ß tan ß - m?hX cos ß cos 2a,

+ I m?h? — h4 tan2 ß.

Using the data already assumed in § 160, and, with the addition now 

made of taking X to be — J, the equation reduces to

122a;2 — 203?/2- 161«y- 2417«- 5003y+ 245436 = 0;

which, for convenience of calculation, I change into

x = 1’6 + 21’6 sec </> + 47’5 tan </>,

y = — 12'8 + 32’8 sec </>.

This hyperbola has been plotted down in Fig. 36. It obviously touches the 

cubic at three points. I had not anticipated this until the curves were care­

fully drawn; but, when the theorem was suggested in this manner, it was 

easy to provide the following demonstration:—

The cone of reciprocal chords drawn through any point P breaks up 

into a pair of planes when P lies on the cylindroid. (I use the expression, 
reciprocal chord, to signify the transversal drawn across a pair of reciprocal 

screws on the cylindroid. This is very different from a screw reciprocal to 

the cylindroid.) For, take the screw reciprocal to that which passes 

through P. Then the plane X, through P and this screw, is obviously one 
part of the locus. Draw through P any transversal across a pair of reci­
procals on the cylindroid, then the plane Y, through the centre and this 

transversal, will be the other part of the locus, this pair of planes, X 

and Y, intersect in a ray which we shall call &

A plane of section through P will, of course, usually cut the two planes 

in two rays, and these will be the two reciprocal chords through P. But 

suppose the plane of section happened to pass through S, then there will be 

only one reciprocal chord through P, and this will, of course, be >S’. Now, 
S must be a tangent to the cylindroid at P. Every chord through P, in 

the plane of Y, must cut the surface again in a pair of reciprocal points. To 

this 8 must be no exception, and as it lies in X, it intersects the screw
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reciprocal to that through P; therefore the th ird  in tersection of S w ith the  

surface m ust coalesce w ith P, or, in  other w ords, <S ' m ust be a tangent to the  

surface at P. W e have thus show n that in the case w here tw o reciprocal 

chords through a point on the cubic coalesce in to one, that one m ust be the  

tangent to the cubic at P.

B ut the tw o reciprocal chords through a point w ill only  coalesce w hen  

the point lies on the hyperbola, in  w hich case the tw o  chords unite in to the  

tangent to the hyperbola. C onsider, then, the case w here the hyperbola  

m eets the cubic at a point P, inasm uch as P lies on the hyperbola, the tw o  

chords coalesce in to a tangent thereto , but because they  do coalesce, th is line  

m ust needs be also a tangent to the cubic ; hence, w henever the hyperbola  

m eets the cubic the tw o curves m ust have a com m on tangent. A ltogether 

the curves m eet in six points, w hich unite in to three pairs, thus giving the  

required trip le contact betw een  the hyperbola and  the cubic.

If a constant h be added to all the pitches of the screw s on a  cylindroid , 

then, as is w ell know n, the screw s so altered still represent a possible cylin ­

droid  (§ 18). T he variations of h produce no alteration  in the cubic section  

of the cylindroid ; but, of course, the hyperbola just considered varies w ith  

each change of h. In every case, how ever, it has the triple contact, and  

there is also a fixed tangent w hich m ust touch every hyperbola. T his is 

the chord jo in ing the tw o principal screw s on the cylindroid; for, as these  

are reciprocal, notw ithstanding any  augm entation to the pitches, their chord  

m ust alw ays touch the hyperbola. T he system  of hyperbolæ , corresponding  

to the variations of h, is thus concisely represented ; they m ust all touch  

th is fixed line, and have trip le contact w ith a fixed curve : that is, they m ust 

each fu lfil four conditions, leaving one m ore disposable quantity for the  

com plete definition of a conic. See A ppendix , note 4.

W e w rite the tangent to the hyperbola or the reciprocal chord in the  

form

L cos 2i/r +  M sin  2^ + N =  0.

If  a pair of values can be found  for x and  y, w hich w ill sim ultaneously  satisfy

Z  =  0, >  =  0, 2V =0,

then  every chord of the type

L cos 2-i/r +  M sin +  T V  =  0

m ust pass through  th is point. T he  condition  for th is is, that the discrim inant 

of the hyperbola is zero , and  w e find the discrim inant to be

sin  ß (X 2 -  1) (A  tan  ß + m sin 2a).
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There are two critical cases in which this expression vanishes. It does so if

h tan ß + m sin 2a = 0;

where the plane of section is tangential to the cylindroid.

But we also note that the discriminant will vanish if

h = 0,

i .e. if the plane of section passes through the centre of the cylindroid.

We might have foreseen this from the results of the last article; for the 
plane of Y is a central section, and the hyperbola has evidently degenerated, 
for all the reciprocal chords, instead of touching an hyperbola, merely pass 
through the common apex P. The case of the central section is therefore 
of special interest.

166. The Central Section of the Cylindroid.

By this we mean a section of the surface, special in no other sense, save 
that it passes through the centre of the surface. The equation to the 
central section is (§ 160)

if sin ß cos2ß + yx1 sin ß - mir? sin 2a + 2mxy cos ß cos 2a + my1 sin 2a cos2/3 = 0.

The chord joining points of equal pitch + 0 is

x (cos 20 + cos 2a) + y cos ß sin 2a + m cot ß sin2 20 — 0.

The apex P through which all reciprocal chords pass is

m (X2 — 1) cot ß (X + cos 2a)
X= 1 + 2X cos 2a + X2 ’

m (X2 — 1) cosec ß. sin 2a  
y~ 1 + 2Å cos 2a + X2

and in general the co-ordinates of a point on the cubic are

x — y cos ß tan (0 — a),

y = — m cosec ß sin 20.

One of these curves may be conveniently drawn to scale, from the 
equations

x = '9y tan (0 — 25),

y = — 66 sin 20.

The parabola, which is the envelope of equal pitch-chords, would in this 
case have as its equation

2Z = _51-(6+g)
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The principal screws on the cylindroid both pass through the double 

point; the two tangents to the curve at this point must therefore both 

touch the parabola.

The leading feature of the central section is expressed by the important 

property possessed by the chords joining reciprocal screws. If we add any 

constant to the pitches, then we alter X, and, accordingly, the point P, 

through which all reciprocal chords pass, moves along the curve.

The tangent to the cubic at P meets the cubic again in the point 

reciprocal to P. Two tangents, real or imaginary, can be drawn from P 

to the cubic touching it in the points 1\, Ta, respectively: as these must 

each correspond to a screw reciprocal to itself, it follows that 1\ and T, 

are the screws of zero pitch. We hence see that the two tangents from any 

point on the cubic touch the cubic in points of equal pitch.

Let a and ß be two screws, and 7 and 8 another pair of screws, and let 

the two chords, aß and 78, intersect again on the cubic. If d and 0 be 

the perpendicular distance and angle between the first pair, and d' and 0’ 

the corresponding quantities for the second pair, then there must be some 

quantity a>, which, if added to all the pitches on the cylindroid, will make 

« and ß reciprocal, and also 7 and 8 reciprocal. We thus have

(p„ + Pß + 2 w) cos 0 — d sin 0 = 0,

(py + Ps + 2<w) cos 0' — d' sin 0' = 0 ;

whence, pa +Pß- d tan 0 =py+ps — d' tan 0';

in other words, for every pair of screws, a and ß. whose chords belong to a 

pencil diverging from a common point on the surface, the expression

pa + Pß — d tan 0

is a constant. The value of this constant is double the pitch of the screw 

of either of the points of contact of the two tangents from P to the curve.

167. Section Parallel to the Nodal Line.

If the node on the cubic be at infinity, the form of equation to the cubic 

hitherto employed will be illusory. The nature of this section must therefore 

be studied in another way, as follows:—

Let the plane cut the two perpendicular screws in A and B. Let I be 

the perpendicular OC from 0 upon C, and let 7/ be the inclination of this 

perpendicular to the axis of x. Then, taking Ozl as the new axis of x, in 

which case z will be the new y, we have

x = I tan (y — 0),

y' = m sin 20.
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Eliminating 0, and omitting the accents, we have, as the equation of the 

cubic,
yx* + ma? sin 2y + l2y + 2lmx cos 2y - ml2 sin 2y = 0.

The chord joining the two points 0 and 0' has, as its equation,

mx cos (0 + O') [cos (2y — 0 — O') + cos (0 — 0')] + ly

— ml sin (2y — 0-0') cos (0 + 0') - ml cos (0 — 0') sin (0 + O') = 0.

If this be the chord joining the screws of equal pitch, then

0 + 0' = 0,

and the equation reduces to

mx (cos 2y + cos 20) + ly - ml sin 2y - 0.

We thus see that this chord, which in the general section envelops a parabola, 

now passes constantly through the fixed point

x — 0,

y = + m sin 2y.

This result could have been foreseen; for, consider that screw on the cylin­

droid (and there must always be one) normal to the plane which it intersects 

at a point P, any ray in the plane through P is perpendicular to this screw, 

and, therefore, by a well-known property of the cylindroid, must intersect 

the curve again in two points of equal pitch. This point P is, of course, 

the point whose existence we have demonstrated above.

168. Relation between Two Conjugate Screws of Inertia.

We have found the relation between a pair of conjugate screws of inertia 

so important in the dynamical part of the theory, that it is worth while to 

investigate the properties of the chord joining two such points in the central 

section. It can readily be shown that this chord must envelop a conic. 

This conic and the point P on the cubic through which all reciprocal chords 

will pass, will enable the impulsive screw, corresponding to any instantaneous 

screw, to be immediately determined. For, draw through any point $ that 

tangent to the conic which gives S as one of the two conjugate screws of 

inertia which must lie upon it; let S' be the other conjugate screw; then 

the chord PS' will cut the cubic again in the required impulsive screw. 

The two principal screws of inertia are found by drawing from P that 

tangent to the conic which has not P as one of the two conjugate screws 

of inertia. The two intersections of this tangent, with the cubic, are the 

required principal screws of inertia.

We can also determine the relation between the impulsive screw and the 

instantaneous screw with regard to any section whatever. We have here
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to consider two conics connected with the cubic, viz. the reciprocal conic, 

which is the envelope of reciprocal chords, and the inertia conic, which is 

the envelope of chords of conjugate screws of inertia. We must provide 

a means of discriminating the two tangents from a point P on the cubic 

to either conic; any ray, of course, cuts the cubic in three points, of which 

two possess the characteristic relation. If P be one of these two, we may 

call this tangent the ‘ odd tangent.’ The other tangent will have, as its 

significant points, the two remaining intersections; leaving out P, we can 

then proceed, as follows, to determine the impulsive screw corresponding to 

P as the instantaneous screw:—

Draw the odd tangent from P to the inertia conic, and from the con­

jugate point thus found draw the odd tangent to the reciprocal conic. The 

reciprocal point Q thus found is the impulsive screw corresponding to P as 

the instantaneous screw.

In general there are four common tangents to the two conics. Of these 

tangents there is only one possessing the property, that the same two of its 

three intersections with the cubic are the correlative points with respect 

to each of the conics. These two intersections are the principal screws of 

inertia.

To determinp . the small oscillations we find the potential conic, the 

tangents to which are chords joining two conjugate screws of the potential 

(§ 100). The two harmonic screws are then to be found on one of the two 

common tangsnts to the two conics. It can be shown that both the inertia 

conic and the potential conic will, like the reciprocal conic, have triple 

contact with the cubic.
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CHAPTER XIV .

FREEDOM OF THE THIRD ORDER*.

169. Introduction.

The dynamics of a rigid body which has freedom of the third order, 

possesses a special claim to attention, for, included as a particular case, we 

have the celebrated problem of the rotation of a rigid body about a fixed 

point. In the theory of screws the screw system of the third order is 

characterised by the feature that the reciprocal screw system is also of the 

third order, and this is a fertile source of interesting theorems.

We shall first study the screw system of the third order, and its reciprocal. 

We shall then show how the instantaneous screw, corresponding to a given 

impulsive screw, can be determined for a rigid body whose movements are 

prescribed by any screw system of the third order. We shall also point out 

the three principal screws of inertia, of which the three principal axes are 

only special cases, and we shall determine the kinetic energy acquired by a 

given impulse. Finally, we shall determine the three harmonic screws, and 

we shall apply these principles to the discussion of the small oscillations of 

a rigid body about a fixed point under the influence of gravity.

A screw system of the first order consists of course of one screw. A 

screw system of the second order consists of all the screws on a certain 

ruled surface (the cylindroid). Ascending one step higher, we find that in 

a screw system of the third order the screws are so numerous that a finite 

number (three) can be drawn through every point in space. In the screw 

system of the fourth order a cone of screws can be drawn through every 

point, while to a screw system of the fifth order belongs a screw of suitable 

pitch on every straight line in space.

170. Screw System of the Third Order.

We shall now consider the collocation of the screws in space which 

constitute a screw system of the third order. A free rigid body can receive

* Transactions of the Royal Irish Academy, Vol. xxv. p. 191 (1871).
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six independent displacements. Its position is, therefore, to be specified by 

six co-ordinates. If, however, the body be so constrained that its six co­

ordinates must always satisfy three equations of condition, there are then 

only three really independent co-ordinates, and any position possible for a 

body so circumstanced may be attained by twists about three fixed screws, 

provided that twists about these screws are permitted by the constraints.

Let A be an initial position of a rigid body M. Let M be moved from 

J. to a closely adjacent position, and let x be the screw by twisting about 

which this movement has been effected; similarly let y and z be the two 

screws, twists about which would have brought the body from A to two 

other independent positions. We thus have three screws, x, y, z, which com­

pletely specify the circumstances of the body so far as its capacity for 

movement is considered.

Since M can be twisted about each and all of x, y, z, it must be capable 

of twisting about a doubly infinite number of other screws. For suppose 

that by twists of amplitude x', y', z', the final position V is attained. This 

position could have been reached by twisting about some screw v, so as to 

come from A to V by a single twist. As the ratios of x' to y', and z', are 

arbitrary, and as a change in either of these ratios changes v, the number 

of v screws is doubly infinite.

All the screws of which v is a type form what we call a screw system of 

the third order. We may denote this screw system by the symbol >S'.

171. The Reciprocal Screw System.

A wrench which acts on a screw y will not be able to disturb the equili­

brium of M, provided y be reciprocal to x, y, z. If y be reciprocal to three 

independent screws of the system S, it will be reciprocal to every screw of S. 

Since y has thus only three conditions to satisfy in order that it may be 

reciprocal to S, and since five quantities determine a screw, it follows that y 

may be any one of a doubly infinite number of screws which we may term 

the reciprocal screw system S'. Remembering the property of reciprocal 

screws (§ 20) we have the following theorem (§ 73).

A body only free to twist about all the screws of S cannot be disturbed 

by a wrench on any screw of S'; and, conversely, a body only free to twist 

about the screws of S' cannot be disturbed by a wrench on any screw of S.

The reaction of the constraints by which the freedom is prescribed 

constitutes a wrench on a screw of S'.

172. Distribution of the Screws.

To present a clear picture of all the movements which the body is
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competent to execute, it will be necessary to examine the mutual connexion 

of the doubly infinite number of screws which form the screw system. It 

will be most convenient in the first place to classify the screws in the 

system according to their pitches; the first theorem to be proved is as 

follows:—

A ll the screws of given pitch + k in a three-system lie upon a hyperboloid 

of which they form one system of generators, while the other system of gene­

rators with the pitch — k belong to the reciprocal screw system.

This is proved as follows:—Draw three screws, p, q, r, of pitch + k 

belonging to Draw three screws, I, m, n, each of which intersects the

three screws p, q, r, and attribute to each of I, m, n, a pitch — k. Since two 

intersecting screws of equal and opposite pitches are reciprocal, it follows 

that p, q, r, must all be reciprocal to I, m, n. Hence, since the former 

belong to S, the latter must belong to S'. Every other screw of pitch + k 

intersecting I, m, n, must be reciprocal to S', and must therefore belong to &

But the locus of a straight line which intersects three given straight 

lines is a hyperboloid of one sheet, and hence the required theorem has 

been proved.

173. The Pitch Quadric.

One member of the family of hyperboloids obtained by varying k presents 

exceptional interest. It is the locus of the screws of zero pitch belonging 

to the screw complex. As this quadric has an important property (§176) 

besides that of being the locus of the screws of zero pitch, it is desirable 

to denote it by the special phrase pitch quadric.

We shall now determine the equation of the pitch quadric. Let one of 

the principal axes of the pitch quadric be denoted by x, this will intersect 

the surface in two points through each of which a pair of generators can be 

drawn. One generator of each pair will belong to S, and the other to S'. 

Each pair of generators will be parallel to the asymptotes of the section of 

the pitch quadric by the plane containing the remaining principal axes 

y and z. Let p, v be the two generators belonging to S, then lines bisecting 

internally and externally the angle between two lines in the plane of y and 

z, parallel to p, v will be two of the principal axes of the pitch quadric. 

Draw the cylindroid (pv). The two screws of zero pitch on the cylindroid 

are equidistant from the centre of the cylindroid, and the two rectangular 

screws of the cylindroid bisect internally and externally the angle between 

the lines parallel to the screws of zero pitch. Hence it follows that the two 

rectangular screws of the cylindroid (pv) must be on the axes of y and z 

of the pitch quadric. We shall denote these screws by ß and y, and their
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pitches by pß and py. From the properties of the cylindroid it appears 

that a, the semiaxis of the pitch quadric, must be determined from the 

equations
a = (pß — py) sin I cos I,

Pß cos21 +py sin21 = 0 ;

whence eliminating I, we deduce

a = ^J-pßPy, 

with of course similar values of b and c. Substituting these values in the 

equation of the quadric

y'! z2 .
~2 4- ; 2 + -^ = 1 
a2 (r c2

we deduce the important result which may be thus stated:—

The three principal axes of the pitch quadric, when f urnished with suitable 

pitches pa,pß,py, constitute screws belonging to the screw system of the third 

order, and the equation of the pitch quadric has the form

pa.!«' + Pßy" + PyZ2 + PaPßpy = 0.

We can also show conversely that every screw 3 of zero pitch, which 

belongs to the screw system of the third order, must be one of the generators 

of the pitch quadric. For 3 must be reciprocal to all the screws of zero 

pitch on the reciprocal system of generators of the pitch quadric; and 

since two screws of zero pitch cannot be reciprocal unless they intersect 

either at a finite or infinite distance, it follows that 3 must intersect the 

pitch quadric in an infinite number of points, and must therefore be entirely 

contained thereon.

174. The Family of Quadrics.

It has been shown that all the screws of given pitch belonging to a 

system of the third order are the generators of a certain hyperboloid. 

There is of course a different hyperboloid for each pitch. We have now 

to show that all these hyperboloids are concentric.

Take any two screws whatever belonging to the system and draw the 

cylindroid which passes through those screws. This cylindroid contains 

two screws of every pitch. It must therefore have two generators in 

common with every hyperboloid of the family. But from the known sym­

metrical arrangement of the screws of equal pitch on a cylindroid, it follows 

that the centre of that surface must lie at the middle point of the shortest 

distance between each two screws of equal pitch. The centres of the hyper­

boloids for all possible pitches must therefore lie in the principal plane of 

any cylindroid of the system. Take any three cylindroids of the system.
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The centres of all the hyperboloids coincide with the intersection of the 

three principal planes of the cylindroids. It will be convenient to call this 

point the centre of the three-system.

We hence see that whenever three screws of a three-system are given, 

the centre of the system is determined as the intersection of the principal 

planes of the three cylindroids defined by each pair of screws taken suc­

cessively.

We may also show that not only are the family of hyperboloids concentric, 

but that they have also their three principal axes coincident in direction and 

situation with the principal axes of the pitch quadric.

Draw any principal axis z of the pitch quadric. Two screws of zero 

pitch belonging to the system will be intersected by z and we draw the 

cylindroid through these two screws. Let and L., be the two screws of 

equal pitch p on this cylindroid. Let 0 be the centre of the cylindroid, this 

same point being also the centre of the pitch quadric, and therefore as 

shown above of every p-pitch hyperboloid Sp. As the centre bisects every 

diameter, it follows that the plane 0L2 cuts the hyperboloid Sp again in a 

ray If which is perpendicular to z and crosses L, at its intersection with z. 

The plane containing L, and £/ is therefore a tangent to Sp at the point 

where the plane is cut by z. As z is perpendicular to this plane it follows 

that the diameter is perpendicular to its conjugate plane. Hence z is a 

principal axis of ßp, and the required theorem is proved.

Let now >8 denote a screw system of the third order, where a, ß, y are 

the three screws of the system on the principal axes of the pitch quadric. 

Diminish the pitches of all the screws of 6' by any magnitude k. Then the 

quadric

(pa — k) x2 + (pß -k)y2 + (py -k')z2 + (pa - k)(pß -k)(py- /c) = 0...

must be the locus of screws of zero pitch in the altered system, and therefore 

of pitch + k in the original system (§ 110).

Regarding k as a variable parameter, the equation just written represents 

the family of quadrics which constitute the screw system $ and the reciprocal 

screw system S'. Thus all the generators of one system on each quadric, 

with pitch + k, constitute screws about which the body, with three degrees 

of freedom, can be twisted; while all the generators of the other system, 

with pitch — k, constitute screws, wrenches about which would be neutralized 

by the reaction of the constraints.

For the quadric to be a real surface it is plain that k must be greater 

than the least, and less than the greatest of the three quantities pa, pß, py.
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Hence the pitches of all the real screws of the screw system $ are inter­

mediate between the greatest and least of the three quantities pa,pf>, py.

175. Construction of a three-system from three given Screws.

If a family of quadric surfaces have one pair of generators (which do not 

intersect) in common, then the centre of the surface will be limited to a 

certain locus. We may investigate this conveniently by generalizing the 

question into the search for the locus of the pole of a fixed plane with 
respect to the several quadrics.

Let A be the given plane, I be the ray which joins the two points in 

which the given pair of generators intersect A, X be the plane through I 

and the first generator, F the plane through I and the second generator, 

B the plane through I which is the harmonic conjugate of A with respect 

to X and P. Then B is the required locus.

For, draw any quadric through the two given generators, and let 0 be 
the pole of A with respect to that quadric.

Draw a transversal through 0 cutting the plane A in the point A and 

the first and second generators in X1 and F, respectively. Since A4 is on 

the polar of 0 it follows that OX1A1Y1 is an harmonic section. But the 

transversal must be cut harmonically by the pencil of planes Z(BXAY) 

and hence 0 must lie in B, which proves the theorem.

In the particular case when A is the plane at infinity, then 0 is the 

centre of the quadric. A plane parallel to the two generators cuts the 

plane at infinity in the line I, and the planes X, Y and B must also contain 

I. Then A, B, X, Y are parallel planes. Any transversal across X and Y 

is cut harmonically by B and A, and as A is at infinity, the transversal must 

be bisected ;it B. It thus appears that when a family of quadrics have one 

pair of non-intersecting generators in common, then the plane which bisects 

at right angles the shortest distance between these generators is the locus 
of the centres of the quadrics.

If therefore three generators of a quadric are given, the three planes 

determined by each pair of the quadrics determine the centre by their 

intersection. The construction of the axes of the quadric may be effected 

geometrically in the following manner. Draw three transversals Q1; Q2, Q3 

across the three given generators Rlt R2, Rs. Draw also two other trans­

versals R4, R$ across Q4, Q.,, Q3. Construct the conic which passes through the 

five points in which Rlt R2, Rs, Rit R5 intersect the plane at infinity. Find 

the common conjugate triangle to this conic and to the circle which is the 

intersection of every sphere with the plane at infinity. Then the three
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rays from the centre of the quadric to the vertices of this triangle are the 

three principal axes of the quadric.

We thus prove again that if a and ß be any two screws of a three-system, 

the centre of the pitch-quadric must lie in the principal plane of the 

cylindroid through a and ß. For the common perpendicular to any two 

screws of equal pitch on the cylindroid will be bisected by the principal 

plane and therefore any hyperboloid through these two screws of equal 

pitch must have its centre in that plane.

176. Screws through a Given Point.

We shall now show that three screws belonging to S, and also three 

screws belonging to S', can be drawn through any point x', y', z'. Substitute 

x', y', z', in the equation of § 175 and we find a cubic for k. This shows that 

three quadrics of the system can be drawn through each point of space. 

The three tangent planes at the point each contain two generators, one 

belonging to S, and the other to S'. It may be noticed that these three 

tangent planes intersect in a straight line.

From the form of the equation it appears that the sum of the pitches of 

three screws through a point is constant and equal to pa +pß +py.

Two intersecting screws can only be reciprocal if they be at right angles, 

or if the sum of their pitches be zero. It is hence easy to see that, if a 

sphere be described around any point as centre, the three screws belonging 

to /S', which pass through the point, intersect the sphere in the vertices of a 

spherical triangle which is the polar of the triangle similarly formed by the 

lines belonging to S'.

We shall now show that one screw belonging to 6' can be found parallel 

to any given direction. All the generators of the quadric are parallel to 

the cone
(pa — k) x2 + (pß — k)y2 + (py - k)z* = 0, 

and k can be determined so that this cone shall have one generator parallel 

to the given direction; the quadric can then be drawn, on which two gene­

rators will be found parallel to the given direction; one of these belongs to 

*S', while the other belongs to S'.

It remains to be proved that each screw of S has a pitch which is propor­

tional to the inverse square of the parallel diameter of the pitch quadric*.

* This theorem is connected with the linear geometry of Pliicker, who has shown (Neue Geometrie 

des Raumes, p. 130) that fc1x2 + i2?/2 + fc3z2 + Z;1A:2fc3=01 is the locus of lines common to three 

linear complexes of the first degree. The axes of the three complexes are directed along the 

co-ordinate axes, and the parameters of the complexes are klt k„, k3; the same author has also 

proved that the parameter of any complex belonging to the “dreigliedrige Gruppe” is propor­

tional to the inverse square of the parallel diameter of the hyperboloid.
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Let r be the intercept on a generator of the cone

(pa -k)x2 + (pß - k) f - lc) z* = 0;

by the pitch quadric

P°& + Pfrf + PA? + PaPßPy = 0 ;

Je _ _PAP&Py. 
ri ’

but k is the pitch of the screw of S, which is parallel to the line r.

Nine constants (§75) are required for the determination of a screw 

system of the third order. This is the same number as that required for 

the specification of a quadric surface. We hence infer, what is indeed 

otherwise manifest, viz., that when the pitch quadric is known the entire 

screw system of the third order is determined.

Another interesting property of the pitch quadric is thus enunciated. 

Any three co-reciprocal screws of a given screw system of the third order 

are parallel to a triad of conjugate diameters of its pitch quadric.

Take any three co-reciprocal screws of the system as screws of reference, 

and let plt p.,, p3 be their pitches. If then the co-ordinates of any screw p 

belonging to the system be denoted by P1, p2, p3, we shall have for the pitch 

of p (§ 95)

1

Ps = PA7 + pp7 + p-.pl

If a parallelepiped be constructed, of which the three lines parallel to 

the reciprocal screws, drawn through the centre of the pitch quadric, are 

conterminous edges, and of which the line parallel to p is the diagonal, and 

if x, y, z be the lengths of the edges, and r the length of the diagonal, then 

we have (§ 35)

x y z
r = Pi’ r = P?> ~ = Pi­

ll follows that pp must be proportional to the inverse square of the 

parallel diameter of the quadric surface

pX ApAf+pA? = H.

But p? must be proportional to the inverse square of the parallel diameter 

of the pitch quadric, and hence the equation last written must actually be 

the equation of the pitch quadric, when H is properly chosen. But the 

equation is obviously referred to three conjugate diameters, and hence three 

conjugate diameters of the pitch quadric are parallel to three co-reciprocal 

screws of the screw system.

B. 12
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W e see from this that the sum of the reciprocals of the pitches of three 

co-reciprocal screws is constant. This theorem will be subsequently 

generalised.

177. Locus of the feet of perpendiculars on the generators*.

If p be the pitch of the screw of the three-system which makes angles 

a, ß, y with the three principal screws, it is then easy to show that, the 

equation of the screw  is

(/ > —  «) cos a + z cos ß — y cos 7 = 0,

— z cos a +  (p —  b) cos ß + x cos y  =  0,

+ y cos a — æ cos ß + lp - c) cos 7  =  0.

If perpendiculars be let fall from the origin on the several screws of the 

system, then if x, y, z be the foot of one of the perpendiculars

x cos a + y cos ß 4- z cos 7  =  0.

Eliminating cos a, cos ß, cos 7 from this equation and the two last of those 

above, we have

æ y

-z p-b

+y -x

=  o,

o r  (P-^)(p- c )®  +  ®(«2 +  2/2 +  ^) +  ^(&-c ) =  O;

from this and the two similar equations we have, by elimination of p2 and  p 

and denoting 4- y* + z2 by r2,

x, (b + c) x, bcx + (b — c)yz + xr2 

y, (c + a) y, cay +  (c —  a) zx + yr2 

z, (a +  6) z, abz + (a-b)xy + zr2

=  0;

multiplying the first column by r2 and subtracting it from the last, we have

a?, (b + c) x, 

y, (c + a)y, 

\ z, (a + b) z, 

which may be written

(a - b)2 x2y2 + (b -  c)2 y2z2 +  (c

bcx + (b — c) yz 

cay + (c — a) zx 

abz +  (a - b) xy

= 0,

'-:t' ' 1 -

- a)2 z2x2 = (a — b)(b — c)(c — a) xyz.

This Article is due to Professor C. Joly, ‘ On the theory of linear vector functions,’ Transac- 

twns of the Royal Irish Academy, Vol. xxx. pp. 601 and 617 (1895), where a profound discussion  

of Steiner s surface is given. See also by the same author ‘Bishop Law ’s M athematical Prize 

Examination,’ Dublin University Examination Papers, 1898.
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This equation denotes a form of Steiner’s surface :

where

a —

2x

b — c

+ -2,J- + 

c — a

2z 

a — b
+ 1,

2x

b — c c — a

2z 

a — b
+ 1,

7 =
2x 

b — c

+ _ty_ _ 

c — a

2z 

a — b
+ 1,

3 =
2x 

b — c c — a

_2z_ 

a — b
+ 1.

From the form of its equation it appears that this surface has three 

double lines which meet in a point, viz. the three axes OX, OY, OZ. This 

being so any plane will cut the surface in a quartic curve with three double 

points, being those in which the plane cuts the axes. If the plane touch the 

surface, the point of contact is an additional double point on the section, that 

is, the section will be a quartic curve with four double points, i.e. a pair of 

conics. The projections of the origin on the generators of any cylindroid 

belonging to the system lie on a plane ellipse (§ 23). This ellipse must lie 

on the Steiner quartic. Hence the plane of the ellipse must cut the quartic 

in two conics and must be a tangent plane. See note on p, 182.

178. Screws of the Three-System parallel to a Plane.

Up to the present we have been analysing the screw system by classifying 

the screws into groups of constant pitch. Some interesting features will be 

presented by adopting a new method of classification. We shall now divide 

the general system into groups of screws which are parallel to the same 

plane.

We shall first prove that each of these groups is in general a cylindroid. 

For suppose a screw of infinite pitch normal to the plane, then all the screws 

of the group parallel to the plane are reciprocal to this screw of infinite 

pitch. But they are also reciprocal to any three screws of the original 

reciprocal system; they, therefore, form a screw system of the second order 

(§ 72)—that is, they constitute a cylindroid.

We shall prove this in another manner.

A quadric containing a line must touch every plane passing through the 

line. The number of screws of the system which can lie in a given plane 

is, therefore, equal to the number of the quadrics of the system which can 

be drawn to touch that plane.
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The quadric surface whose equation is

(P* — k)xä + (pß - k) y2 + {py - k) z2 + (pa - k) (pß - Æ) (py - k) = 0, 

touches the plane Px + Qy + Rz + 8 = 0, when the following condition is 
satisfied:

?3(Pß - {Py - *) + Q^Pa - k) (py - k) + R\pa-k)(pt-k) + S2 = 0; 

whence it follows that two values of k can be found, or that two quadrics 

can be made to touch the plane, and that, therefore, two screws of the 

system, and, of course, two reciprocal screws, lie in the plane.

From this it follows that all the screws of the system parallel to a plane 

must in general lie upon a cylindroid. For, take any two screws parallel to the 

plane, and draw a cylindroid through these screws. Now, this cylindroid will 

be cut by any plane parallel to the given plane in two screws, which must 

belong to the system; but this plane cannot contain any other screws; 

therefore, all the screws parallel to a given plane must lie upon the same 

cylindroid.

179. Determination of a Cylindroid.

We now propose to solve the following problem:—Given a plane, deter­

mine the cylindroid which contains all the screws, selected from a screw 

system of the third order, which are parallel to that plane.

Draw through 0 the centre of the pitch quadric a plane A parallel to 

the given plane. We shall first show that the centre of the cylindroid 

required lies in A (§ 174).

Let Tlt T2 (Fig. 37) be two points in which the two quadrics of constant 

pitch touch the plane of the paper, which may be regarded as any plane 

parallel to A ; then P is the intersection of the pair of screws belonging 

to the system PTlt P'l\, which lie in that plane, and P' is the intersection 

of the pair of reciprocal screws P’RS, P'R., belonging to the reciprocal
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system. Since P'RX is to be reciprocal to Pl\, it is essential that Rt be 

a right angle; similarly R., is a right angle. The reciprocal cylindroid, whose 

axis passes through P', will be identical with the cylindroid belonging 

to the system whose axis passes through P; but the two will be differently 

posited. If the angle at P be a right angle, the points rJ\ and T2 are at 

infinity; therefore, the plane touches the quadrics at infinity; it must, 

therefore, touch the asymptotic cone, and must, therefore, pass through the 

centre of the pitch quadric 0; but P is the centre of the cylindroid in this 

case, and, therefore, the centre of the cylindroid must lie in the plane A.

The position of the centre of the cylindroid in the plane A is to be

found by the following construction :—Draw through 

the centre 0 a diameter of the pitch quadric 

conjugate to the plane A. Let this line intersect 

the pitch quadric in the points Plt P2, and let S, 

S' (Fig. 38) be the feet of the perpendiculars let 

fall from Plt P2 upon the plane A. Draw the 

asymptotes OL, OM to the section of the pitch 

quadric, made by the plane A. Through S and S' 

draw lines in the plane A, ST, ST', S'T, S'T’, 

parallel to the asymptotes, then T' and T are the 

centres of the two required cylindroids which belong 

to the two reciprocal screw systems.

Fig. 38.
This construction is thus demonstrated :—

The tangent planes at P2, P2 each intersect the surface in lines parallel 

to OL, OM. Let us call these lines P2L2, P2M2 through the point Plt and 

P2L2, P2M2 through the point P2. Then P^, P2M2 are screws belonging 

to the system, and P1M1, P2L2 are reciprocal screws.

Since OL is a tangent to the pitch quadric, it must pass through the 

intersection of two rectilinear generators, which both lie in a plane which 

contains OL; but since OL touches the pitch quadric at infinity, the 

two generators in question must be parallel to OL, and therefore their 

projections on the plane of A must be S'T, ST'. Similarly for ST, 

S'T'; hence ST' and S'T' are the projections of two screws belonging to 

the system, and therefore the centre of the cylindroid is at T'. In a similar 

way it is proved that the centre of the reciprocal cylindroid is at T.

Having thus determined the centre of the cylindroid, the remainder of 

the construction is easy. The pitches of two screws on the surface must be 

proportional to the inverse square of the parallel diameters of the section 

of the pitch quadric made by A. Therefore, the greatest and least pitches 

will be on screws parallel to the principal axes of the section. Hence, lines
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drawn through T' parallel to the external and internal bisectors of the angle 

between the asymptotes are the two rectangular screws of the cylindroid. 

Thus the problem of finding the cylindroid is completely solved.

It is easily seen that each cylindroid touches each of the quadrics in two 

points.

We may also note that a screw of the system perpendicular to the plane 

passes through T. Thus given any cylindroid of the system the position of 

the screw of the system parallel to the axis of the cylindroid is determined*.

180. Miscellaneous Remarks.

We are now in a position to determine the actual situation of a screw 

0 belonging to a screw system of the third order of which the direction is 

given. The construction is as follows:—Draw through 0 the centre of the 

pitch quadric a radius vector OR parallel to the given direction of 0, and 

cutting the pitch quadric in R. Draw a tangent plane to the pitch quadric 

in R. Then the plane A through OR, of which the intersection with the 

tangent plane is perpendicular to OR, is the plane which contains 0. For 

the section in which A cuts the pitch quadric has for a tangent at R a 

line perpendicular to OR; hence the line OR is a principal axis of the 

section, and hence (§179) one of the two screws of the system in the plane 

A must be parallel to OR. It remains to find the actual situation of 0 in 

the plane A.

Since the direction of 0 is known, its pitch is determinate, because it 

is inversely proportional to the square of OR. Hence the quadric can be 

constructed, which is the locus of all the screws which have the same pitch 

as 0. This quadric must be intersected by the plane A in two parallel

* In a letter (10 April 1899) Professor C. Joly writes as follows:—Any plane through the 

origin contains one pair of screws A and B belonging to the system intersecting at right angles 

and another pair A’ and B' belonging to the reciprocal system. The group A, B, A', B' form 

a rectangle of which the origin 0 is the centre. The feet of the perpendiculars from 0 on A and 

on B and the point of intersection of A' and B' will lie on the Steiner’s quartic

(b - c)2y2z2 + (e - a)2z2x2+(a - b)2x2y2= +(b - c) (c-a) (a-b)xyz.

The point of intersection of A and B and the feet of the perpendiculars on A' and B' will lie on 
the new Steiner’s quartic

(ft - c)2 y2z2 + (e - a)2 z2x2 + (a - 6)2 x2y2= - (b - c) (c - a) (a - b) xyz.

The locus of the feet of the perpendiculars on the screws of a three-system from any arbitrary 

origin whatever is still a Steiner’s quartic, but its three double lines are no longer mutually rect­

angular. They are coincident with the three screws of the reciprocal three-system which passed 

through the origin. This quartic is likewise the locus of the intersection of the pairs of screws 

of the reciprocal system which are coplanar with the origin. There is a second Steiner’s quartic 

whose double lines coincide with the three screws of the given system which pass through the 

origin and which is the locus of intersection of those pairs of screws of the given system which 

lie in planes through the origin. It is also the locus of the feet of perpendiculars on the screws 
of the reciprocal system.
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lines. Oue of these lines is the required residence of the screw 6, while 

the other line, with a pitch equal in magnitude to that of d, but opposite 

in sign, belonging, as it does, to one of the other system of generators, is a 

screw reciprocal to the system.

The family of quadric surfaces of constant pitch have the same planes 

of circular section, and therefore every plane through the centre cuts the 

quadrics in a system of conics having the same directions of axes.

The cylindroid which contains all the screws of the screw system parallel 

to one of the planes of circular section must be composed of screws of equal 

pitch. A cylindroid in this case reduces to a plane pencil of rays passing 

through a point. We thus have two points situated upon a principal axis 

of the pitch quadric, through each of which a plane pencil of screws can be 

drawn, which belong to the screw system. All the screws passing through 

either of these points have equal pitch. The pitches of the two pencils are 

equal in magnitude, but opposite in sign. The magnitude is that of the 

pitch of the screw situated on the principal axis of the pitch quadric*.

181. Virtual Coefficients.

Let p be a screw of the screw system which makes angles whose cosines 

are f, g, h, with the three screws of reference a, ß, y upon the axes of the 

pitch quadric. Then, reference being made to any six co-reciprocals, we 

have for the co-ordinates of p,

Pi =/«i + ffßi + %>

&c., &c.,

pe =fa6 + gßs + hye.

Let g be any given screw. The virtual coefficient of p and g is

+ g^ßi +

Draw from the centre of the pitch quadric a radius vector r parallel to p, 

and equal to the virtual coefficient just written; then the locus of the 

extremity of r is the sphere

+ y"“ + & =

The tangent plane to the sphere obtained by equating the right-hand 

side of this equation to zero is the principal piano of that cylindroid which 

contains all the screws of the screw system which are reciprocal to g.

* If a, b, c be the three semiaxes of the pitch quadric, and + d the distances from the centre, 

on a, of the two points in question, it appears from § 179 that d2d‘i=(a2 - b2) (a2 - c2), which shows 

that d is the fourth proportional to the primary semiaxis of the surface, and to those of its focal 

ellipse and hyperbola.
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182. Four Screws of the Screw System.

Take any four screws a, ß, y, 8 of the screw system of the third order. 

Then we shall prove that the cylindroid (a, ß) must have a screw in common 

with the cylindroid (7, 3). For twists of appropriate amplitudes about a, 

ß, y, 8 must neutralise, and hence the twists about a, ß must be counter­

acted by those about y, 8; but this cannot be the case unless there is 

some screw common to the cylindroids (a, /?) and (7, 8).

This theorem provides a convenient test as to whether four screws 

belong to a screw system of the third order.

183. Geometrical notes.

The following theorem may be noted:

Any ray y which crosses at right angles two screws a, ß of a three-system 

is the seat of a screw reciprocal to the system.

For, draw the cylindroid a, ß, then of course y. whatever be its pitch, 

is reciprocal to all the screws on this cylindroid. Through any point P on 

y there are two screws of the system which lie on the cylindroid, and there 

must be a third screw y of the system through P, which, certainly, does 

not lie on the cylindroid. If, therefore, we give y a pitch — py, it must be 

reciprocal to the three-system.

In general, one screw of a three-system can be found which intersects 

at right angles any screw whatever y.

For y must, of course, cut each of the quadrics containing the screws 

of equal pitch in two points. Take, for example, the quadric with screws 

of pitch p. There are, therefore, two screws, a and ß of pitch p belonging 

to the system, which intersect y. The cylindroid a, ß must belong to the 

system, and from the known property of the cylindroid the ray y, which 

crosses the two equal pitch screws (§ 22), must cross at right angles some 

third screw y on this cylindroid; but this belongs to the three-system, and 

therefore the theorem has been proved.

184. Cartesian Equation of the Three-System.

If we are given the co-ordinates of any three screws of a three-system 

with reference to six canonical co-reciprocals, we can calculate in the 

following manner the equation to the family of pitch quadrics of which the 

three-system is constituted.

Let the three given screws be a, ß, y, with co-ordinates respectively
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a1; ...a6; ßx, ... ße', 71,... y6. Then if X, /a, v be three variable parameters, 
the co-ordinates of the other screws of the three-system will be

Xai + ^i + rVi, Xa.> + /z/3., + vy2, ••• Xa8 + pß6 + vy6.

We shall denote the pitch of this screw by p, and from § 43 we have for the 
equations of this screw with reference to the associated Cartesian axes:

o = + (X«5 + pßs + vy5 + Xa„ + pß6 + vye) y

— (Xa3 + pß3 + vy3 + Xa4 + pßt + vyA) z

— (Xaj + /x/3j + vy, — Xa2 — pß., — i*y2) a

— (X«i + pßi + vy-i + ÅÆ + pß3 + vyp p, 

with two similar equations.

From these we eliminate X, p, v and the determinant thus arising admits 
of an important reduction.

To effect this we multiply it by the determinant

«1 + a2, «3 + a4, a6 + a6 I.

ßl + ß-2> ßs + ßi> ßs + ßs

| 7i + y2 > ys + 74, 75 + 70

For brevity we introduce the following notation:

P - ® [(Ä + A) (?3 + 74) - (Ä + ßß (?6 + 7e)]

+ y [(Ä + A) (75 + 7s) - {ß-> + &) (yj + v»)]

+ 2 [(A + Ä) (?i + 7a) — {ßl + /3a) (73 + 7a)] > 

with similar values for Q and R by cyclical interchange.

We also make

= a (a, + a2) {ß2 -ß.2) + b (a3 + a4) {ß3 - ßt) + c (a, + a6) (ßs - ß6), 

Lßa = a{ßi + ß.2) (ax - a.,) + b(ß3 + ßß (a3 - a4) + c {ß5 + ß,) (a6 - a6), 

with similar values for Lay, Lya, Lßy, Lyß by cyclical interchange.

The equation to the family of pitch quadrics is then easily seen to be 

0 = 1 Pa~p , -P +Laß-pcos{aß), + Q + Lay—peos{ay) .

+ R + Lßa-p cos (aß), Pß-P , -P + Lßy-pcoa(ßy)

\ - Q +Lya-pcos(ay), + P 4- Lyß - p COS {ßy), Py~P

If the three given screws a, ß, y had been co-reciprocal, then as 

Laß + Lßa = 2m aß = 0,

it follows that Laß and Lßa only differ in sign, so that if

P' = P + Lyß-, Q’^Q + Lay- R’ = R + Lßa,
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the equation becomes

0 = P«.—p , — R — p cos (a/3), + Q' —p cos (ay)

R' - p cos {aß), Pfi-p , - P’ - p cos {ßy)

- Q'-pcos{ay), +P'-p cos{ßy), Py — P

By expanding this as a cubic for p we see that the coefficient of p2 
divided by that of p3 with its sign changed is

ffqsin2(/3y) +pß sin2 (ya) +py sin2 (aß)

4 sinI[(ßy) + (ya) + (aß)] sin j [(/3-y) + (ya) - (aß)]sin|[(/3y) - (ya) + (aß)]sin j[ - (ßy) + (ya) + (aß)] '

This is accordingly the constant sum of the three pitches of the screws of 
the system which can be drawn through any point.

185. Equilibrium of Four Forces applied to a Rigid Body.

If the body be free, the four forces must be four wrenches on screws of 
zero pitch which are members of a screw system of the third order. The 

forces must therefore be generators of a hyperboloid, all belonging to the 
same system (§ 132).

Three of the forces, P, Q, R, being given in position, £ must then be a 
generator of the hyperboloid determined by P, Q, R. This proof of a 

well-known theorem (due to Möbius) is given to show the facility with 
which such results flow from the Theory of Screws.

Suppose, however, that the body have only freedom of the fifth order, 
we shall find that somewhat more latitude exists with reference to the 
choice of »S'. Let X be the screw reciprocal to the screw system by which 

the freedom is defined. Then for equilibrium it will only be necessary that 
$ belong to the system of the fourth order defined by the four screws

P, Q, R, X.

A cone of screws can be drawn through every point in space belonging 
to this system, and on that cone one screw of zero pitch can always be 

found (§ 123). Hence one line can be drawn through every point in space 
along which S might act.

If the body have freedom of the fourth order, the latitude in the choice 

of S is still greater. Let X., be two screws reciprocal to the system, 
then 6' is only restrained by the condition that it belong to the screw system 
of the fifth order defined by the screws
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Any line in space when it receives the proper pitch is a screw of this 

system. Through any point in space a plane can be drawn such that every 

line in the plane passing through the point with zero pitch is a screw of the 

system (§ 110).

Finally, if the body has only freedom of the third order, the four equi­

librating forces P, Q, R, 8 may be situated anywhere.

The positions of the forces being given, their magnitudes are determined; 

for draw three screws Xlt Xs, X3 reciprocal to the system, and find (§ 28) the 

intensities of the seven equilibrating wrenches on

P, Q, R, 8, Xlt X3, X3.

The last three are neutralised by the reactions of the constraints, and 

the four former must therefore equilibrate.

Given any four screws in space, it is possible for four wrenches of proper 

intensities on these screws to hold a body having freedom of the third order 

in equilibrium. For, take the four given screws, and three reciprocal screws. 

Wrenches of proper intensities on these seven screws will equilibrate; but 

those on the reciprocal screws are destroyed by the reactions, and, therefore, 

the four wrenches on the four screws equilibrate. It is manifest that this 

theorem may be generalised into the following:—If a body have freedom of 

the &th order, then properly selected wrenches about any Æ + 1 screws (not 

reciprocal to the screw system) will hold the body in equilibrium.

That a rigid body with freedom of the third order may be in equilibrium 

under the action of gravity, we have the necessary and sufficient condition, 

which is thus stated :—

The vertical through the centre of inertia must be one of the reciprocal 

system of generators on the pitch quadric.

We see that the centre of inertia must, therefore, lie upon a screw of 

zero pitch which belongs to the screw system; whence we have the following 

theorem:—The restraints which are necessary for the equilibrium of a body 

which has freedom of the third order under the action of gravity, would 

permit rotation of the body round one definite line through the centre of 

inertia.

186. The Ellipsoid of Inertia.

The momental ellipsoid, which is of such significance in the theory of 

the rotation of a rigid body about a fixed point, is presented in the Theory 

of Screws as a particular case of another ellipsoid, called the ellipsoid of 

inertia, which is of great importance in connexion with the general screw 

system of the third order.
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If we take three conjugate screws of inertia from the screw system as 

screws of reference, then we have seen (§ 97) that, if 0lt 02, 0S, be the co­

ordinates of a screw 0, we have

= uf0^ + u.?0.f + u202,

where ult u2, us are the values of ue with reference to the three conjugate 

screws of inertia.

Draw from any point lines parallel to 0, and to the three conj ugate screws 

of inertia. If then a parallelepiped be constructed of which the diagonal is 

the line parallel to 0, and of which the three lines parallel to the conjugate 

screws are conterminous edges, and if r be the length of the diagonal, and 

x, y, z the lengths of the edges, then we have

We see, therefore, that the parameter w appropriate to any screw 0 is 

inversely proportional to the parallel diameter of the ellipsoid

u?a? + u.?y- + ujz2 = H,

where II is a certain constant.

Hence we have the following theorem:—The kinetic energy of a rigid 

body, ruhen twisting with a given twist velocity about any screw of a system 

of the third order, is proportional to the inverse square of the parallel 

diameter of a certain ellipsoid, which may be called the ellipsoid of inertia; 

and a set of three conjugate diameters of the ellipsoid are parallel to a set 

of three conjugate screws of inertia which belong to the screw system.

We might also enunciate the property in the following manner:—Any 

diameter of the ellipsoid of inertia is proportional to the twist velocity with 

which the body should twist about the parallel screw of the screw system, so 

that its kinetic energy shall be constant.

187. The Principal Screws of Inertia.

It will simplify matters to consider that the ellipsoid of inertia is con­

centric with the pitch quadric. It will then be possible to find a triad of 

common conjugate diameters to the two ellipsoids. We can then determine 

three screws of the system parallel to these diameters (§ 180), and these 

three screws will be co-reciprocal, and also conjugate screws of inertia. 

They will, therefore, (§87), form what we have termed the principal screws 

of inertia. When the screw system reduces to a pencil of screws of zero 

pitch passing through a point, then the principal screws of inertia reduce 

to the well-known principal axes.
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188. Lemma.

If from a screw system of the ?ith order we select n screws Alt , A„, 

which are conjugate screws of inertia (§ 87), and if be any screw which 

is reciprocal to A2,...,An, then an impulsive wrench on will cause the 

body, when only free to twist about the screws of the system, to commence 

to twist about A2. Let B, be the screw which, if the body were perfectly 

free, would be the impulsive screw corresponding to as the instantaneous 

screw. must be reciprocal to A2,...,An (§ 81). Take also 6 — n screws 

of the reciprocal system Br,...,B6_n. Then the 8 — n screws Rlt Slt B^,..., 

B6_n must be reciprocal to the n— 1 screws A2, ...,An, and therefore the 

8 — n screws must belong to a screw system of the (7 — n)th order. Hence 

an impulsive wrench upon the screw can be resolved into components on 

Rlt Bt,... ,A-w Of these all but the first are neutralised by the reactions 

of the constraints, and by hypothesis the effect of an impulsive wrench 

upon j Rj is to make the body commence to twist about and therefore 

an impulsive wrench on would make the body twist about A2.

189. Relation between the Impulsive Screw and the Instan­

taneous Screw.

A quiescent rigid body which possesses freedom of the third order is 

acted upon by an impulsive wrench about a given screw It is required 

to determine the instantaneous screw 0, about which the body will commence 

to twist.

The screws which belong to the system, and are at the same time reci­

procal to y, must all lie upon a cylindroid, as they each fulfil the condition 

of being reciprocal to four screws. All the screws on the cylindroid are 

parallel to a certain plane drawn through the centre of the pitch quadric, 

which may be termed the reciprocal plane with respect to the screw y. The 

reciprocal plane having been found, the diameter conjugate to this plane 

in the ellipsoid of inertia is parallel to the required screw 0.

For let p and v denote two screws of the system parallel to a pair of 

conjugate diameters of the ellipsoid of inertia in the reciprocal plane. Then 

0, p,, v are a triad of conjugate screws of inertia; but y is reciprocal to y 

and v, and, therefore, by the lemma of the last article, an impulsive wrench 

upon y will make the body commence to twist about 6.

190. Kinetic Energy acquired by an Impulse.

We shall now consider the following problem:—A quiescent rigid body 

of mass M receives an impulsive wrench of intensity y" on a screw y. We 

have now to determine the locus of a screw 0 belonging to a screw system 

of the third order, such that, if the body be constrained to twist about 0, it
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shall acquire a given kinetic energy E, in consequence of the impulsive 

wrench.

We have from § 91 the equation

F 1 .2

M uj

We can assign a geometrical interpretation to this equation, which will 

lead to some interesting results.

Through the centre 0 of the pitch quadric the plane A reciprocal to y 

is to be drawn. A sphere (§ 181) is to be described touching the plane A 

at the origin 0, the diameter of the sphere being so chosen that the intercept 

OP made by the sphere on a radius vector parallel to any screw 0 is equal 

to (§ 181). The quantity ue is inversely proportional to the radius vector 

OQ of the ellipsoid of inertia, which is parallel to 0 (§ 186). Hence for all 

the screws of the screw system which acquire a given kinetic energy in 

consequence of a given impulse, we must have the product OP. OQ constant.

From a well-known property of the sphere, it follows that all the points 

Q must lie upon a plane A', parallel to A. This plane cuts the ellipsoid of 

inertia in an ellipse, and all the screws required must be parallel to the 

generators of the cone of the second degree, formed by joining the points 

of this ellipse to the origin, 0.

Since we have already shown how, when the direction of a screw belonging 

to a screw system of the third order is given, the actual situation of that 

screw is determined (§ 180), we are now enabled to ascertain all the screws 

0 on which the body acted upon by a given impulse would acquire a given 

kinetic energy.

The distance between the planes A and A' is proportional to OP. OQ, 

and therefore to the square root of E. Hence, when the impulse is given, 

the kinetic energy acquired on a screw determined by this construction is 

greatest when A and A' are as remote as possible. For this to happen, it 

is obvious that A will just touch the ellipsoid of inertia. The group of 

screws will, therefore, degenerate to the single screw parallel to the diameter 

of the ellipsoid of inertia conjugate to A. But we have seen (§ 130) that 

the screw so determined is the screw which the body will naturally select 

if permitted to make a choice from all the screws of the system of the 

third order. We thus see again what Euler’s theoi-em (§ 94) would have 

also told us, viz., that when a quiescent rigid body which has freedom of the 

third order is set in motion by the action of a given impulsive wrench, the 

kinetic energy which the body acquires is greater than it would have been 

had the body been restricted to any other screw of the system than that 

one which it naturally chooses.
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191. Reaction of the Constraints.

An impulsive wrench on a screw y acts upon a body with freedom of 

the third order, and the body commences to move by twisting upon a screw 

0. It is required to find the screw X, a wrench on which constitutes the 

initial reaction of the constraints. Let </> denote the impulsive screw which, 

if the body were free, would correspond to 0 as the instantaneous screw. 

Then X must lie upon the cylindroid (<£, ??), and may be determined by 

choosing on (</>, y) a screw reciprocal to any screw of the given screw 

system.

192. Impulsive Screw is Indeterminate.

Being given the instantaneous screw 6 in a system of the third order, 

the corresponding impulsive screw is indeterminate, because the impulsive 

wrench may be compounded with any reactions of the constraints. In fact 

y may be any screw selected from a screw system of the fourth order, which 

is thus found. Draw the diametral plane conjugate to a line parallel to 0 

in the ellipsoid of inertia, and construct the cylindroid which consists of 

screws belonging to the screw system parallel to this diametral plane. 

Then any screw which is reciprocal to this cylindroid will be an impulsive 

screw corresponding to 6 as an instantaneous screw.

Thus we see that through any point in space a whole cone of screws can 

be drawn, an impulsive wrench on any one of which would make the body 

commence to twist about the same screw.

One impulsive couple can always be found which would make the body 

commence to twist about any given screw of the screw system. For a 

couple in a plane perpendicular to the nodal line of a cylindroid may be 

regarded as a wrench upon a screw reciprocal to the cylindroid; and hence 

a couple in a diametral plane of the ellipsoid of inertia, conjugate to the 

diameter parallel to the screw 0, will make the body commence to twist 

about the screw 0.

It is somewhat remarkable that a force directed along the nodal line of 

the cylindroid must make the body commence to twist about precisely the 

same screw as the couple in a plane perpendicular to the nodal line.

If a cylindroid be drawn through two of the principal screws of inertia, 

then an impulsive wrench on any screw of this cylindroid will make the 

body commence to twist about a screw on the same cylindroid. For the 

impulsive wrench may be resolved into wrenches on the two principal 

screws. Each of these will produce a twisting motion about the same 

screw, which will, of course, compound into a twisting motion about a screw, 

on the same cylindroid.
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193. Quadric of the Potential.

A body which has freedom of the third order is in equilibrium under 

the influence of a conservative system of forces. The body receives a twist 

of small amplitude 3 about a screw 3 of the screw system. It is required 

to determine a geometrical representation for the quantity of work which 

has been done in effecting the displacement. We have seen that to each 

screw 3 corresponds a certain linear parameter vg (§ 102), and that the work 
done is represented by

Fvg3'-.

We have also seen that the quantity vg may.be represented by 

v^ + v^+v.^-

where 3lt 32, 0S are the co-ordinates of the screw 3 referred to three conjugate 

screws of the potential, and v2, v3, denote the values of ve for each of the 

three screws of reference (§ 102).

Di awing through the centre of the pitch quadric three axes parallel to 

the three screws of reference, we can then construct the quadric of which 

the equation is

if a? + vff + v 32z 2 = H, 

which proves the following theorem :—

The work done in giving the body a twist of given amplitude from a 

position of equilibrium about any screw of a system of the third order, is 

proportional to the inverse square of the parallel diameter of a certain 

quadric which we may call the quadric of the potential, and three conjugate 

diameters of this quadric are parallel to three conjugate screws of the 

potential in the screw system.

194. The Principal Screws of the Potential.

The three common conjugate diameters of the pitch hyperboloid, and 

the quadric of the potential, are parallel to three screws of the system 

which we call the principal screws of the potential. If the body be 

displaced by a twist about a principal screw of the potential from a 

position of stable equilibrium, then the reduced wrench which is evoked 

is upon the same screw.

The three principal screws of the potential must not be confounded with 

the three screws of the system which are parallel to the principal axes of 

the ellipsoid of the potential. The latter are the screws on which a twist 

of given amplitude requires a maximum or minimum consumption of 

energy, and they are rectangular, which, of course, is not in general the 

case with the principal screws of the potential.
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195. Wrench evoked by Displacement.

By the aid of the quadric of the potential we shall be able to solve 

the problem of the determination of the screw on which a wrench is evoked 

by a twist about a screw 0 from a position of stable equilibrium. The 

construction which will now be given will enable us to determine the screw 

of the system on which the reduced wrench acts.

Draw through the centre of the pitch quadric a line parallel to 0. Con­

struct the diametral plane A of the quadric of the potential conjugate to 

this line, and let X, fj. be any two screws of the system parallel to a pair of 

conjugate diameters of the quadric of the potential which lie in the plane 

A. Then the required screw </> is parallel to that diameter of the pitch 

quadric which is conjugate to the plane A.

For (fi will then be reciprocal to both X and /z.; and as X, /z, 0 are 

conjugate screws of the potential, it follows that a twist about 0 must evoke 

a reduced wrench on <f>.

196. Harmonic Screws.

When a rigid body has freedom of the third order, it must have (§ 106) 

three harmonic screws, or screws which are conjugate screws of inertia, as 

well as conjugate screws of the potential. We are now enabled to construct 

these screws with facility, for they must be those screws of the screw system 

which are parallel to the triad of conjugate diameters common to the ellipsoid 

of inertia, and the quadric of the potential.

We have thus a complete geometrical conception of the small oscillations 

of a rigid body which has freedom of the third order. If the body be once 

set twisting about one of the harmonic screws, it will continue to twist 

thereon for ever, and in general its motion will be compounded of twisting 

motions upon the three harmonic screws.

If the displacement of the body from its position of equilibrium has 

been effected by a small twist about a screw on the cylindroid which contains 

two of the harmonic screws, then the twist can be decomposed into com­

ponents on the harmonic screws, and the instantaneous screw about which 

the body is twisting at any epoch will oscillate backwards and forwards 

upon the cylindroid, from which it will never depart.

If the periods of the twist oscillations on two of the harmonic screws 

coincided, then every screw on the cylindroid which contains those harmonic 

screws would also be a harmonic screw.

If the periods of the three harmonic screws were equal, then every screw 

of the system would be a harmonic screw.

B. 13
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197. Oscillations of a Rigid Body about a Fixed Point*.

We shall conclude the present Chapter by applying the principles which 

it contains to the development of a geometrical solution of the following 

important problem:—

A rigid body, free to rotate in every direction around a fixed point, is 

in stable equilibrium under the influence of gravity. The body is slightly 

disturbed: it is required to determine its small oscillations.

Since three co-ordinates are required to specify the position of a body 

when rotating about a point, it follows that the body has freedom of the 

thud Older. Pho scrow system, however, assumes a very extreme type, 

for the pitch quadric has become illusory, and the screw system reduces to 

a pencil of screws of zero pitch radiating in all directions from the fixed 
point.

The quantity ue appropriate to a screw 9 reduces to the radius of 

gyration when the pitch of the screw is zero; hence the ellipsoid of inertia 

reduces in the present case to the well-known momental ellipsoid.

The quadric of the potential (§ 193) assumes a remarkable form in the 

present case. The work done in giving the body a small twist is propor­

tional to the vertical distance through which the centre of inertia is 

elevated. In the position of equilibrium the centre of inertia is vertically 

beneath the point of suspension, it is therefore obvious from symmetry that 

the ellipsoid of the potential must be a surface of revolution about a vertical 

axis. It is further evident that the vertical radius vector of the cylinder 

must be infinite, because no work is done in rotating the body around a 
vertical axis.

Let 0 be the centre of suspension, and I the centre of inertia, and let 

OP be a radius vector of the quadric of the potential. Let fall IQ per­

pendicular on OP, and PT perpendicular upon 01. It is extremely easy 

to show that the vertical height through which I is raised is proportional 

to ZQ2x OF2; whence the area of the triangle OPT is constant, and there­

fore the locus of P must be a right circular cylinder of which 01 is the 
axis.

We have now to find the triad of conjugate diameters common to the 

momental ellipsoid, and the circular cylinder just described. A group of 

three conjugate diameters of the cylinder must consist of the vertical axis, 

and any two other lines through the origin, which are conjugate diameters 

of the ellipse in which their plane cuts the cylinder. It follows that the 

triad required will consist of the vertical axis, and of the pair of conjugate

* Trims, Roy. Irish Acad., Vol. xxiv. Science, p. 593 (1870).
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diameters common to the two ellipses in which the plane conjugate to the 

vertical axis in the momenta! ellipsoid cuts the momental ellipsoid and the 

cylinder. These three lines are the three harmonic axes.

As to that vertical axis which appears to be one of the harmonic 

axes, the time of vibration about it would be infinite. The three har­

monic screws which are usually found in the small oscillations of a body 

with freedom of the third order are therefore reduced in the present case 

to two, and we have the following theorem :—

A rigid body which is free to rotate about a fixed point is at rest under 

the action of gravity. If a plane S be drawn through the point of suspension 

0, conjugate to the vertical diameter 01 of the momental ellipsoid, then the 

common conjugate diameters of the two ellipses in which S cuts the momental 

ellipsoid, and a circular cylinder whose axis is 01, are the two harmonic axes. 

If the body be displaced by a small rotation about one of these axes, the 

body will continue for ever to oscillate to and fro upon this axis, just as if the 

body had been actually constrained to move about this axis.

To complete the solution for any initial circumstances of the rigid body, 

a few additional remarks are necessary.

Assuming the body in any given position of equilibrium, it is first to be 

displaced by a small rotation about an axis OX. Draw the plane containing 

01 and OX, and let it cut the plane S in the line OY. The small rotation 

around OX may be produced by a small rotation about 01, followed by a 

small rotation about OY. The effect of the small rotation about 01 is 

merely to alter the azimuth of the position, but not to disturb the equi­

librium. Had we chosen this altered position as that position of equilibrium 

from which we started, the initial displacement would be communicated by a 

rotation around OY. We may, therefore, without any sacrifice of generality, 

assume that the axis about which the initial displacement is imparted lies 

in the plane We shall now suppose the body to receive a small angular 

velocity about any other axis. This axis must be in the plane S, if small 

oscillations are to exist at all, for the initial angular velocity, if not capable 

of being resolved into components about the two harmonic axes, will have a 

component around the vertical axis 01. An initial rotation about 01 would 

give the body a continuous rotation around the vertical axis, which is not 

admissible when small oscillations only are considered.

If, therefore, the body performs small oscillations only, we may regard 

the initial axis of displacement as lying in the plane S, while we must have 

the initial instantaneous axis in that plane. The initial displacement may 

be resolved into two displacements, one on each of the harmonic axes, and 

13—2
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the initial angular velocity may also be resolved into two angular velocities 

on the two harmonic axes. The entire motion will, therefore, be found by 

compounding the vibrations about the two harmonic axes. Also the instan­

taneous axis will at every instant be found in the plane of the harmonic 

axes, and will oscillate to and fro in their plane.

Since conjugate diameters of an ellipse are always projected into con­

jugate diameters of the projected ellipse, it follows that the harmonic axes 

must project into two conjugate diameters of a circle on any horizontal 

plane. Hence we see that two vertical planes, each containing one of the 

harmonic axes, are at right angles to each other.

We have thus obtained a complete solution of the problem of the small 

oscillations of a body about a fixed point under the influence of gravity.



 
 

 

CHAPTER XV.

THE PLANE BEPKESENTATION OF FREEDOM OF THE THIRD ORDER*.

198. A Fundamental Consideration.

Let x, y, z denote the Cartesian co-ordinates of a point in the body 

referred to axes fixed in space. When the body moves into an adjacent 

position these co-ordinates become, respectively, x +8«, y + Sy, 2 + 82, and 

we have, by a well-known consequence of the rigidity of the body,

Sx = a + gz — hy,

Sy — b + hx —fz,

Sz = c + fy~ gx, 

where a, b, c, f g, h may be regarded as expressing the six generalized 

co-ordinates of the twist which the body has received.

If the body has only three degrees of freedom, its position must be 

capable of specification by three independent co-ordinates, which we shall 

call 0.2, 0s. The six quantities, a, b, c, f, g, h, must each be a function 

of 0lt 02, 03, so that when the latter are given the former are determined. 

As all the movements are infinitely small, it is evident that these equations 

must in general be linear, and of the type

ct — 4"

in which Alt A2) are constants depending on the character of the 

constraints. We should similarly have

b = BA + AA + AA,

and so on for all the others.

It is a well-known theorem that the new position of the body defined 

by 0lt 02, 03 may be obtained by a twist about a screw of which the axis 

is defined by the equations

a + gz - hy  b + hx -fz  c +/y - gx

~ ~7 g h

Trans. Hoy. Trish Acad., Vol. xxix. p. 247 (1888).
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The angle through which the body has been rotated is

(/2 + <72 + A2)i.

and the distance of translation is

af+ bg + ch 

(f2+g2 + W

while the pitch of the screw is

af+ bg + ch 

f2 + g'2 + h2 ’

Every distinct set of three quantities, (91; 0.,, 03, will correspond to a 

definite position of the rigid body, and to a group of such sets there will be 

a coiresponding group of positions. Let p denote a variable parameter, and 

let us consider the variations of the set,

p0i, p02, p03,

according as p varies. To each value of p a corresponding position of the 

rigid body is appropriate, and we thus have the change of p associated with 

a definite progress of the body through a series of positions. We can give 

geometrical precision to a description of this movement. The equations to 

the axis of the screw, as well as the expression of its pitch, only involve the 

ratios of a, b, c,f, g, h. We have also seen that these quantities are each 

linear and homogeneous functions of 0lt 0.3, 03. If, therefore, we substitute 

for 0lt 0.2> 03 the more general values

P0i> p02, p03,

the screw would remain unaltered, both in position and in pitch, though 

the angle of rotation and the distance of translation will each contain p 

as a factor.

Thus we demonstrate that the several positions denoted by the set p0lt 

p02, p03 are all occupied in succession as we twist the body continuously 

around one particular screw.

199. The Plane Representation.

All possible positions oi the body correspond to the triply infinite triad

0i, 02, 0S.

If, for the moment, we regard these three quantities as the co-ordinates 

of a point in space, then every point of space will be correlated to a position 

of the rigid body. We shall now sort out the triply infinite multitude of 

positions into a doubly infinite number of sets each containing a singly 

infinite number of positions.
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If we fix our glance upon the screws about which the body is free to 

twist, the principle of classification will be obvious. Take an arbitrary triad

ø„ et,

and then form the infinite group of triads

/A, p0„ p03

for every value of p from zero up to any finite magnitude: all these triads 

will correspond to the positions attainable by twisting about a single screw. 

We may therefore regard

03, 03

as the co-ordinates of a screw, it being understood that only the ratios of 

these quantities are significant.

We are already familiar with a set of three quantities of this nature 

in the well-known trilinear co-ordinates of a point in a plane. We thus 

see that the several screws about which a body with three degrees of 

freedom can be twisted correspond, severally, with the points of a plane. 

Each of the points in a plane corresponds to a perfectly distinct screw, 

about which it is possible for a body with three degrees of freedom to be 

twisted. Accordingly we have, as the result of the foregoing discussion, the 

statement that—

To each screw of a three-system corresponds one point in the plane.

To develope this correspondence is the object of the present Chapter.

200. The Cylindroid.

A twist of amplitude 6' on the screw 0 has for components on the three 

screws of reference
0'0i, 0'0„ Ø’Ø.p,

a twist of amplitude </>' on some other screw </> has the components

</>'</>!,

When these two twists are compounded they will unite into a single twist 

upon a screw of which the co-ordinates are proportional to

0'0i + </>'</>!, 0'02 + </>/</>2, 0'03 +

If the ratio of </>' to 0' be X, we see that the twists about 0 and </> unite into 

a twist about the screw whose co-ordinates are proportional to

o, + Xc/h, 03 + X<f>2, 03 + X(f>3.

By the principles of trilinear co-ordinates this point lies on the straight line 

joining the points 0 and </>. As the ratio X varies, the corresponding screw
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moves over the cylindroid and the corresponding point moves over the 
straight line. Hence we obtain the following important result:

The several screws on a cylindroid correspond to the points on a straight 
line.

Ill general two cylindroids have no screw in common. If, however, the two 

cylindroids be each composed of screws taken from the same three-system, 

then they will have one screw in common. This is demonstrated by the 

fact that the two straight lines corresponding to these cylindroids necessarily 

intersect in a point which corresponds to the screw common to the two 
surfaces.

Three twist velocities about three screws will neutralize and produce 

rest, provided that the three corresponding points lie in a straight line, and 

that the amount of each twist velocity is proportional to the sine of the 

angle between the two non-corresponding screws.

rhiec wrenches will equilibrate when the throe points corresponding to 

the screws are collinear, and when the intensity of each wrench is propor­

tional to the sine of the angle between the two non-corresponding screws.

201. The Screws of the Three-system.

In any three-system there are three principal screws at right angles to 

each other, and intersecting in a point (§ 173). It is natural to choose these 

as the screws of reference, and also as the axes for Cartesian co-ordinates. 

The pitches of these screws are pu p2, p3, and we shall, as usual, denote the 

screw co-ordinates by 3lt 32, 03. The displacement denoted by this triad of 

co-ordinates is obtained by rotating the body through angles 3lt 02, 33 around 

three axes, and then by translating it through distances p^, p..3.,, p3d3 parallel 

to these axes. As these quantities are all small, we have, for the displace­

ments produced in a point x, y, z,

Sx =p131+z3.2 - y 3.

^y = p-ß-1 + x3s-z31,

& = pA + y31 - x32;

these displacements correspond to a twist about a screw of which the axis 

has the equations

pA + z32-y33 = pA + «A- zA  p333 + y3, - x3„

3, 3.2 3S

while the pitch p is thus given :

,n _ PA + pA2 + p-A2
1 fff + ØJ + ØJ ■
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We have now to investigate the locus of the screws of given pitch, and as 

p is presumed to be a determinate quantity, we have

(pi-p) 0i + z 02 -y03 = O,

-z01+(p2- p) 02 + x03 = 0,

+ y01 - x02 + (p3-p) 03 = 0,

whence, by eliminating 0lt 02 , 03 we obtain, as the locus of the screws of 

pitch p, the quadric otherwise found in the previous chapter

(pi-p) & + (p3-p) y1 + (p3-p) z2 + (pi-p) (p3-p)(p3 ~p) = 0. 

According as p varies, this family of quadrics will exhibit all the screws of 

the three-system which possess a definite pitch.

202. Imaginary Screws.

To complete the inventory of the screws it is, however, necessary to 

add those of indefinite pitch, i.e. those whose co-ordinates satisfy both the 

equations

M2+M2+M2=°>

0* + e.? + e,3 ■= o.

There are four triads of co-ordinates which satisfy these conditions, and, 

remembering that only the ratios are concerned, the values of 0lt 02, 03 

may be written thus:

+ ( p-2 ~ p3)h, +(p3~Pi)i, + ( pi - P$,

-(Pt-Psft, +(ps-pi)i, +(pi~P2)i,

+ ( P2 - Ptfi, -(p3~pi)h, + (pi~ p2)'2,

+ (p2~p3)i, H-Cl’s-Pl)4, -(Pl-prf-

The equations of the axis written without p are

x (0/ + Øfi) - yØfi. - zØfi3 + (p2 - p3) 0203 = 0,

y (0/ + 0f) — z0..03 - x0.fi, + (p3-pi) 0-fii = 0,

z (0;2 + Øf) - x030, - y0302 + (pi- P2) 0i03 = 0,

of which two are independent.

If we substitute the values of 0,, 02, 03 for the first indeterminate screw, 

the thi-ee equations just written reduce to

® (Pi - prf +y(p3-Pi)i + 2(Pi~ -(P-2- P-^ ( P3 ~ P$ ( Pi ~ P^ = °-
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If we make

a = (p2-jp3)^; ß = {ps-p-^', y = {p1-p^, 

the equations of the four planes are expressed in the form

- ax + ßy + yz — aßy = 0,

- ax + ßy + yz- aßy - 0,

- ax — ßy + yz — aßy = 0,

- ax + ßy - yz — aßy = 0.

It is lemarkable thut the three equations of the axis for each of these screws 
here coalesce to a single one. The screw of indeterminate pitch is thus 
limited, not to a line, but to a plane. The same may be said of each of 
the other three screws of indeterminate pitch; they also are each limited 
to a plane found by giving variety of signs to the radicals in the equations 
just written. We have thus discovered that the complete locus of the 
screws of a three-system consists, not only of the family of quadrics, which 
contain the screws of real or imaginary, but definite pitch, but that it also 
contains a tetrahedron of four imaginary planes, each plane being the locus 
of one of the four screws of indefinite pitch.

203. Relation of the Four Planes to the Quadrics.

The planes have an interesting geometrical connexion with the family of 
quadrics, which we shall now develop. The first theorem to be proved is, 
that each of the quadrics touches each of the planes. This is geometrically 
obvious, inasmuch as each quadric contains all the screws of the system 
which have a given pitch p - but each of the planes contains a system of 
screws of every pitch, among which there must be one of pitch p. There 
will thus be a ray in the plane, which is also a generator of the hyper­
boloid—but this, of course, requires that the plane be a tangent to the 
hyperboloid.

It is easy to verify this by direct calculation.

Write the quadric,

Ü»-p) x1 + (p2-p) f + -p) + (?1 -p) - p) = o.

Ihe tangent plane to this, at the point x, y\ z, is

(Pi-p)xx + (p2 — p) yy + (ps — p) zz' + (p1 — p) (p., —/>)(p3 — p) = 0.

If we identify this with the equation

ax + ßy + yz — aßy = 0,
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we shall obtain
y (Pa — Z>) (j?3 — p) 

(p3-Pi)i(Pi-Pi)i’

, = _ (Pi-PHPi-P)
J (Pi-P-^^-p^’

2' = - (P1-P)(P2~P) 
{Pi-P^^-Pl)1'

and as these values satisfy the equation of the quadric, the theorem has been 

proved.

The family of quadric surfaces are therefore inscribed in a common tetra­
hedron, and they have four common points, as well as four common tangent 
planes. For, write the two cones

Æ2 + 2/2 + Ä2 = 0,

p.x'2 + piy-+p-iz‘= 0.

These cones have four generators in common, and the four points in which 
these generators cut the plane at infinity will lie on every surface of the 

type

{pi - p) & + (P2 -p)ya+ {Pi -p)** (pi - p) (P2 -p)(ps~p}=0-

We now see the distribution of the screws in the imaginary planes. In 
each one of these planes there are a system of parallel lines; each line of this 
system passes through the same point at infinity, which is, of course, one of 
the four points just referred to. Every line of the parallel set, when it 
receives appropriate pitch, belongs to the three-system.

It thus appears that the ambiguity in the pitches of the screws in the 
planes is only apparent. The system of screw co-ordinates which usually 
defines a screw with absolute definiteness, loses that definiteness for the 
screws in these planes. Each plane contains a whole pencil of screws, 
radiating from a point at infinity, but the co-ordinates can only represent 
these screws collectively, for the three co-ordinates then represent, not a single 
screw, but a whole pencil of screws. As the pitches vary on every screw of 
the pencil, the co-ordinates can only meet this difficulty by representing the 

pitch as indeterminate.

The proof that only a single screw of each pitch is found in the pencil is 
easily given. If there were two, then the same hyperboloid would have two 
generators in this plane of equal pitch ; but this is impossible, because, from 
the known properties of the three-system, only one of these generators 
belongs to the three-system, and the other to the reciprocal system.



204 THE THEORY OK SCREWS. [204,

204. The Pitch Conics.

The discussion in § 203 will prepare us for the plane representation of 

the screws of given pitch p, for we have

p W + 6/ + 032) - pA2 ~ pA2 - pA2 = 0.

This, of course, represents a conic section, and, accordingly, we have the 

following theorem:—

The locus of points corresponding to screws of given pitch is a conic 

section.

A special case is that where the pitch is zero, in which case the locus is 

given by

pA2 + P-A2 + pA32 = 0.

This we shall often refer to as the conic of zero-pitch.

Another important case is that where p is infinite, in which case the 

equation is

^ + ^+^=0.

The conic of zero-pitch and the conic of infinite pitch intersect in four points, 

and through these four points all the other conics must pass. The points, of 

course, correspond to the screws of indeterminate pitch: we may call them 

If, P2, P3, Pt.

Any conic through these four critical points will be a conic of equal­

pitch screws.

As a straight line cuts a conic in two points, we see the well-known 

theorem, that every cylindroid will contain two screws of each pitch.

The two principal screws on a cylindroid are those of maximum and 

minimum pitch ; they will be found by drawing through Plt P2, P3, Pit the 

two conics touching the straight line corresponding to the cylindroid. The 

two points of contact are the screws required.

If a and ß are the two principal screws on a cylindroid, then any pair 

of harmonic conjugates to a and ß represent a pair of screws of equal pitch.

For if S + kS' = 0 be a system of conics, then it is well known that the 

pairs of points in which a fixed ray is cut by this system form a system in 

involution. The double points of this involution are the points of contact 

of the two conics of the system which touch the line.

205. The Angle between Two Screws.

From the equations of the screw given in § 201, we see that the direction
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cosines are proportional to 0it 02, 03; for if w e take the point infinitely  

distant w e find that the equations reduce to

x  y  z 

02 03 ’

A ccordingly, the line draw n parallel to the screw  through the origin has its 

direction cosines proportional to 0it 02, 03, and hence the actual direction  

cosines are

0-x____ ________ 0, ' 03

7(9/+  (9? + 0 33 ’ Vø 12+é »22+^’ y/0x"+02-+ey

The cosine of the angle betw een tw o screw s, 0 and (f>, w ill therefore be

Oi<t>x + 0-x<l>2 + 0-^3 

7ø?+022+0? + + '

B y the aid of the conic of infinite pitch w e can give to this a geom etrical 

interpretation.

The co-ordinates of a screw  on the straight line joining 0 and <f> w ill be

0i+X </)j, 02 + \<f>2> O'.i +

If w e substitute this in the equation to the conic of infinite pitch w e obtain

02 + 0/ + 03s t- 2X  (fl,«/., +  0^2 + 0&) +  X 2  (</>/ +  +  </>32)  =  °-

W riting  this in the form

ttX 2 4" 2& X  +  c =  0,

of w hich X j and X 2 are the roots, w e have, as the four values of X , corre­

sponding, respectively, to the points 0 and </>, and to the points in w hich  

their chord cuts the conic of infinite pitch,

Xi, X,, 0, 00.

The anharm onic ratio  is

X 2 ’ 

or

b — \Zb2 — ac

b + ^b2 — ac

If co be the angle between the tw o screw s, 0 and (f>, then

b 
cos to = ,

V ac

and the anharm onic ratio  reduces to

q —2i(ø

w hence w e deduce the following  theorem  :—
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The angle between two screws is equal to I, i times the logarithm of the (in­

harmonic ratio in which their corresponding chord is divided by the infinite 

pitch conic.

The reader will be here reminded of the geometry of non-Euclidian 

space, in which a magnitude, which in Chapter XXVI. is. called the Intervene, 

analogous to the distance between two points, is equal to §i times the 

logarithm of the anharmonic ratio in which their chord is divided by the 

absolute. We have only to call the conic of infinite pitch the absolute, and 

the angle between two screws is the intervene between their corresponding 

points.

206 Screws at Right Angles.

If two screws, 0 ami be at right angles, then

dfi>! + 0fi>2+0fi>3 = O.

In other words, 0 and </> are conjugate points of the conic of infinite pitch, 

d^+df+d^o.

All the screws at right angles to a given screw lie on the polar of the point 

with regard to the conic of infinite pitch. Hence we see that all the screws 

perpendicular to a given screw lie on a cylindroid. This is otherwise obvious, 

for a screw can always be found with an axis parallel to a given direction. 

If, therefore, a cylindroid of the system be taken, a screw of the system 

parallel to the nodal axis of that cylindroid can also be found, and thus we 

have the cylindroid and the screw, which stand in the relation of the pole and 

the polar to the conic of infinite pitch.

A point on the conic of infinite pitch must represent a screw at right angles 

to itself. Every straight line cuts the conic of infinite pitch in two points, and 

thus every cylindroid has two screws of infinite pitch, and each of these 

screws is at right angles to itself.

In general, the direction cosines of the nodal axis of a cylindroid are 

proportional to the co-ordinates of the pole of the line corresponding to the 

cylindroid with respect to the conic of infinite pitch.

207. Reciprocal Screws.

If dlt d2, d3 be the co-ordinates of a screw, and </>,, <f>2, </>3 those of another 

screw, then it is known, § 37, that the condition for these two screws to be 

reciprocal is
Pidfih + p-fifi* + p3dfi>s = 0.

We are thus led to the following theorem, which is of fundamental importance 

in the present investigation
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A pair of reciprocal screws are conjugate points with respect to the zero­

pitch conic.

From this theorem we can at once draw the following conclusions:—

All the screws of the system reciprocal to a given screw 0 lie upon a 

cylindroid.

For the locus of points conjugate to 6 is, of course, the polar of 6 

with respect to the zero-pitch conic, and this polar will correspond to a 

cylindroid.

On any cylindroid one screw can always be found reciprocal to a given 

screw 6. For this will be the intersection of the polar of 6 with the line 

corresponding to the given cylindroid.

A triad of co-reciprocal screws will correspond to a self-conjugate triangle 

of the conic of zero-pitch.

208. The Principal Screws of the System.

Draw the conic of zero-pitch A, and the conic of infinite pitch B, which 

intersect in the four screws of indeterminate pitch, Py,P2> Ps, Pt (see fig- 39). 

Draw the diagonals of the complete quadrilateral, and let them intersect in

Fig. 39.

the points X, Y, Z. These three points are significant. Take any pair of 

them, X and Y; then, by the known properties of conics, X and Y are con­

jugate points with respect to both of the conics A and B. The screws X
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a n d  Y m u s t  t h e r e f o r e  b e  m u tu a l ly  p e r p e n d ic u l a r  a n d  r e c ip r o c a l . I f  pe a n d  p^, 

b e  t h e  p i t c h e s  o f  t h e s e  s c r e w s ; i f  a> b e  t h e  a n g le  b e tw e e n  t h e m , a n d  d t h e i r  

p e r p e n d ic u la r  d i s ta n c e , t h e n  t h e  v i r tu a l c o e f f i c i e n t i s  o n e - h a l f  o f

O o  +  f t> )  c o s  ® s in  w;

a s  t h e y  a r e  r e c ip r o c a l , t h i s  i s z e r o ,  a n d  a s  w i s  a  r i g h t a n g le , w e  m u s t h a v e  

d — 0 ; i n  o th e r  w o r d s ,  t h e  s c r e w s  c o r r e s p o n d in g  t o  X a n d  Y m u s t i n t e r s e c t  

a t  r i g h t  a n g le s . T h e  s a m e  m a y  b e  p r o v e d  o f  e i th e r  o f  t h e  p a i r s  X a n d  Z o r  

Y a n d  Z. T h e  p o in t s  X, Y, Z m u s t t h e r e f o r e  c o r r e s p o n d  t o  t h r e e  s c r e w s  o f  

t h e  s y s t e m  m u tu a l ly  p e r p e n d ic u l a r , a n d  i n t e r s e c t in g  a t  a  p o in t . B u t  i n  t h e  

w h o le  s y s te m  t h e r e  i s  o n ly  a  s in g le  t r i a d  o f  s c r e w s  p o s s e s s in g  t h e s e  p r o p e r t i e s .  

T h e y  a r e  t h e  a x e s  i n  t h e  e q u a t io n s o f  §  2 0 1 ,  a n d  a r e  k n o w n  a s  t h e  p r in c ip a l  

s c r e w s  o f t h e  s y s t e m . T h e  t h r e e  p o in t s  X, Y, Z b e in g  t h e  v e r t i c e s  o f  a  

s e l f - c o n ju g a t e  t r i a n g le  w i th  r e s p e c t t o  b o th  t h e  c o n ic s  A a n d  B, a n d  h e n c e  t o  

t h e  w h o le  s y s t e m , w e  h a v e  t h e  f o l l o w in g  t h e o r e m  :  —

The vertices of the conjugate triangle common to the system of pitch conics 

correspond to the three principal screws of the three-system.

209. Expression for the Pitch.

E a c h  c o n ic  d r a w n  t h r o u g h  t h e  f o u r  p o in ts  o f  i n d e t e r m in a te  p i t c h , Plt P,, 

Ps, Pt, i s  t h e  l o c u s  o f  s c r e w s w i th  a  g iv e n  p i t c h  b e lo n g in g  t o  t h e  s y s t e m .  

W e  a r e  t h u s  l e d  t o  c o n n e c t t h e  c o n s t a n c y  o f  t h e  p i t c h  a t e a c h  p o in t  o f  t h i s  

c o n ic  w i th  a n o th e r  f e a tu r e  o f  c o n s t a n c y , v iz . t h a t o f  t h e  a n h a r m o n ic  r a t i o  

s u b te n d e d  b y  a  v a r i a b l e  p o in t o f  t h e  c o n ic  w i th  t h e  f o u r  f i x e d  p o in t s . T h e  

c o n n e x io n b e tw e e n t h e p i t c h  a n d t h e a n h a r m o n ic  r a t io  w i l l n o w  b e  

d e m o n s t r a t e d .

L e t  0 , , 02, 0S b e  t h e  c o - o r d in a t e s  o f  a n y  p o in t  o n  t h e  c o n ic , a n d  l e t  a, ß, y 

b e  t h e  c o - o r d in a t e s  o f  o n e  o f  t h e  f o u r  p o in t s , s a y  P2; t h e n  i f  < /> , , < £ „ , < /> 3  b e  t h e  

c u r r e n t  c o - o r d in a t e s , t h e  e q u a t io n  o f  t h e  l i n e  j o in in g  0 t o  Py i s

< £ > 1 ,  </>2> < /> 3  =  0 .

0„ 0-2, 02

\ a, ß, y

A s  w e  a r e  d e a l in g  w i th  t h e  a n h a r m o n ic  r a t io  o f  a  p e n c i l ,  w e  m a y  t a k e  a n y  

s e c t io n  f o r  t h e  c a l c u l a t i o n  o f  t h e  r a t i o s , a n d ,  a c c o r d in g ly , m a k e

< /> 3 = 0 ;

a n d  w e h a v e  f o r t h e  c o - o r d in a t e s o f t h e  p o in t i n  w h ic h  t h e  l i n e  j o in in g  

0 a n d  P i i n t e r s e c t s  < /> , . =  ( ) , t h e  c o n d i t i o n s ,

< /> i _  _  0 3 a _ -  0iy 

fa d2y — 03ß
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By changing the sign of a, and then changing the signs of ß and of y, we

shall obtain the four points iu which the pencil 0(Pn P2, Pt, Pß cuts the

axis </>3 = 0. If four values of be represented by k, I, m, n, the required
<Pa

anharmonic ratio is, of course,

(n — l)(m — k)

(n — m) (I — k) ’

and after a few reductions we find that this becomes

But we have

et^p^p^
a^yW^-ßW.^)'

Eliminating fp2, we find that 022 and 0<? disappear also when we make

a2 = p2-p3, ß2=ps~Pi, 72 = Pi~P-2, 

and we obtain the following result:

3 (P^PffP^ = P'-: p' x , 
Pt-Pt Pi-p

which gives the following theorem:—

Measure off distances plt p2, p3, p, from an arbitrary point on a straight 

line, then the anharmonic ratio of the four points thus obtained is equal to the 

anharmonic ratio subtended by any point of the p-pitch conic at the four points 

of indeterminate pitch.

It is possible without any sacrifice of generality to make the zero-pitch 

conic a circle. For take three angles A, B, G whose sum is 180° and such 

that the equations

sin 2/1  sin 2B  sin 2G

Pi Pt Pt

are satisfied where plt p2, p3 are the three principal pitches of the three- 

system. If the fundamental triangle has A, B, G for its angles then the 

equation
a/ sin 2J + a22 sin 2B + «32 sin 2G = 0,

is the equation of the zero-pitch conic. It is however a well-known theorem 

in conics that this equation represents a circle with its centre at the ortho­

centre, that is, the intersection of the perpendiculars from the vertices of the 

triangle on its opposite sides.

We thus have as the system of pitch conics

a,2 sin 2 A + a22 sin 2B + «32 sin 2G — p (a2 + a22 + a32) = 0.

B. 14
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T h e  c e n t r e  o f  a  c o n ic  o f  th e  s y s te m  h a s  f o r  c o - o r d in a te s

s in  A s in  B s in  C

s in  2 ^ 4  —  p’ smlB—p’ sinZC—p'

T h e  lo c u s  o f  th e  c e n t r e s  o f  th e  s y s te m  o f  c o n ic s  i s  e a s i ly  s e e n  to  p a s s  th r o u g h  

th e  v e r t ic e s o f  th e  t r ia n g le o f r e fe r e n c e . I t m u s t a ls o  p a s s th r o u g h  th e  

o r th o c e n t r e , a n d  h e n c e  b y  a  w e l l - k n o w n  p r o p e r ty  i t m u s t b e a n  e q u i la te ra l  

h y p e r b o la . I t c a n a ls o b e e a s i ly s h o w n th a t th i s h y p e r b o la m u s t p a s s  

th r o u g h  th e  “  s y m m e d ia n ” p o in t o f th e  t r ia n g le , i.e. th r o u g h  th e  c e n t r e  o f  

g r a v i ty  o f  th r e e  p a r t ic le s  a t  th e  v e r t ic e s  o f  th e  t r ia n g le  w h e n  th e  m a s s  o f  e a c h  

p a r t ic le  i s  p r o p o r t io n a l to  th e  s q u a r e  o f  th e  s in e  o f  th e  c o r re s p o n d in g  a n g le .

I R  F ig . 4 0  a  s y s te m  o f  p i tc h  c o n ic s  h a s  b e e n  s h o w n  d r a w n  to  s c a le . T h e  

s id e s o f th e f u n d a m e n ta l t r ia n g le a r e r e p r e s e n te d  b y  th e n u m b e r s 1 1 7 ,  

1 8 9 , 2 4 4  r e s p e c t iv e ly . T h e  e q u a t io n  to  th e  s y s te m  o f  c o n ic s , e x p r e s s e d  in  

C a r te s ia n  c o - o rd in a te s  f o r c o n v e n ie n c e  o f  c a lc u la t io n , i s

n . /» r o d T t- ’6 8 5 2 0 4 1 \  /  - 6 8 5 2 0 4 1 \
0  =  x2 - 7 8 6 4 1 1 5  -  -- - - - - - - - - -  ) +  v 2  ( 2 ’2 1 3 5 8 8 2  -  "  ]

V  P ) 7 k  p )

+  - 1 6 4 9 5 7 1 ^  -  9 4 6 7 0 0 «  -  4 3 0 '5 1 7 9 ? /

+  2 5 1 9 9 - 5 4  +  5 7 2 6 '0 3 1  =  o

P

A m o n g  c r i t ic a l c o n ic s  o f  th e  s y s te m  w e  m a y  m e n t io n  :

1 .  T h e  tw o  p a r a b o la s  f o r  w h ic h  th e  p i tc h e s  a r e  r e s p e c t iv e ly

’S T O e a n d  ‘3 0 8 9 .

2 .  T h e  th r e e  c a s e s  in  w h ic h  th e  c o n ic  b r e a k s  u p  in to  a  p a i r o f  s tr a ig h t  

l in e s  f o r  th e  p i tc h e s s in  2 /1 , s in  ZB, s in  2 ( 7 , r e s p e c t iv e ly . O f  th e s e , th e  f i r s t  

a lo n e  i s  a  r e a l p a i r c o r r e s p o n d in g  to  th e  p i tc h  '8 2 5 6 0 3 4 . T h e  e q u a t io n s  o f  

th e s e  l in e s  a r e

«  =  7 '8 4 y -  9 7 8 ,  

x — —  4 '0 6 y  +  7 6 0 .

F o r c o n v e n ie n c e  in  l a y in g  d o w n  th e  c u r v e s  th e  c u r re n t c o - o rd in a te s  o n  

e a c h  c o n ic  a r e  e x p r e s s e d  b y  m e a n s o f  a n  a u x i l ia r y  a n g le ; th u s ,  f o r  e x a m p le ,  

in  c o m p u t in g p o in ts o n  th e h y p e r b o la  w ith  th e  p i tc h  '7 4 8 9 8 4  I u s e d  th e  

e q u a t io n s

x =  6 6  +  2 6 '1  s e c  6 +  1 3 2  t a n  0,

y — 1 6 1 ’5  +  4 0 -7  s e c  0.

T h e  e l l ip s e  w ith  p i tc h  '9  w a s  c o n s t r u c te d  f r o m  th e  e q u a t io n s

x = — 3 6 7  —  1 6 8  c o s  0 +  3 5 1  s in  0,

y — +1 6 9  +  5 1  c o s  0.
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Ih e  fo llo w in g  a re  th e  p itc h es  o f th e  se v era l p o in ts  a n d  c u rv es  re p re se n te d

V e rtice s o f th e T rian g le + '9 9 2 , + '8 2 5 , -4 4 8 ,

E llip se s +  -9 6 , +  9 2 , +  1 , -  A,

P a ra b o la +  ’3 0 9 ,

H y p e rb o la s +  '7 4 8 9 8 4 , 4 - -8 3 0 0 4 6 7 .

T h e  lo c u s o f  th e  c e n tre s o f  th e  p itc h  c o n ics  is

a A sin  (A - B) s in  2 (7  +  a 3a 3  s in  (B - C) s in  2A + a.^ s in  (< 7 -  A) s in  2B =  0 .

210. Intersecting Screws in a Three-System.

I f  tw o  sc rew s o f a th ree -sy s tem  in te rse c t, th e n th e ir tw o c o rresp o n d in g  

p o in ts  m u st fu lfil so m e  sp e c ia l c o n d itio n  w h ic h  w e  p ro p o se  to  in v e s tig a te .

L e t a b e  o n e  sc rew  su p p o sed  f ix e d , th e n  w e  sh a ll in v e s tig a te  th e  lo c u s  o f  

th e p o in t 0 w h ic h e x p re sse s a sc re w  w h ic h in te rse c ts a. W e c a n a t o n c e  

fo resee  a  c e rta in  c h a ra c te r  o f  th is  lo c u s . A  ra y  th ro u g h  a c a n  o n ly  c u t  it  in  o n e  

o th e i p o in t, fo r if it c u t in  tw o  p o in ts , w e sh o u ld  h a v e  th re e  c o -cy lin d ro id a l 

sc rew s in te rsec tin g , w h ic h  is  n o t g e n e ra lly  p o ss ib le . T h e  lo cu s  is , a s  w e  sh a ll 

f in d , a  c u b ic a n d  th e  n e c e ssa ry  c o n d itio n  is sec u red  b y  th e fa c t th a t a is a  

d o u b le  p o in t o n  th e c u b ic , so  th a t a  ra y  th ro u g h  a h a s o n ly  o n e m o re p o in t  

o f in te rse c tio n  w ith  th e  c u rv e . W e c a n  in d e e d p ro v e th a t th is c u rv e m u st

a  c u b ic  f io m  th e fa c t th a t a n y  se rß w  n iG c ts a c y lm d ro id  in  th ro e p o in ts .  

D ra w  th e n  a  ra y  (§  2 0 0 ) c o rre sp o n d in g to a c y lin d ro id  o f th e  th re e -sy s te m .  

T h e re  m u st b e  in  g e n e ra l th re e  p o in ts  o f  th e  lo c u s o n  th is  ra y . T h e re fo re th e  

lo c u s  m u st b e  a  c u b ic .

A s  a a n d  0 in te rse c t w e  h a v e  s in c e  d6a = 0

2 -^ 9 «  =  (pa +Pe) c o s  (a0).

B y  su b s titu tin g  th e v a lu es o f th e d iffe re n t q u a n titie s in te rm s o f th e c o ­

o rd in a te s w e  h a v e  th e  fo llo w in g  h o m o g e n e o u s e q u a tio n  o f  th e  c u b ic :

0  =  2  (Ö ,2  +  0 2 2  +  02) (p^Ø, +p2a202 +p3a303) (a ?  +  a 2 2  +  a s 2)

- (PiOi +p2022 +p3032) (* Ä  +  a 2 é » 2  +  a 30 3)  (a ?  +  a 2 2  +  a 3 2)

- (022 + 02 +  0 S 2)  +  j> 2a 2 2  + /> 3a s 2)  (a jØ j +  a.202 + a303).

W e f irs t n o te th a t th is c u b ic m u st p a ss th ro u g h  th e fo u r p o in ts o f in te r ­

se c tio n  o f

O = 02+02+032,

o = pA2 + p2fy? 4-ps032.

B u t th is  m ig h t h a v e  b e e n  e x p e c te d , b e c a u se  a s  w e  h a v e  sh o w n  (§  2 0 3 ) e a c h  o f  

th e se  fo u r p o in ts c o rre sp o n d s , n o t to  a  s in g le sc re w , b u t to  a  p la n e  o f sc re w s .



210] PLANE REPRESENTATION OF THE THIRD ORDER. 213

In a certain sense therefore a must intersect each of these four screws, and 

accordingly the cubic has to pass through the four points.

To prove that a is a double point we write for brevity

p=e^+ø^+e.^

Q■=pi0i + pJH + p,,0p 

L =p1al2 + p2a2 + p3a32,

R = P&& + p2a.202 + p3a303,

S = a101 + a.,0., + a303,

H = a,2 + a22 + a33,

and the equation is

P (2HR —LS) —SQH = 0.

Differentiating with respect to 0lt 02, 03 respectively and equating the results 

to zero we have

0 = 20x \2RH -LS- aHS] + a2 [2aPH -LP- HQ],

0 = 20, [2RH -LS- bHS] + «2 [2bPH-LP - HQ],

0 = 203 [2RH -LS- cHS] + a3 [2cPH-LP - HQ].

These are satisfied by 0, = ax, 0, = a,, 03 = a3 which proves that a is a double 

point.

The cubic equation is satisfied by the conditions

0 = «101 + %202 + a303,

0 =Pi<*i0i +p-2a20-2 +p3a303.

This might have been expected because these equations mean that a and 0 

are both reciprocal and rectangular, in which case they must intersect. Thus 

we obtain the following result:

If a1; a2, a3 are the co-ordinates of a screw a in the plane representation, 

then the co-ordinates of the screw which, together with a, constitute the 

principal screws of a cylindroid of the system are respectively

p3-Pz Pi~p3 P2-P1 
ot2 ’ a, ’ a3 '

The following theorem may also be noted. Among the screws of a three- 

system which intersect one screw of that system there will generally be two 

screws of any given pitch.

For the cubic which indicates by its points the screws that intersect a 

will cut any pitch conic in general in six points. Four of these are of course 

the four imaginary points referred to already. The two remaining inter­

sections indicate the two screws of the pitch appropriate to the conic which 

intersect a.

The cubic
P(2HR —LS) — SQH = 0,
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of course passes through the two points which he at the intersections of 

'■̂ JIll — LS = 0 and Q = 0. Hence we deduce the following result.

The cylindroid through the two screws of zero pitch which intersect a 

corresponds to the ray whose equation is

+^äaA + m^)-(A«i2 + p&? +p&*) (arf, +aA+aA)=0, 

a will of course intersect a third screw on this cylindroid and be perpen­
dicular thereto.

The cubic passes through the two points defined by

o = aA + a.,e2 + as03,

o = ^ + 0/ + ^,

but these points are the points of contact of the pair of tangents drawn from 

the point a to the conic of infinite pitch.

These two points in addition to the four points on the same conic defined 

by its intersection with the conic of zero pitch, make six known points on the 

cubic. If however we are given six points on a cubic and also a double 

point on the curve, then it is determinate. Thus we obtain the following 

geometrical construction.

In the plane representation of a three-system we draw the conic of zero 

pitch C and the conic of infinite pitch U. To find the locus of the screws 

which intersect a given screw a, it is necessary to draw the two tangents 

from a to U and through the two points of contact, and also the four points 

common to C and U then draw that single cubic which has a double point 
at a. See Appendix, note 5.

211. Application to Dynamics.

By the aid of the plane representation we are enabled to solve certain 

problems in the dynamics of a rigid body which has freedom of the third 
order.

Let an impulsive wrench act upon a quiescent rigid body ; it is required 

to determine the instantaneous screw about which the body will commence to 
twist.

It has been shown (§ 96) that the impulsive wrench, wherever situated, 

can generally be adequately represented by the reduced impulsive wrench 

on a screw of the three-system. The problem is therefore reduced to the 

determination of the point corresponding to the instantaneous screw, when 

that corresponding to the impulsive screw is known.
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We have first to draw the conic of which the equation is

+ uifl + u?0,? = 0.

This conic is of course imaginary, being in fact the locus of screws about 

which, if the body were twisting with the unit of twist velocity, the kinetic 

energy would nevertheless be zero. If two points 0, </> are conjugate with 

respect to this conic, then

u^Øfg + u202<f>2 + ws"03^>3 = 0.

The screws corresponding to 0 and <£ are then what we have called conjugate 

screws of inertia.

This conic is referred to a self-conjugate triangle, the vertices of 

which are three conjugate screws of inertia. There is one triangle self- 

conjugate both to the conic of zero pitch, and to the conic of inertia just 

considered. The vertices of this triangle are of especial interest. Each pair 

of them correspond to a pair of screws which are reciprocal, as well as being 

conjugate screws of inertia. They are therefore what we have designated 

as the principal screws of inertia (§ 87). They degenerate into the principal 

axes of the body when the freedom degenerates into the special case of 

rotation around a fixed point.

When referred to this self-conjugate triangle, the relation between the 

impulsive point and the corresponding instantaneous point can be expressed 

with great simplicity. Thus the impulsive point whose co-ordinates are

Ogi^-pi, ØM/^pi, Ø3us^p3,

corresponds to the instantaneous point whose co-ordinates are 0lt 02 , 03. Ihe 

geometrical construction is sufficiently obvious when derived from the 

theorem thus stated.

If denote an impulsive screw, and 0 the corresponding instantaneous screw, 

then the polar of </> with regard to the conic of zero pitch is the same straight line 

as the polar of 0 with regard to the conic of inertia.

If II be the virtual coefficient of two screws 0 and g, then

H2 (0? + 01 + 0f) = (pfiVi + P^W* + pApjf

It follows that the locus of the points which have a given virtual coefficient 

with a given point is a conic touching the conic of infinite pitch at two 

points. If -»/r be the screw whose polar with regard to the conic of infinite 

pitch is identical with the polar of g with regard to the conic of zero pitch, 

then all the screws 0 which have a given virtual coefficient with g are 

equally inclined to f. It hence follows that all the screws of a three- 

system which have a given virtual coefficient with a given screw are parallel
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to the generators of a right circular cone. All the screws reciprocal to y 
form a cylindroid, and is the one screw of the system which is parallel 
to the nodal line of the cylindroid. The virtual coefficient of and r/ is 
greater than that of 7/ with any other screw.

If 6 be a screw about which, when a body is twisting with a given 
twist velocity it has a given kinetic energy, then we must have

+ u.202 + u202 - E w + 0/ + 0.2) = 0,

where E is a constant proportional to the energy. It follows that the locus 
of 0 must be a conic passing through the four points of intersection of the 
two conics

uffi + u22022 + ut20s2 = 0,

0^ + 02 + 0.2 = 0.

ihe four points in which these two conics intersect correspond to the screws 
about which the body can twist with indefinite kinetic energy. These four 
points A, B, C,D being known, the kinetic energy appropriate to every point 
P can be readily ascertained. It is only necessary to measure the anharmonic 
ratio subtended by P, at A, B, C, D, and to set off' on a straight line 
distances u^, uf, u32, h~, so that the anharmonic ratio of the four points 
shall be equal to that subtended by P. This will determine h2, which is 
proportional to the kinetic energy due to the unit twist velocity about the 
screw corresponding to P.

A quiescent rigid body of mass M receives an impulsive wrench of given 
intensity on a given screw 77; we investigate the locus of the screw 0 belonging 
to the three-system, such that if the body be constrained to twist about 0, 
it shall acquire a given kinetic energy.

It follows at once (§ 91) that we must have

E(u  202 + u2022 + u 32032) = (p101Vi + p.ß.2p2 + p-iØ^,

where E is proportional to the kinetic energy. The required locus is there­
fore a conic having double contact with the conic of inertia.

It is easy to prove from this that E will be a maximum if

: piVi = u 202 : p.^.2 = u 3203 : päVä;

whence again we have Euler’s well-known theorem that if the body be 
allowed to select the screw about which it will twist, the kinetic energy 
acquired will be larger than when the body is constrained to a screw other 
than that which it naturally chooses (§ 94).

Å somewhat curious result arises when we seek the interpretation of 
a tangent to the conic of infinite pitch. This tangent must, like any other 
straight line, correspond to a cylindroid; and since it is the polar of the
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point of contact, it follows that every screw on the cylindroid must be at 

right angles to the direction corresponding to the point of contact. The 

co-ordinates of the point of contact must therefore be proportional to the 

direction cosines of the nodal line of the cylindroid.

If the body be in equilibrium under the action of a conservative system 

of forces, then there is a conic (analogous to the conic of inertia) which 

denotes the locus of screws about which the body can be displaced to a 

neighbouring position, so that even as far as the second order of smal] 

quantities no energy is consumed. The vertices of the triangle self-conjugate 

both to this conic and the conic of inertia correspond to the harmonic 

screws about which, if the body be once displaced, it will continue to 

oscillate.



CHAPTER XVI.

FREEDOM OF THE FOURTH ORDER.

212. Screw System of the Fourth Order.

The most general type of a screw system of the fourth order is exhibited 

by the set of screws which are reciprocal to an arbitrary cylindroid (§ 75). 

To obtain certain properties of this screw system it is, therefore, only 

necessary to re-state a few results already obtained.

All the screws which belong to a screw system of the fourth order and 

which can be drawn through a given point are generators of a certain cone 

of the second degree (§ 23).

All the screws of the same pitch which belong to a screw system of the 

fourth order must intersect two fixed lines, viz. those two screws which, 

lying on the reciprocal cylindroid, have pitches equal in magnitude but 

opposite in sign to the given pitch (§ 22).

One screw of given pitch and belonging to a given screw system of the 

fourth order can be drawn through each point in space (§ 123).

As we have already seen that two screws belonging to a screw system 

of the third order can be found in any plane (§178), so we might expect 

to find that a singly infinite number of screws belonging to a screw system 

of the fourth order can be found in any plane. We shall now prove that 

all these screws envelope a parabola. A theorem equivalent to this has 

been already proved in a different manner in § 162.

Take any point P in the plane, then the screws through P reciprocal to 

the cylindroid form a cone of the second order, which is cut by the plane 

in two lines. Thus two screws belonging to a given screw system of the 

fourth order can be drawn in a given plane through a given point. But 

it can be easily shown that only one screw of the system parallel to a 

given line can be found in the plane. Therefore from the point at infinity 

only a single finite tangent to the curve can be drawn. Therefore the other
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tangent from the point must be the line at infinity itself, and as the line 

at infinity touches the conic, the envelope must be a parabola.

In general there is one line in each screw system of the fourth order, 

which forms a screw belonging to the screw system, whatever be the pitch 

assigned to it. The line in question is the nodal line of the cylindroid 

reciprocal to the four-system. The kinematical statement is as follows:

When a rigid body has freedom of the fourth order, there is in general 

one straight line, about which the body can l)c rotated, tind parallel to which 

it can be translated.

A body which has freedom of the fourth order may be illustrated by the 

particular case where one point P of the body is forbidden to depart from 

a given curve. The position of the body will then be specified by four 

quantities, which may be, for example, the arc of the curve from a fixed 

origin up to P, and three rotations about three axes intersecting in P. The 

reciprocal cylindroid will in this case assume an extreme form; it has de­

generated to a plane, and in fact consists of screws of zero pitch on all the 

normals to the curve at P.

It is required to determine the locus of screws parallel to a given straight 

line L, and belonging to a screw system of the fourth order. Ihe problem 

is easily solved from the principle that each screw of the screw system must 

intersect at right angles a screw of the reciprocal cylindroid (§ 22). lake, 

therefore, that one screw d on the cylindroid which is perpendicular to L. 

Then a plane through d parallel to L is the required locus.

213. Equilibrium with freedom of the Fourth Order.

When a rigid body has freedom of the fourth order, it is both necessary 

and sufficient for equilibrium, that the forces shall constitute a wrench upon 

a screw of the cylindroid reciprocal to the given screw system. Thus, if a 

single force can act on the body without disturbing equilibrium, then this 

force must lie on one of the two screws of zero pitch on the cylindroid. 

If there were no real screws of zero pitch on the cylindroid that is, if the 

pitch conic were an ellipse, then it would be impossible for equilibrium to 

subsist under the operation of a single force. It is, however, worthy of 

remark, that if one force could act without disturbing the equilibrium, 

then in general another force (on the other screw of zero pitch) could 

also act without disturbing equilibrium.

A couple which is in a plane perpendicular to the nodal line can be 

neutralized by the reaction of the constraints, and is, therefore, consistent 

with equilibrium. In no other case, however, can a body which has freedom 

of the fourth order be in equilibrium under the influence of a couple.
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We can also investigate the conditions under which five forces applied 

to a free rigid body can neutralize each other. The five forces must, as 

the body is free, belong to a screw system of the fourth order. Draw 

the cylindroid reciprocal to the system. The five forces must, therefore, 

intersect both the screws of zero pitch on the cylindroid. We thus prove 

the well-known theorem that if five forces equilibrate two straight lines can 

be drawn which intersect each of the five forces. Four of the forces will 

determine the two transversals, and therefore the fifth force may enjoy any 

liberty consistent with the requirement that it also intersects the same two 

lines.

If Ai,...A5 be the five forces, the ratio of any pair, let us say for 
example, Ai : A2 is thus determined.

Let P, Q be the two screws of zero pitch upon the cylindroid, i.e. the 

two common transversals of J.,,... As.

Choose any two screws X and F reciprocal to both Aj and but not 

reciprocal to A3, At or As.

Choose any screw Z reciprocal to Ait yl5) but not reciprocal to At 
or

Construct (§ 25) the single screw I reciprocal to the five screws

X, Y, P, Q, Z.

The four screws X, Y, P, Q are reciprocal to the cylindroid Alt A2- 

therefore I, which is reciprocal to X, Y, P, Q, must lie upon the cylindroid 

(Ai, A2) (§ 24).

Since P, Q, Z are all reciprocal to A3, A4, As, it follows that I being 

leciprocal to P, Q, Z must belong to the screw system A3, A4, As. Hence 

I is found on the cylindroid (Alt A2), and it must also belong to the system 

(-4s> Ait As). If, therefore, forces along ... ^ls are to equilibrate, the 

forces along Alt A2 must compound into a wrench on I.

But I being known by construction the angles A.J and AJ are known 

and consequently the ratio of the sines of these angles, i.e. the relative 

intensities of the forces on A, and are determined (§ 14).

If a free rigid body is acted upon by five forces, the preceding con­

siderations will show in what manner the body could be moved so that it 

shall not do work against nor receive energy from any one of the forces.

Let Ai,... As be the five forces. Draw two transversals L, M intersecting 

Ay ...A4. Construct the cylindroid of which L, M are the screws of zero 

pitch; find, upon this cylindroid, the screw X reciprocal to 45. Then the
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only movement which the body can receive, so as to fulfil the prescribed 
conditions, is a twist about the screw X. For X is then reciprocal to 

and therefore a body twisted about X will do no work against 
forces directed along u41;... As.

From the theory of reciprocal screws it follows that a body rotated 
around any of the lines Alt... As will not do work against nor receive energy 
from a wrench on X.

In the particular case, where A1;... As have a common transversal, then 
X is that transversal, and its pitch is zero. In this case it is sufficiently 
obvious that forces on Alt ...As cannot disturb the equilibrium of a body 
only free to rotate about X.

214. Screws of Stationary Pitch.

We begin by investigating the screws in an n-system of which the pitch 
is stationary in the sense employed in the Theory of Maximum and Minimum. 
We take the case of n = 4.

The co-ordinates 01;... 36 of the screws of a four-system have to satisfy 
the two linear equations defining the system. We may write these equations 
in the form

Ai + ... + AsOfs — 0,

5^+...+ 5,^ = 0.

The screws of reference being co-reciprocal, we have for the pitch pe the 
equation

2pi0ia - Rp0 = 0,

where R is the homogeneous function of the second degree in the co­
ordinates which is replaced by unity (§ 35) in the formulae after differ­
entiation.

If the pitch be stationary, then by the ordinary rules of the differential 
calculus (§ 38),

8^ + ... + (2^-M = 0.

As however 6 belongs to the four-system, the variations of its co-ordinates 
must satisfy the two conditions

^M+.-+^6 = 0>

B^ex + ... + w=o.

Following the usual process we multiply the first of these equations by 
some indeterminate multiplier Å, the second by another quantity p, and then
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a d d  th e p ro d u c ts to th e fo rm er e q u a tio n . W e c a n th e n e q u a te th e c o ­

e ffic ien ts o f o0lt ...806 se v e ra lly to  z e ro , th u s o b ta in in g

c /J?
2 j> i pe +  X 2 I1  +  /iBi = 0 ,

■ Pq  +  X _ 4 S  +  /z -B 6  —  0 .

C h o o se n e x t f ro m  th e fo u r-sy s tem  a n y  sc re w  w h a te v e r o f w h ic h th e c o ­

o rd in a te s  a re  < /> !,... < £ 6 . M u ltip ly  th e  f irs t o f th e  a b o v e s ix e q u a tio n s b y  < /> 1 ; 

th e  se co n d  b y  < /> 2 , & c . a n d  a d d  th e  s ix  p ro d u c ts . T h e  c o e ff ic ie n ts o f X  a n d  /z  

v a n ish , a n d  w e  o b ta in

9 (a . . 1 a  A

T h e c o e ffic ie n t o f pe is h o w e v e r m e re ly d o u b le th e c o s in e o f th e a n g le  

b e tw ee n 0 a n d <f>. T h is is o b v io u s b y  e m p lo y in g c a n o n ic a l c o -rec ip ro c a ls  

in  w h ic h

R = (01 + 0^ + (03 + 0f + (0S + 06f, 

w h e n c e

Æ R dR 
d0i'" + ^d06

=  2  (< /> ! +  < /> 2)  (0 j 4 -  02) +  2  (< /> 3 +  < /> 4)  (03 4 -  0 ,)  +  (^ > 5  4 -  < £ (.)  (0 S  4 - # 6)  =  2  c o s

W e th u s o b ta in th e fo llo w in g th e o re m , w h ic h m u s t o b v io u s ly  b e tru e fo r  

o th e r v a lu e s  o f n b e s id es  fo u r .

If be any screw of an n-system and if 0 be a screw of stationary pitch 

in the same system then =  c o s  (0 < /> )  pe.

S u p p o se th a t th e re  w e re tw o  sc re w s o f s ta tio n a ry  p itc h  0 a n d  $ > in  a n  n- 

sy ste m . T h e n

O T rø = C O S  (0^>)pe,

O T ^  =  c o s  (Ø ø )# » .

I f  pe a n d a re  d iffe re n t th e se  e q u a tio n s re q u ire  th a t

=  0 ; c o s  (0<f>) =  0 ;

i.e. th e sc re w s a re b o th re c ip ro c a l a n d re c ta n g u la r a n d  ‘ m u s t th e re fo re  

in te rsec t.

W e h a v e  th u s sh o w n th a t if th e re  a re  tw o  s ta tio n a ry  sc rew s o f d iffe re n t 

p itc h es  in  a n y  n -sy s te m , th e n  th e se  sc rew s m u s t in te rse c t a t r ig h t a n g les .

In  g e n e ra l w e  le a rn  th a t if a n y  sc re w  r /> o f a n  « -sy ste m  h a s  a  p itc h  e q u a l  

to  th a t o f a sc re w  0 o f s ta tio n a ry  p itc h in  th e sa m e sy s tem , th e n  0 a n d  

m u s t in te rse c t. F o r  th e  g e n e ra l c o n d itio n

=  c o s  (0 < /> )  pe
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is of course

(Pe + P<t,) cos W) - sin W) de-l> = 2Pe cos (0<f>), 

or
(P4> ~ Pe) cos W) ~ sin W) de4> = °-

If then p<i, = p(i we must have sin(Ö</>) dfj,,,= 0, which requires that 0 and 
<f> must intersect at either a finite or an infinite distance.

In the case where <f> is at right angles to 0 it follows from the formula 
= cos (#</>) p6 that ■sr^ = 0, or that 0 and <f> are reciprocal. But two screws 

which are at right angles and also reciprocal must intersect, and hence we 

have the following theorem.

If 0 be a screw of stationary pitch in an n-system, then any other screw 
belonging to the n-system and at right angles to 0 must intersect 0.

If <j> belongs to an n-system its co-ordinates must, on that account, satisfy 
6 - n linear equations. If it be further assumed that </> has to be perpen­
dicular to 0, then the co-ordinates of have to satisfy yet one more equa­

tion, i.e.
. dll , dll ..

In this case </> is subjected to 7 - n linear equations. It follows (§ 76) that 
(p will have as its locus a certain (n — l)-system, whence we have the following 

general theorem.

If 0 is a screw of stationary pitch in an n-system P then among the 
(n  systems included in P there is one Q such that every screw of Q intersects 

0 at right angles.

These theorems can also be proved by geometrical considerations. If a 
screw 0 have stationary pitch in an n-system it follows a fortiori that 0 must 
have stationary pitch on any cylindroid through 0 and belonging wholly to 
the n-system. This means that 0 must be one of the two principal screws 
on such a cylindroid. Choose any other screw </> of the system and draw the 
cylindroid (0, <f>) then 0 is a principal screw, and if 0 and the other principal 
screw on the cylindroid be two of the co-reciprocal screws of reference, then 
the co-ordinate of </> with respect to 0 is cos (00) (§ 40). But that co-ordinate 
must also have the general form plt whence at once we obtain

ww = cos (Ø^Pe-

Let 0 be a screw of stationary pitch in a throe-system, and let </> and 
be any two other screws in that system. Then 0 is one of the principal 
screws on the cylindroid (0<f); let a be the other principal screw on that
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cylindroid. In like manner let p be the other principal screw of the cylin­

droid (3y]r). Then p and a determine the cylindroid (per) which belongs to 

the system, 6 must lie on the common perpendicular to p and a, and hence 

the screws of the cylindroid (pa) each intersect 3 at right angles.

If 0 is a screw of stationary pitch in a four-system, it can be shown 

that thiee screws p, a, t  not on the same cylindroid can be found in the same 

system, and such that they intersect 3 at right angles. In this case p, a, t  

will determine a three-system, every screw of which intersects 3 at right 
angles.

215. Application to the Two-System.

The principles of the last article afford a simple proof of many funda­

mental propositions in the theory. We take as the first illustration the well- 

known fact (§ 76) that if the co-ordinates of a screw satisfy four linear 

equations then the locus of that screw is a cylindroid.

From the general theorem we see by the case of n = 2 that in any two- 

system a screw of stationary pitch will be intersected at right angles by 
another screw of the two-system.

These two screws may be conveniently taken as the first and third of the 

canonical co-reciprocal system lying on the axes of x and y. Hence we have 

as the co-ordinates of a screw of the system 3lt 0, 33, 0, 0, 0.

Ihe investigation has thus assumed a very simple form inasmuch as the 

four linear equations express that of the six co-ordinates of a screw of the 

system four are actually zero.

Let X, p, v be the direction angles of the screw 3 with respect to the 

associated Cartesian axes then 44),

_ (/tø + a) cos A, — dei sin X _ (p0 — a) cos X — dn sin X 

a ’ —a ’

p  (Pe 4~ b) cos p — d^ sin p n  (p6 — b) cos p — d^ sin p 

o’ -b '

0 _ (Pe + c)cos ~ d63 sin v _ (pe — c) cos v — de3 sin v 
c ,  _

The two last of these equations give

cos v = 0; dm = 0.

Hence we learn that 3 must intersect the axis of z at right angles. 3 is 

thus parallel to the plane of xy at a distance dei = dm = z, and accordingly 

we have the equations

(pt, - a) cos X - z sin X = 0,

(Pq  — b) cos p — z sin p = 0,
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whence eliminating z and observing that X  —  /z =  90° we obtain,

pä = a cos2 X+b sin2X,

and eliminating pe,

(b — a) sin X  cos X= z.

If we desire the equation of the surface we have

y = æ tan X, 

and hence finally

(b — a) xy = z (a? + y1').

Thus again we arrive at the well-known equation of the cylindroid.

W e can also prove in the following manner the fundamental theorem  

that among the screws belonging to any two-system there are two which 

intersect at right angles (§ 13).

Let 0 be any screw of the two-system, and accordingly the six co-ordinates 

of 6 must satisfy four linear equations which may be written

-41^1 + • • • +  A60e — 0,

B& + ...+ Ba06 = O,

Ci^i + ... + Cfßs =  0,

+ ... + D 606 =  0.

If <£ be a screw which intersects 0 at right angles, then we must 

also have

^S + -- + ^S=°>

p101^i + --- +2>606</>8 =  O, 

inasmuch as these screws are reciprocal as well as rectangular.

From these six equations 0lt...0e can be eliminated, and wé-have the 

resulting equation in the co-ordinates of

dÆ dR dR dR dR dR = 0.

dfa’ dcf>2’ dcf>3 d<t>t ’ dcf>5 d<l>6

Pi<l>i, P-&, Ps>^3, p^t, P^> P^c,

Al, -åø. A3, -4.4, a 6, Ae>

Bi, Bi, B3, Bi, b 6, Ba

c» c2, ot, Ci, C5, Gti

A, d s , Ds, Di, d 5, De

B. 15
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This equation involves the co-ordinates of cf> in the second degree. If this 

equation stood alone it would merely imply that <£ belonged to the quadratic 

five-system (§ 223) which included all the screws that intersected at right 

angles any one of the screws of the given cylindroid. If we further assume 

that <f> is to be a screw on the given cylindroid, then we have

... + A0<f>6 = 0,

... + — 0,

= 0,

Bi </>i ... + Be <j)6 = 0.

From these five equations two sets of values of ø can be found. Thus 

among the system of screws which satisfy four linear equations there must 

be two screws which intersect at right angles. These are of course the two 

principal screws of the cylindroid.

216. Application to the Three-System.

The equations of the three-system can be also deduced from the principle 

employed in § 214 which enunciated for this purpose is as follows.

If 0 be a screw of stationary pitch in a three-system P then there is a 

cylindroid belonging to P such that every screw of the cylindroid intersects 

6 at right angles.

It is obvious that this condition could only be complied with if 6 lies on 

the axis of the cylindroid, and as the cylindroid has two intersecting screws 

at right angles we have thus a proof that in any three-system there must be 

one set of three screws which intersect rectangularly. Let their pitches be 

a, b, c, then on the first we may put a screw of pitch - a, on the second a 

screw of pitch - b, and on the third a screw of pitch - c. Thus we arrive 

at a set of canonical co-reciprocals specially convenient for the particular 
three-system.

We have therefore learned that whatever be the three linear equations 

defining the three-system it is always possible without loss of generality to 

employ a set of canonical co-reciprocals such that the 1st, 3rd and 5th screws 

shall belong to the system.

These three screws will define the system. Any other screw of the 

system can be produced by twists about these three screws. Hence we 

see that for every screw of the system we must have

02 = O; 04 = O; 06 = O.
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If X, p, v be the direction angles of 0 we have thei’efore (§ 44)

a (pe — a) cos X — dei sin X
C72 =------------------------- --------------= 0,

a

o = 0^ ~ V) cos Z4 ~ sin p = 0

p = (pe-c) cos v - dK sin v = Q 
c

The direction cosines of the common perpendicular to 0 and 1 are 

cos v cos p
’ sin Å. ’ sin X ’

whence the cosine of the angle between this perpendicular and the radius
vector to a point a?, y, z on 0 is

y cos v z cos p d61 
r ’ sin X r sin X r ’

or dei sin X = y cos v — z cos p.

We have thus the three conditions

— a) cos X + z cos p — y cos v = 0..................(i),

— z cos X + (/>9 — &) cos p + x cos p = 0..................(ii),

— y cos X — x cos p 4- (pe — c) cos v = 0.................(iii),

whence eliminating cos X, cos p, cos v we obtain

(pe - a) (pe - 6) (pe - c) + (pe - a) x2 + (pe - b) t /3 + (pe -c)z2 = 0.

Thus we deduce the equation otherwise obtained in § 174, for the family of 
pitch-hyperboloids on which are arranged according to their pitches the 
several screws of the three-system.

217. Principal pitches of the Reciprocal Cylindroid.

From a system of the fourth order a system of canonical co-reciprocals 
can in general be selected which possesses exceptional facilities for the investi­
gation of the properties of the screws which form that four-system.

Let OA and OB be the axes of the two principal screws of the reciprocal 
cylindroid. Let a and b be the pitches of these two principal screws and 
let c be any third linear magnitude. Let 00 be the axis of the cylindroid.

Then the canonical co-reciprocal system now under consideration consists of

Two screws on OA with pitches + a and — a.

Two screws on OB with pitches + b and — b.

Two screws on 00 with pitches + c and — c.

15—2
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Of these the four screw s w ith pitches -  a, - b, + c, -  c respectively are each  

reciprocal to the cylindroid. Each of these four screw s m ust thus belong to  

the four-system . Further these four screw s are co-reciprocal.

It (?!...#„ be the six co-ordinates of a screw in the four-system  referred  

to these canonical co-reciprocals, then w e have

e, =  o, e3 = 0.

For , but as the first screw of reference belongs to the reciprocal 

cylindroid w e m ust have =  0. In like m anner w 39 =  0, and therefore

=  O and 03=O are the tw o linear equations w hich specify this particular 

four-system .

The pitch of any screw on the four-system expressed in term s of its 

co-ordinates is

-ae^-bd^ +_C{e^ - 

^ 2 +  ^  +  (0 5 +  ^ ’

of w hich the four stationary  values are —  a, — b, +  oo , —  oo .

W e m ay rem ark that if the four co-ordinates here em ployed be taken as 

a system of quadriplanar co-ordinates of a point w e have a representation  

of the four-system by the points in space. Each point corresponds to one  

screw  of the system . The screw s of given pitch  pe are found on the quadric 

surfaces

Ü +peV =  0,

w here U = 0 is the quadric w hose points correspond to the screw s of zero  

pitch and w here V= 0 is an im aginary cone w hose points correspond to the  

screw s of infinite pitch. Conjugate points w ith respect to U =  0 w ill cor­

respond to reciprocal screw s. A plane w ill correspond to a three-system  

and a straight line to a tw o-system .

The general theorem proved in § 214 states that w hen 3 is a screw of 

stationary pitch in an n-system  to w hich any other screw  </> belongs, then

= Pe cos 0</>.

Let us now  take a four-system  referred to any four co-reciprocals and choose  

for <f> in the above form ula each one of the four co-reciprocals in succession, 

w e then have

pA =pg {0, + 02 cos (12) +  0.3 cos (13) +  3, cos (14)}\

pA =pe {#i cos (12) 4- 02 + 03 cos (23) +  04 cos (24)}

^ ö 3=^[^ c o s (13) +  ö 2c o s (23) +  0 3 + 04 cos (34)}

— Pe {^i cos (14) +  02 cos (24) +  03 cos (34) + 04] ,

Elim inating 04, 02, 03l 04 w e deduce a biquadratic for pg. But w e have
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already seen that two of the roots of this must be infinite, whence this 

equation reduces to a quadratic, and its roots are as we have seen equal 

but opposite in sign to the pitches of the principal screws of the reciprocal 

cylindroid.

After a few reductions and replacing pe by - p we obtain the following 

equation

p2sin3 (34) + ptps sin2 (24) + ...)

+ P {PiPiPi + P1P2P4 + Prf>3p4 + PlPiPi)

+ P1P2P3P4 = 0.

We thus deduce from any four co-reciprocal screws the quadratic equation 

which gives the pitches of the two principal screws of the cylindroid to 

which the given four-system is reciprocal.

218. Equations to the screw in a four-system.

The screws of the four-system are defined by the equations

( pe + a) cos X + z cos p — y cos v = 0,

- z cos X + ( pa + b) cos p + x cos v = 0,

where pe is the pitch where cos X, cos p, cos v are the direction cosines and 

where x, y, z is a point on the screw. By these equations the properties of 

the various screws of the system can be easily investigated.

If pa be eliminated we obtain

x cos X cos v + y cos p cos v - z (cos2 X + cos2 p) — (a — 6) cos X cos p, 

whence we obtain for the equation to the cone of screws which belongs to the 

four-system, and has its vertex at x0, y0, z0

Xq  (x  - x0) (z - z0) + y0( y - y0) (z - z„)

- z0 {(« - xoy + (y - y»)2! - (a - 6) (» - Xo) (y - ?/„) = 0.

This is of course the cone which has been referred to in § 123.

219. Impulsive Screws and Instantaneous Screws.

A body which is free to twist about all the screws of a screw system of 

the fourth order receives an impulsive wrench on the screw y, the impulsive 

intensity being y". It is required to calculate the co-ordinates of the screw 

6 about which the body will commence to twist, and also the initial re­

actions of the constraints.

Let X and p be any two screws on the reciprocal cylindroid, then the 

impulsive reaction of the constraints may be considered to consist of 

impulsive wrenches on X, p of respective intensities X'", p". If we adopt
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the six absolute principal screws of inertia as screws of reference, (§ 79) then 

the body will commence to move as if it were free, but had been acted upon 

by a wrench of which the co-ordinates are proportional to p^, p636.

It follows that the given impulsive wrench, when compounded with the 

i eactions of the constraints, must constitute the wrench of which the co- 

oidinates have been just written; whence if h be a certain quantity which 

is the same for each co-ordinate, we have the six equations

— y yi + + p" pi,

hp636 = p % + X/z X(i + p"'p6.

Multiply the first of these equations by X1; the second by &c.: adding 

the six equations thus obtained, and observing that 6 is reciprocal to X, and 

that consequently

'Zpid^i = 0, 
we obtain

+ p"'^Xipi = 0,

and similarly multiplying the original equations by plt ..., p6 and adding, 
we obtain

y'"^yiPi + V'SMa + /"S/*? = 0.

1’rom these two equations the unknown quantities X'", p" can be found, 

and thus the initial reaction of the constraints is known. Substituting the 

values of X'", p" in the six original equations, the co-ordinates of the 

required screw 3 are determined.

220. Principal Screws of Inertia in the Four-System.

We have already given in Chapter VII. the general methods of deter­

mining the principal screws of inertia in an n-system. The following is a 

different process which though of general application is in this chapter set 

down for the case of the four-system.

Choose four co-reciprocal screws a, ß, 7, 8 of the four-system and let 

their co-ordinates be as usual .,.,a0; ß,,...^; 8lt ...,8e;

referred to the six absolute principal screws of inertia (§ 79).

Let an impulsive wrench on one of the principal screws of inertia 3 in 

the four-system be decomposed into components on a, ß, y, 8, and let the 

impulsive intensities be a!", ß"', y’", 8"'.

Let X, p be any two screws on the reciprocal cylindroid. Then the body 

will move as it it had been free and had received impulsive wrenches on the 

absolute principal screws of inertia, the impulsive intensities being

a ai + ß ".ßi + 7/"y1 + S'"?, + X'"Xj + p"p1 

« ct6 + ß /36 + y 'yt] + 8'”86 + X'"Xe + p"'p6.
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T h e  c o - o r d i n a t e s  o f  0 a r e  p r o p o r t i o n a l  t o

a " '« 6  +  £ % 8 6  +  7 " ^ 6  +  3 '" 8 6 .

A s  0 i s  t o  b e  a  p r i n c i p a l s c r e w  o f i n e r t i a  i t  f o l l o w s  t h a t t h e  e x p r e s s i o n s  

l a s t w r i t t e n  m u l t i p l i e d  s e v e r a l l y  b y  plt ..., p* m u s t b e  p r o p o r t i o n a l t o  t h e  

i n t e n s i t i e s  o f  t h e  i m p u l s i v e  w r e n c h e s  r e c e i v e d  b y  t h e  b o d y  : w h e n c e  w e  h a v e  

t h e  f o l l o w i n g  e q u a t i o n s  i n  w h i c h  h i s  a  q u a n t i t y  w h i c h  i s  t h e  s a m e  f o r  e a c h  

o f  t h e  c o - o r d i n a t e s .

hpl ( a " '« !  +  +  7 w y i  +  S"^) = a "a, + ß'"ßl + y'"y1 + 8"'81 + X"^ + p'"^,

hp6 (a"'as + ß'"ß6 + y"'ye + 8'"8e) = a"ae + ß”'ß6 + y'"ye + 8"'8e +  X '" X 8  +  p'"ps.

W e  a r e  n o w  t o  m u l t i p l y  t h e s e  e q u a t i o n s  b y  a u r e s p e c t i v e l y , a n d  

a d d . I f w e  r e p e a t t h e  p r o c e s s u s i n g  ßlt ß6; y i , y 8 ;  8 6 ;

X 1 (  . . . , X 6 ; plt...,ps a n d  i f  w e  r e m e m b e r t h a t a  i s  r e c i p r o c a l t o  ß, y, 8 

b e c a u s e  t h e  s y s t e m  i s  c o - r e c i p r o c a l a n d  t h a t a  i s  r e c i p r o c a l t o  X  a n d  p 

b e c a u s e  X  a n d  p b e l o n g  t o  t h e  r e c i p r o c a l  s y s t e m ,  t h e n  o b s e r v i n g  t h a t l i k e  

c o n d i t i o n s  h o l d  f o r  ß, y, a n d  8 , w e  h a v e  t h e  e q u a t i o n s

( X a 1 3 - / ( :p t t) + iS " 'S a A  + 7 " '^ a j 7 i +  6 " '2 a i 8 i +X'"Xa1X1 +p"'Xa1p1 = 0 ,

S a A +ß'"(tß1*-hpll) + y"'2ß1y1 +  8 /" W 1 +X'" XßiXi+p" Xß^p^ =  0 ,

S a i Y i +ß"'Sy1ß1 + y W ~ hpj+8"'ty& + x z /  P' " S y i / i j  = 0 ,

S a Ä +ß','X81ß1 + 7 '" S 8 1 7 i
+8''\t8^-hps)+X,"t81X1 + / z . " 'S 8 1 ^ 1 = 0 ,

S a A j +ß','Xx1ß1 +y"'ZX1y1 +  8 ," X \ 8 1 +x""£x? +p = 0 ,

+ß'"'£p1ß1 +y"'lp1y1 + 8'"lpA ■+ x'" Xp1x1+p'"Xpi = 0 .

F r o m  t h e s e  e q u a t i o n s  a '" , ß"', y'", 8"', X"', p" c a n  b e  e l i m i n a t e d  a n d  t h e  

r e s u l t  i s  t o  g i v e  a  b i q u a d r a t i c  f o r  h. T h u s  w e  h a v e  t h e  f o u r  r o o t s  f o r  t h e  

e q u a t i o n . E a c h  o f  t h e s e  r o o t s  w i l l g i v e  a  c o r r e s p o n d i n g  s e t o f  v a l u e s  f o r  

a"'; ß"'t r y '" ,  S '" ,  X'", p"; t h u s  w e  o b t a i n

a " 'a i  +  ß"'ßi +  7 / z /V i  +  ^ i >

a " 'a 6  +  ß"'ß<s + y'+  3 " 'é 6 ,

w h i c h  a r e  p r o p o r t i o n a l t o  t h e  c o - o r d i n a t e s  o f  t h e  c o r r e s p o n d i n g  p r i n c i p a l  

s c r e w  o f  i n e r t i a .

T h e  v a l u e s  o f  X '"  a n d  p" d e t e r m i n e  t h e  i m p u l s i v e  r e a c t i o n  o f  t h e  c o n ­

s t r a i n t s .

221. Application of Euler’s Theorem.

I t  m a y  b e  o f  i n t e r e s t  t o  s h o w  h o w  t h e  c o - o r d i n a t e s  o f  t h e  i n s t a n t a n e o u s
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screw corresponding to those of a given impulsive screw can be deduced 
from Eulers theorem (§94). If a body receive an impulsive wrench on a 

screw while the body is constrained to twist about a screw 0, then we have 
seen in § 91 that the kinetic energy acquired is proportional to

If 6i> 0-a , Ø3, be the co-ordinates of 0 referred to the four principal 
screws of inertia belonging to the screw system of the fourth order then 
(§§ 95, 97)

= (pyA + p.1V202 + p.3V.30.3 + piVi0^, 

ui = uffi + u/0.? + ui3i + ui3i.

Hence we have to determine the four independent variables 0lt 02, 0S, 04, so 
that

(PlVlOl +P2V2O2 + WÄ + jwA)2 
ui3i + u.20.;- + uiøi + u4-02 ’

shall be stationary. This is easily seen to be the case when 04, 02, 03, 04 are 
respectively proportional to

Pl P2 P-3 Pi
ct/l CV3 164

These are accordingly, as we already know (§ 97), the co-ordinates of the 

screw about which the body will commence to twist after it has received 
an impulsive wrench on y.

This method might of course be applied to any order of freedom.

222. General Remarks.

It has been shown in §80 how the co-ordinates of the instantaneous 

screw corresponding to a given impulsive screw can be determined when the 
ligid body is perfectly free. It will be observed that the connexion between 
the two screws depends only upon the three principal axes through the 

centre of inertia, and the radii of gyration about these axes. We may 
express this result more compactly by the well-known conception of the 
momenta! ellipsoid. The centre of the inomental ellipsoid is at the centre 
of. inertia of the rigid body, the directions of the principal axes of the 
ellipsoid are the same as the principal axes of inertia, and the lengths of 
the axes of the ellipsoid are inversely proportional to the corresponding 
radii of gyration. When, therefore, the impulsive screw is given, the 
momenta! ellipsoid alone must be capable of determining the corresponding 
instantaneous screw.

A family of rigid bodies may be conceived which have a common
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momental ellipsoid; every rigid body which fulfils nine conditions will 

belong to this family. If an impulsive wrench applied to a member of 

this family cause it to twist about a screw 6, then the same impulsive 

wrench applied to any other member of the same family will cause it 

likewise to twist about 0. If we added the further condition that the masses 

of all the members of the family were equal, then it would be found that 

the twist velocity, and the kinetic energy acquired in consequence of a 

given impulse, would be the same to whatever member of the family the 

impulse were applied (§§ 90, 91).

223. Quadratic n-systems.

We have always understood by a screw system of the nth order or briefly 

an '/i-systcm, the collection of screws whose co-ordinates satisfy a certain 

system of 6— n linear homogeneous equations. We have now to introduce 

the conception of a screw system of the nth order and second degree or briefly 

a quadratic n-system (n<Q). By this expression we are to understand a 

collection of screws such that their co-ordinates satisfy 6 — n homogeneous 

equations; of these equations 5 — n, that is to say, all but one are linear; 

the remaining equation involves the co-ordinates in the second degree.

Let 0j, ...,06 be the co-ordinates of a screw belonging to a quadratic 

n-system. We may suppose without any loss of generality that the 5 — n 

linear equations have been transformed into

0n+2 = O; 0n+8 = O; ... 00 = O.

The remaining equation of the second degree is accordingly obtained by 

equating to zero a homogeneous quadratic function of

0i ■ • • 0n+i •

We express this equation which characterizes the quadratic ft-system as

Uo = O.

All the screws whose co-ordinates satisfy the 5—n linear equations must 

themselves form a screw system of the 6 — (5 — n) = (n + l)th system. This 

screw system may be regarded as an enclosing system from which the screws 

are to be selected which further satisfy the equation of the second degree 

Ue = 0. The enclosing system comprises the screws which can be formed by 

giving all possible values to the co-ordinates 0lt ...,0n+1.

Of course there may be as many different screw systems of the nth order 

and second degree comprised within the same enclosing system as there can 

be different quadratic forms obtained by annexing coefficients to the several 

squares and products of n + 1 co-ordinates. If n = 5, the enclosing system 

would consist of every screw in space.
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224. Properties of a Quadratic Two-system.

Ihe quadratic two-system is constituted of screws whose coordinates satisfy 

three linear equations and one quadratic equation, and these screws lie 

generally on a surface of the sixth degree (§ 225). If we take the plane 

representation of the three-system given in Chapter XV., then any conic in 

the plane corresponds to a quadratic two-system and all the points in the 

plane correspond to the enclosing three-system. Since any straight line in 

the plane corresponds to a cylindroid in the enclosing system and the 

straight line will, in general, cut a conic in the plane in two points, we have 

the following theorem.

A quadratic two-system has two screws in common with any cylindroid 

belonging to the enclosing three-system.

A pencil of four rays in the plane will correspond to four cylindroids 

with a common screw, which we may term a pencil of cylindroids. Any 

fifth transversal cylindroid belonging also to the same three-system will be 

intersected by a pencil of four cylindroids in four screws, which have the 

same anharmonic ratio whatever be the cylindroid of the three-system 

which is regarded as the transversal. We thus infer from the well-known 

anharmonic property of conics the following theorem relative to the screws 

of a quadratic two-system.

If four screws a, ß, y, c be taken on a quadratic two-system, and also 

any fifth screw y belonging to the same system, then the pencil of cylindroids 

(i/a), (yß), (yy), (yb) will have the same anharmonic ratio whatever be the 

screw y. (See Appendix, note 6.)

The plane illustration will also suggest the instructive theory of Polar 

screws which will presently be stated more generally. Let U= 0 be the conic 

representing the quadratic two-system and let F= 0 be the conic representing 

the screws of zero pitch belonging to the enclosing three-system. Let P be a 

point in the plane corresponding to an arbitrary screw 0 of the three-system. 

Draw the polar of P with respect to U= 0 and let Q be the pole of this 

straight line with respect to V= 0, then Q will correspond to some screw </> of 

the enclosing three-system. From any given screw 0, then by the help of the 

quadratic two-system a corresponding screw </> is determined. We may term 

</> the polar screw of 0 with respect to U= 0. Three screws of the enclosing 

system will coincide with their polars. These will be the vertices of the 

triangle which is self-conjugate with respect both to U and to K

A possible difficulty may be here anticipated. The equation V= 0 is itself 

of course equivalent to a certain quadratic two-system and therefore should 

correspond to a surface of the sixth degree. We know however (§ 173) that 

the locus of the screws of zero pitch in a three-system is au hyperboloid, so 

that in this case the expectation that the surface would rise to the sixth
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degree seems not to be justified. It is however shown in § 202 that this 

hyperboloid is really not more than a part of the locus. There are also four 

imaginary planes which with the hyperboloid complete the locus, and the 

combination thus rises to the sixth degree.

225. The Quadratic Systems of Higher Orders.

If we had taken n = 3, then of course the quadratic three-system would 

mean the collection of screws whose four co-ordinates satisfied an equation 

which in form resembles that of a quadric surface in quadriplanar co­

ordinates. A definite number of screws belonging to the quadratic three- 

system can in general be drawn through every point in space.

We shall first prove that the number of those screws is six. Let 04, ...,06 

be the co-ordinates of any screw 0 referred to a canonical co-reciprocal system. 

Then if a!, y, z' be a point on 0, we have (§ 43)

(0, + Øs) y' - (03 + h) = a (0X - 02) - pe (01 + 0-f

(01 + 0-1) - (#s + Øs) % = b (03 — 0t) — pe (03 + 01),

(03 + 04) x' - (04 + 02) y' = c (05 - 0s) - Pe (0-s + ^)-

If we express that 0 belongs to the enclosing four-system we shall have two 

linear equations to be also satisfied by tho co-ordinates of 0. These equations 

may be written without loss of generality in the form

0, = 0; 04 = 0.

We have finally the equation Uo = 0 characteristic of the quadratic three- 

system. From these equations the co-ordinates are to be eliminated. But 

the eliminant of k equations in (k — 1) independent variables is a homo­

geneous function of the coefficients of each equation whose order is, in 

general, equal to the product of the degrees of all the remaining equations*. 

In the present case, the coefficient of each of the first three equations must 

be of the second degree in the eliminant and hence, the resulting equation 

for pe is of the sixth degree, so that we have the following theorem.

Of the screws which belong to a quadratic three-system, six can be drawn 

through any point.

As the enclosing system in this case is of the fourth order, the screws of 

the enclosing system drawn through any point must lie on a cone of the 

second degree (§ 218). Hence it follows that the six screws just referred to 

must all lie on the surface of a cone of the second degree.

We may verify the theorem just proved by the consideration that if the 

function Ue could be decomposed into two linear factors, each of those factors

* Salmon, Modern Higher Algebra, p. 76, 4th Edition (1885).
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e q u a te d to z e ro w o u ld c o rre sp o n d to a th ree -sy s tem  se le c ted fro m th e  

e n c lo s in g  fo u r-sy s tem . W e  k n o w  (§  1 7 6 )  th a t th ree  sc re w s  o f a  th re e -sy ste m  

c a n b e d ra w n th ro u g h e ac h p o in t. W e h a v e , c o n seq u e n tly , th re e sc re w s  

th ro u g h  th e  p o in t fo r e ac h  o f th e  tw o  fa c to rs o f Ue, i.e. s ix  sc re w s in  a ll.

. T h e  e q u a tio n  o f  th e  6 th  d e g re e  in  pg c o n ta in s  a lso  th e  c o -o rd in a te s x', y', z' 

in th e s ix th d e g re e . T a k in g th e se a s th e c u rren t c o -o rd in a te s w e m a y  

re g a rd th is e q u a tio n a s e x p re ssin g th e fa m ily o f su rfac e s w h ic h , ta k e n  

to g e th e r , c o n ta in  a ll th e sc rew s o f th e q u a d ra tic  th re e -sy s te m . T h e sc re w s  

o f th is sy s tem  w h ic h h a v e  th e sa m e p itc h  pg a re  th u s se e n to  b e  ra n g ed  o n  

th e g e n era to rs o f a ru led su rfa ce o f th e s ix th d e g re e . A ll th e se sc re w s  

e  o n g o f c o u rse to th e e n c lo s in g fo u r-sy s tem , a n d a s th e y h a v e th e  

sa m e p itc h es , th e y m u st a ll in te rse c t th e sa m e p a ir o f sc rew s o n th e  

re c ip ro c a l c y lin d ro id  (§  2 1 2 ). I t fo llo w s th a t e a c h  o f th e se p itc h  su rfa c e s o f  

th e s ix th  d e g re e m u st h a v e in sc rib e d u p o n it a p a ir o f g e n e ra to rs o f th e  

re c ip ro c a l c y lin d ro id .

A sc en d in g  o n e  s tep  h ig h er in  th e o rd er o f th e e n c lo s in g  sy s te m  w e se e  

th a t th e  q u a d ra tic  fo u r-sy s tem  is c o m p o sed  o f  th o se  sc rew s  w h o se  c o -o rd in a te s  

sa tisfy o n e lin e ar h o m o g e n eo u s e q u a tio n Z  =  0 , a n d o n e h o m o g e n e o u s 

e q u a tio n o f th e se co n d d e g re e U =  0 . W e m a y s tu d y th e se sc rew s a s  

fo llo w s .

L e t th e d ire c tio n c o s in e s o f a sc re w  0 b e c o s  X , c o s  p, c o s  v. If th e  

le fe re n c e  b e  m a d e , a s  u su a l, to  a  se t o f c an o n ic a l c o -re c ip ro c a ls w e  h a v e

c o s  X  =  0X + 0„; c o s  p = 0S + 0t; c o s  v=05 + 0e,

W e  th e re fo re  h a v e  fo r a  p o in t x', y', z' o n  0 th e  e q u a tio n s (§  2 1 8 )

=  (a  +  pe) c o s  X  —  z' c o s  p + y' c o s  i>,

2a02 ~(a~ pg) c o s  X  +  z' c o s  p — y' c o s  v,

w ith  s im ila r  e x p re ss io n s  fo r 03, 04> 0S! 0f._

S u b s titu tin g th e se e x p re ss io n s in L =  0 a n d  U =  0 a n d  e lim in a tin g pe 

w e o b ta in a n h o m o g e n e o u s e q u a tio n o f th e fo u rth d e g re e in c o s  X , ’ 

c o s  P, c o s  V. If  w e su b s titu te fo r th e se q u a n titie s x — x', y — y', z — z', w e  

o b ta in th e e q u a tio n o f th e c o n e o f sc rew s w h ic h c a n b e d ra w n th ro u g h  

x', y', z- th is c o n e is  a c c o rd in g ly  o f th e fo u rth  d e g re e . W e  v e rify  th is  c o n ­

c lu s io n  b y  n o tic in g  th a t if J7 = 0  w e re th e p ro d u c t o f tw o  lin ea r fu n c tio n s  

th is c o n e w o u ld  d e c o m p o se in to  tw o c o n e s o f th e sec o n d d e g re e , a s sh o u ld  

c lea r ly  b e  th e  c a se (§  2 1 8 ).

I t re m a in s to c o n s id e r th e Q u a d ra tic F iv e -sy s te m . In th is c a se th e  

e n c lo sin g sy s te m  in c lu d e s e v e ry  sc re w  in  sp a c e , a n d  th e s ix c o -o rd in a tes o f
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the screw 0 are subjected to no other relation than that implied by the 

quadratic relation
Ue = 0.

As before we may substitute for 0lt ...,06 from the equations

2a02 = (a + pø) cos X — z cos p + y' cos v,

2a02 = (a — pe) cos X + / cos p — y' cos v,

with similar expressions for 2b0lt 2b0.2, &c.

Introducing these values into

ue = o,

we obtain a result which may be written in the form

+ 2Bpe + (7 = 0,

where A, B, C contain cos X, cos p, cos v in the second degree, and where 

a/, y', z enter linearly into B and in the second degree into C.

Hence we see that on any straight line in space there will be in general 

two screws belonging to any quadratic five-system. For the straight line 

being given x', y', z' are given, and so are cos X, cos p, cos v. The equation 

just written gives two values for a pitch which will comply with the 

necessary conditions.

If we consider pa and also x', y', z as given, and if we substitute for 

cos X, cos p, cos v the expressions x — y — y', z — z respectively, we obtain 

the equation of a cone of the second degree. Thus we learn that for each 

given pitch any point in space may be the vertex of a cone of the second 

degree such that the generators of the cone when they have received the 

given pitch are screws belonging to a given quadratic five-system.

If the equation
A0-B>~0

be satisfied, then the straight lines which satisfy this condition will be 

singular, inasmuch as each contains but a single screw belonging to the 

quadratic five-system. As cos X, cos p, cos v enter to the fourth degree into 

this equation it appears that each point in space is the vertex of a cone of 

the fourth degree, the generators of which when proper pitches are assigned 

to them will be singular screws of the quadratic five-system.

If we regard cos X, cos p, cos v as given quantities in the equation

AC - = 0,

then this will represent a quadric surface inasmuch as x, y', z' enter to the 

second degree. This quadric is the locus of those singular screws of the 

quadratic five-system which are parallel to a given direction. Hence the 

equation must represent a cylinder.



■■■■■■■■■■■■■■■■■OHBSk ESSSESS

238 THE THEORY OF SCREWS. [225,

If B = 0 the two roots of the equation in pe will be equal, but with 

opposite signs; as cos X, cos/z, cos v enter to the second degree in B it 

follows that through any point in space as vertex a cone of the second degree 

can be drawn such that each generator of this cone when the proper pitch is 

assigned to it will equally belong to the quadratic five-system, whether that 

pitch be positive or negative.

If -B = 0 and C = 0, then both values of p6 must be zero. Regarding 

x y y > z as fixed, each of these equations will correspond to a cone with 

vertex at x, y, z ; these cones will have four common generators, and hence 

we see that through any point in space four straight lines can in general be 

drawn such that with the pitch zero but not with any other pitch, these 

screws will be members of a given quadratic five-system.

226. Polar Screws.

The general discussion of the quadratic screw-systems is a subject of 

interest both geometrical and physical. We shall here be content with a 

few propositions which are of fundamental importance.

Let as before

^ = 0

be the homogeneous relation between the co-ordinates 01, ...,0„+1 of the 

screws which constitute a quadratic n-system.

Let y and £ denote any two screws other than d and chosen from the 

enclosing n-system, from which the screws of the quadratic n-system are 

selected by the aid of the condition Ue = 0. If then we adopt the fertile 

method of investigation introduced by Joachimsthal, we shall substitute in 

mUt = 0 for ,@n+i the respective values

Uh + ly.2 + mf,....... lyn+1 + mt;n+1.

The result will be

Z2 + Im + m?U( = 0,

where Uv(=^+... + .

Solving this quadratic equation for I m we obtain two values of this 

ratio and hence (§ 119) we deduce the following theorem.

-^■ny cylindroid of a given (n + system will possess generally two screws 

belonging to every quadratic n-system which the given (n + l)-system 

encloses.

If the two screws y and f had been so selected that they satisfied the 
condition

u,=i:~i+ + h -o



2 2 6 ] F R E E D O M  O F  T H E  F O U R T H  O R D E R . 2 3 9

t h e n  t h e  tw o  r o o t s  o f  t h e  q u a d r a t i c  a r e  e q u a l b u t  w i th  o p p o s i t e  s ig n s , a n d  

h e n c e  ( §  1 1 9 )  w e  h a v e  t h e  f o l l o w in g  t h e o r e m .

I f  t h e  c o n d i t io n  11^=0 i s  s a t i s f i e d  b y  t h e  c o - o r d in a t e s  o f  tw o  s c r e w s ? ?  

a n d  £  w h ic h  b e lo n g  t o  t h e  e n c lo s in g  ( » .  +  l ) - s y s t e m ,  t h e n  t h e s e  tw o  s c r e w s  y, 

t a n d  t h e  tw o  s c r e w s  w h ic h , l y in g  o n  t h e  c y l in d r o id  ( r / , £ ) , a l s o  b e lo n g  t o  t h e  

q u a d r a t i c  « - s y s t e m  Ue =  0 , w i l l b e  p a r a l le l t o  t h e  f o u r  r a y s  o f  a n  h a r m o n ic  

p e n c i l .

W e  a r e  n o w  t o  d e v e lo p  t h e  c o n c e p t io n  o f  p o la r  s c r e w s  a l lu d e d  t o  i n  §  2 2 4 ,  

a n d  t h i s  m a y  b e  m o s t c o n v e n ie n t ly  d o n e  b y  g e n e r a l i z in g  f r o m  a  w e l l - k n o w n  

p r in c ip l e  i n  g e o m e t r y .

L e t  0  b e  a  p o in t  a n d  $  a  q u a d r i c  s u r f a c e . L e t a n y  s t r a ig h t l i n e  t h r o u g h  

0 c u t t h e  q u a d r i c  i n  t h e  tw o  p o in t s  X1 a n d  X„. T a k e  o n  t h i s  s t r a ig h t  l i n e  

a  p o in t  P s o  t h a t t h e  s e c t io n  0XP1X2 i s  h a r m o n ic ; t h e n  f o r  t h e  d i f f e r e n t  

s t r a ig h t  l i n e s  t h r o u g h  0 t h e  l o c u s  o f  P i s  a  p la n e . T h i s  p la n e  i s  o f  c o u r s e  

t h e  w e ll - k n o w n  p o la r  o f  P . W e  h a v e  a n  a n a lo g o u s  c o n c e p t io n  i n  t h e  p r e s e n t  

t h e o r y  w h ic h  a p p e a r s  a s  f o l l o w s .

T a k e  a n y  s c r e w  r/ i n  t h e  e n c lo s in g  (n +  l ) - s y s t e m . D r a w  a  p e n c i l o f  n 

c y l in d r o id s  t h r o u g h  r/, a l l  t h e  s c r e w s  o f  e a c h  c y l in d r o id  l y in g  i n  t h e  e n c lo s in g  

( n  +  l ) - s y s te m . E a c h  o f  t h e s e  c y l in d r o id s  w i l l h a v e  o n  i t  tw o  s c r e w s  w h ic h  

b e lo n g  t o  t h e  q u a d r a t ic  n - s y s t e in  Ue =  0 . O n  e a c h  o f t h e s e  c y l in d r o id s  a  

s c r e w  £  c a n  b e  t a k e n  w h ic h  i s  t h e  h a r m o n ic  c o n ju g a te  w i th  r e s p e c t t o  r/ 

w i th  r e f e r e n c e  t o  t h e  tw o  s c r e w s  o f  t h e  q u a d r a t i c  « - s y s t e m  w h ic h  a r e  f o u n d  

o n  t h e  c y l in d r o id . W e  t h u s  h a v e  n s c r e w s  o f  t h e  f  t y p e , a n d  t h e s e  n s c r e w s  

w i l l d e f in e  a n  n - s y s t e m  w h ic h  i s  o f c o u r s e  i n c lu d e d  w i th in  t h e e n c lo s in g  

( n  +  l ) - s y s t e m .

T h e  e q u a t io n  o f  t h i s  n - s y s te m  i s  o b v io u s ly

JT — Y I S' _ A

T h i s e q u a t io n  i s a n a lo g o u s t o  t h e  p o la r o f  a  p o in t w i th  r e g a r d  t o  a  

q u a d r i c  s u r f a c e . W e  h a v e  h e r e  w i th in  a  g iv e n  e n c lo s in g  ( n  +  l ) - s y s t e m  a  

c e r t a in  n - s y s t e m  w h ic h  i s  t h e  p o la r  o f  a  s c r e w  - 7 w i th  r e s p e c t t o  a  c e r t a in  

q u a d r a t i c  ? i - s y s t e m .

T h e c o n c e p t io n  o f r e c ip r o c a l s c r e w s e n a b le s  u s  t o  t a k e  a  f u r th e r im ­

p o r t a n t  s t e p  w h ic h  h a s  n o  c o u n te r p a r t i n  t h e  o r d in a r y  t h e o r y  o f  p o le s  a n d  

p o la r s . T h e  l i n e a r  e q u a t io n  f o r  t h e  c o - o r d in a t e s  o f  £  n a m e ly

^  =  0 ,

i s  m e r e ly  t h e  a n a ly t i c a l e x p r e s s io n  o f t h e  f a c t t h a t £  i s  r e c ip r o c a l t o  t h e
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screw of the enclosing (w + l)-system whose co-ordinates are proportional 

to
1 dlf, 1

Pi dr/i Pn+1

This we shall term the polar screw of y with respect to the quadratic 

n-system. It is supposed, of course, that the screws of reference are co­

reciprocals.

If a and ß be two screws of an enclosing (n + l)-system, and if y and £ 

be their respective polar screws with reference to a quadratic n-system, then 

when a is reciprocal to £ we shall have ß reciprocal to r/. For we have, where 

h is a common factor,

, 1 dUa , 1 dUa
/i?71 — - y , ... IbYln+x — j — ,

Pi Pn+1 dctn+1
whence

h^PiPißi + ... +pn+i Vn+1 ßn-\-i) — bdaß.

If therefore ß and y are reciprocal the left-hand member of this equation is 

zero and so must the right-hand member be zero. But the symmetry shows 

that £ and a are in this case also reciprocal. We may in such a case regard 

a and ß as two conjugate screws of the quadratic n-system.

As a first illustration of the relation between a screw and its polar, we 

shall take for Ua = 0, the form

+ p2a22 + ... + p6al - p (a,2 + a22 + ... + a62 + 2aja2 cos (12) ... ) = 0.

This means of course that Ua = 0 denotes every screw which has the pitch p.

Take any screw a and draw a cylindroid through a. The two screws of 

pitch p on this cylindroid belong to U and a fourth screw 6 may be taken 

on this cylindroid so that a, 9, and the two screws of pitch p form an 

harmonic pencil.

By drawing another cylindroid through a another screw of the ö-system 

can be similarly constructed. If these five cylindroids be drawn through a 

we can construct five different screws of the 0-system. To these one screw 

will be reciprocal, and this is the polar of a. We have thus the means of 

constructing the polar of a.

Seeing however that Ua = 0 includes nothing more or less than all the 

2? pitch screws in the universe and that in the construction just given for 

the polar of a there has been no reference to the screws of reference, sym­

metry requires that the polar of a must be a screw which though different 

from a must be symmetrically placed with reference thereto. The only 

method of securing this is for the polar of a with respect to this particular 

function to lie on the same straight line as a.
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Hence we deduce that the screw with co-ordinates

otl, > • • • #6 >

and the screw with co-ordinates proportional to 

i dU IdU IdU

p1 da* ’ p2 daf pe da6 ’

in which U is the expression

/»i«!2 + P^2 ... + peaf + (®i2 + a2a • •• + 2«!^ cos (12)...)

must be collinear, and this is true for all values of X.

We hence see that the co-ordinates of a screw collinear with a must be 

proportional to

X dR X dR 
0(1 + 2/>! do^ ’ a'2 + 2p2 da± " 

where
R = ax2 + a22 + ... + 2^^ cos (12) + ...

Thus we obtain the results of § 47 in a different manner.

227. Dynamical application of Polar Screws.

We have seen (§ 97) that the kinetic energy of a body twisting about a

dd'
velocity and belonging to a n-systemscrew 0 with a twist is

/JØ'V
>( ,, ) («i2^2+...+Wn2M> 

\ Uj u J

the screws of reference being the principal screws of inertia.

If we make u1201 ‘2+...+izn2ön2 = 0, then 0 must belong to a quadratic 

«-system. This system is, of course, imaginary, for the kinetic energy of 

the body when twisting about any screw which belongs to it is zero*.

The polar y of the screw 0, with respect to this quadratic ^-system, has 

co-ordinates proportional to

^-0lt ... —  0„.

Pl Pn

Comparing this with § 97, we deduce the following important theorem :

A quiescent rigid body is free to twist about all the screws of an enclosing 

(n + V)-system A. If the body receive an impulsive wrench on a screw y

• In a letter to the writer, Professor Klein pointed out many years ago the importance of the 

above screw system. He was led to it by expressing the condition that the impulsive screw 

should be reciprocal to the corresponding instantaneous screw.

B. 16
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belonging to A, then the body will commence to twist about the screw 6, of 

which t ] is the polar with respect to the quadratic n-system composed of 

the imaginary screws about which the body would twist with zero kinetic 
energy.

If a rigid body which has freedom of the nth order be displaced from a 

position of stable equilibrium under the action of a system of forces by a 

twist of given amplitude about a screw 3, of which the co-ordinates referred 

to the n principal screws of the potential are 31>... 3n, then the potential 

energy of the new position may, as we have seen (§ 103) be expressed by

^3^ + ... +Vni3ni.

If this expression be equated to zero, it denotes a quadratic «-system, 

which is of course imaginary. We may term it the potential quadratic 

n-system.

The potential quadratic «-system possesses a physical importance in 

every respect analogous to that of the kinetic quadratic n-system: by 

reference to (§ 102) the following theorem can be deduced.

If a rigid body be displaced from a position of stable equilibrium by a twist 

about a screw 6, then a wrench acts upon the body in its new position on 

a screw which is the polar of 3 with respect to the potential quadratic 
n-system.

The constructions by which the harmonic screws were determined in the 

case of the second and the third orders have no analogies in the fourth order. 

We shall, therefore, here state a general algebraical method by which they 

can be determined.

Let U = 0 be the kinetic quadratic n-system, and V = 0 the potential 

quadratic n-system, then it follows from a well-known algebraical theorem 

that one set of screws of reference can in general be found which will reduce 

both U and V to the sum of n squares. These screws of reference are the 

harmonic screws.

We may here also make the remark, that any quadratic n-system can 

generally be transformed in one way to the sum of n square terms with 

co-reciprocal screws of reference; for if Ue and pe be transformed so 

that each consists of the sum of n square terms, then the form for the 

expression of p0 (§ 38) shows that the screws are co-reciprocal.

228. On the degrees of certain surfaces.

We have already had occasion (§ 210) to demonstrate that the general 

condition that two screws shall intersect involves the co-ordinates of each
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of the screws in the third degree. We can express this condition as a 

determinant by employing a canonical system of co-reciprocals. For if two 

screws 0 and <f> intersect, then there must be some point x, y, z which shall 

satisfy the six equations (§ 43):

(a6 + a6) y - («3 + a4) z = a - a2) -pa (ax + a„),

(aj + as) z - (a5 + a6) x = b (a3 - a4) - p« (a3 + a4),

(as + a4) x - (otj + a2) y = c (a5 - a6) -p* (a5 + a„),

(65 + 0„) y - (03 + 04) z = a (di - d2) -pe (di + 02),

(di + 02) z - (0B + 08) x = b (ds - d^ - pe (d3 + di), 

(03 + d^x - (di + d2) y = c (ds - d6) -pe (d, + dt).

From these equations we eliminate the five quantities x, y, z, pe, p„ and 

the required condition that d and a shall intersect, is given by the equa­

tion

o (a6 + «s)> - (a3 + a4), (aj + a2), 0 , a (aj — a2)

- (a6 + a6), 0 (aj + a2), (a3 + a4), o , b (a3 - a4)

(as + a4), - («1 + a2), o (a5 + a,), o , c (as - a6)

0 (d3 + d6), ~(d3+di), 0 (di + d2), a (di - d2)

— (d5 + d6). o (di + d2), o (d3 + di), b(d3-di)

(d3+di), -(di + d2), o o (ds+ds), c (ds - ds)

Four homogeneous equations between the co-ordinates of d indicate 

that the corresponding screw lies on a certain ruled surface. Let us suppose 

that the degrees of these equations are I, m, n, r respectively, then the degree 

of the ruled surface must not exceed Slmnr.

For express the condition that d shall also intersect some given screw a, 

we then obtain a fifth homogeneous equation containing the co-ordinates of 

6 in the third degree. The determination of the ratios of the six co-ordi­

nates di, ... d3 is thus effected by five equations of the several degrees I, m, 

n, r, 3. For each ratio we obtain a system of values equal in number to 

the product of the degrees of the equations, i.e. to 3lmnr. This is accord­

ingly a major limit to the number of points in which in general a pierces 

the surface, that is to say, it is a major limit to the degree of the surface. 

Of course we might affirm that it was the degree of the surface save for the 

possibility that through one or more of the points in which a met the surface 

more than a single generator might pass.

As an example, we may take the simple case of the cylindroid, in which 

I, m, n, r being each unity the locus is of the third degree. The screws of

16—2
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a three-system which satisfy an equation of the nth degree must have as 

their locus a surface of degree not exceeding 3n. The most important 

application of this is when n = 2, in which case the screws form a quadratic 

two-system. The degree of this surface cannot exceed six, on the other 

hand, if the quadratic condition which we may write

aø ?+ve?+co*+2F0&+z g o j ,+2se1e, = o, 

should break up into two linear factors each of these linear factors will 

correspond to a cylindroid, i.e. a surface of the third degree. Hence the 

degree of the surface must in general be neither less than six nor greater 

than six, and hence we learn that the surface whieh is the locus of the 

screws of a quadratic two-system is of the sixth degree.

A particular case of special importance arises when the pitches of all the 

screws on the surface are to be the same. The statement of this condition 

is of course one equation of the second degree in the co-ordinates of the 

screw. In the case of canonical co-reciprocals, this equation would be

Pi+ ■ • • +pA3=Pe {(0> + 02)2 + (0S + W + (05 + 06)2}.

But the condition that 0 and a shall intersect will now submit to 

modification. We sacrifice no generality by making a of zero pitch, so 

that if 0 has a given pitch pg, the condition that a and 0 shall intersect 

is no longer of the third degree. It is the linear equation

= pe cos (ad).

If therefore the co-ordinates of 0 satisfy three homogeneous equations of 

degrees I, m, n respectively, in addition to the equation of the second degree 

expressing that the pitch is a given quantity, then the locus is a surface of 

degree not exceeding 2lmn.

As the simplest illustration of this result we observe that if I, m, n be 

each unity, the locus in question is the locus of the screws of given pitch in 

a three-system. This locus cannot therefore be above the second degree, 

and we know, of course (Chapter XIV.) that the locus is a quadric.

If I and m were each unity and if n = 2 we should then have the locus 

of screws of given pitch belonging to a four-system and whose co-ordinates 

satisfied a certain equation of the second degree. This locus is a surface of 

the fourth degree. In the special case where the given pitch is zero, the 

surface so defined is known in the theory of the linear complex. It is there 

presented as the locus of lines belonging to the complex and whose co­

ordinates further satisfy both a linear equation and a quadratic equation.

Mr A. Panton has kindly pointed out to me that in this particular case 

the surface has two double lines which are the screws of zero pitch on the
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cylindroid reciprocal to the enclosing four-system. It has also eight singular 

tangent planes (four through each double line) touching all along a generator. 

The cylindroid is a very special case of this surface in which one of the 

double lines is at infinity. If the system be reciprocal to the cylindroid 

z (a? +1/2) + kxy = 0, then the cylindroid to which the surface reduces is 

z 4- — kxy — 0. The singular tangent planes are represented by the

two tangent planes at the limits of the cylindroid.



CHAPTER XVII .

FREEDOM OF THE FIFTH ORDER.

229. Screw Reciprocal to Five Screws.

There is no more important theorem in the Theory of Screws than that 

which asserts the existence of one screw reciprocal to five given screws. 

At the commencement, therefore, of the chapter of which this theorem is 

the foundation, it may be well to give a demonstration founded on elementary 

principles.

Let one of the five given screws be typified by

æ-<xk y — yk z-zk

-7r<pitch“n)'
while the desired screw is defined by

x — y — y’ z - z, ., ,
■ v~ = ~/=“7~(piteh = ^

The condition of reciprocity (§ 20) produces five equations of the following 

type

+ [(p + pt) ak + ykyk - ßkzk\ + ß [(p + pk) ßk + akzk - y^]

+ ?[(? + Pit) 7k + ßkXk - akyk} + ak (yy' - ßz) + ßk (az' - 7«;')

+ Yk (ß®’ ~ ay') = 0.

From these five equations the relative values of the six quantities

a, ß Y> YV' ~ ßz’> az ~ 7X’, ßx' — ay'

can be determined by linear solution. Introducing these values into the 

identity

«(?/ — ßz') + ß(fl,z — yx) + y (ßx — ay') = 0, 

gives the equation which determines p.
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To express this equation concisely we introduce two classes of subsidiary 

magnitudes. We write one magnitude of each class as a determinant.

+ piVi + ^iÄ-2/iOtj, «i, ßi, 7i

p2ßi + Z2«2 — X2y2, + — a2> ßz> ?2

p3/33 + ^3a3-æ3V3> p^3 + ^ßi-y^, as. ßt, 7s 

PiÄ + ^A — «4^4, pjyt + ^ißt — y^t, «<> ßt, 7i 

pA + øsa5 - ®6y6, Psys + ^ßü-y^, as, ß5, y5

By cyclical interchange the two analogous functions Q and R are defined.

pi“i + 2/171- ZA > Pißi + ^i-^y!, piVi + ^Ä-yi«!, ßi, Vi =L-

p2a.2 + y2y2-zA> pA + x2y2, p2y2 + x2ß2- y2a2, ß2, y2

p3a3 + y3y3- z3ß3> psßs + ^-^ys, PsfY» + y&3, ß3> 7s

P^i + ytyt-^ßt, PiÄ + ^«4-®474, ptyA^ßi-y^ ßt> 7*

p3a5 + y5y5 — z3ß3, p3ßs + z6as-x6y6, psiy3 +x5ß3-ysa5, ß5, y5

By cyclical interchange the two analogous functions M and N are defined.

The equation for p reduces to

(P2 + Q- + R-~) P + PL + QM + RN = 0.

The reduction of this equation to the first degree is an independent 

proof of the principle, that one screw, and only one, can be determined 

which is reciprocal to five given screws ; p being known, a, ß, y can be found, 

and also two linear equations between x, y', z, whence the reciprocal screw is 

completely determined.

For the study of the screws representing a five-system we may take the 

first screw of a set of canonical coreciprocals to be the screw reciprocal to 

the system. Then the co-ordinates of a screw in the system are

0, 02> 03,...0O)

while if X, p, v be the direction cosines of 0 and x, y, z a point thereon, and 

p6 the pitch we have (§ 43)

(pfl + a) cos X - cos /z. + 2/ cos v = 0.

We can obtain at once the relation between the direction and the pitch 

of the screw belonging to the system and passing through a fixed point. 

If Po = 0 and z and y be given, then the equation shows that the screw is 

limited to a plane (§ 110).

230. Six Screws Reciprocal to One Screw.

When six screws, Jl J; ... Ae are reciprocal to a single screw T, a certain
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relation must subsist between the six screws. This relation may be ex­
pressed by equating the determinant of § 39 to zero. The determinant 
(which may perhaps be called the sexiant) may be otherwise expressed as 
follows:—

The equations of the screw Ak are

x~x^.y-yk z-zk

We shall presently show that we are justified in assuming for T the 
equations

x V z , . .
ä=^ = -(Pltch = p)-

The condition that Ak and T be reciprocal is

(p + Pfc) (aa* + ßßlc + 77*) + Xk (yßk — ßyk) + yk (ayk _ ydk)

+ (/3a* - aßk) = o.

Writing the six equations of this type, found by giving k the values 
1 to 6, and eliminating the six quantities

pa, pß, py, a, ß, y, 

we obtain the result:—

aiPi +712/1 ÄPi + Mi - Vi«i, 7iPi + -ajyi, «J, ßlt y1

a2p2 + y2y2- ß2z3, ß2p2 + a3z3- y3x2, y2p2 + ß^-ccpj?, a2, ß2, y2

^p3 + y3y3-ß3z3, ß3p3 + a3z3-y3x3, y3p3 +ß3x3 - a3y3, a3, ß3, y3 

^Pi + yiyt- ßiZi, ßiPi + a^- yiXi, y4p4 + ß^-a^i, ait ßt, y4

asps + y3y3 - ßfa, ß5p5 + a4Z3 - y3x3, y5ps + ßsxs - a3y3, as, ß5, yä

aep3 + y3y3- ß6z3, ßsps + deZf - y3x6, y6p6 + ß6xs - a6y3, a6, ße, ye

= 0.

By transformation to any parallel axes the value of this determinant is 
unaltered. The evanescence of the determinant is therefore a necessary 
condition whenever the six screws are reciprocal to a single screw. Hence 
we sacrificed no generality in the assumption that T passed through the 
origin.

Since the sexiant is linear in xlt ylt zlt it appears that all parallel screws 
of given pitch reciprocal to one screw lie in a plane. Since the sexiant is 
linear in a1; ßlt ylt we have another proof of Möbius’ theorem (§ 110).

The property possessed by six screws when their sexiant vanishes may be 
enunciated in different ways, which are precisely equivalent.

(a) The six screws are all reciprocal to one screw.



230] FREEDOM OF THE FIFTH ORDER. 249

(b) The six screws are members of a screw-system of the fifth order and 

first degree.

(c) Wrenches of appropriate intensities on the six screws equilibrate, 

when applied to a free rigid body.

(cZ) Properly selected twist velocities about the six screws neutralize, 

when applied to a rigid body.

(e) A body might receive six small twists about the six screws, so that 
after the last twist the body would occupy the same position which it had 

before the first.

If seven wrenches equilibrate (or twists neutralize), then the intensity 
of each wrench (or the amplitude of each twist) is proportional to the 

sexiant of the six non-corresponding screws.

For a rigid body which has freedom of the fifth order to be in equilibrium, 
the necessary and sufficient condition is that the forces which act upon the 
body constitute a wrench upon that one screw to which the freedom is 
reciprocal. We thus see that it is not possible for a body which has freedom 
of the fifth order to be in equilibrium under the action of gravity unless the 
screw reciprocal to the freedom have zero pitch, and coincide in position with 
the vertical through the centre of inertia.

Sylvester has shown* that when six lines, P, Q, Ji, S, T, U, are so situated 
that forces acting along them equilibrate when applied to a free rigid body, 
a certain determinant vanishes, and he speaks of the six lines so related as 

being in involution^.

Using the ideas and language of the Theory of Screws, this determinant 
is the sexiant of the six screws, the pitches of course being zero.

If xm, ym, zm, be a point on one of the lines, the direction cosines of the 
same line being am, ßm, ym, the condition is

«i, Ä, Vi> 

a2, ß-i, 

«3, ßä, ?3> 

at, ßi, 7«, 

a5, ßs, ys, 

«6, A>

2/2V2 — Z‘iß‘2> 

y-sYs ~ z3ß3> 

y/Yt-ztßi. 

y^S, — Zäß:i, 

ys/'i z6ßc,

Z-fil3-X3ys,

Ztfils - x3ys, 

zfa-aWi,

xißi - y^i 

x2ß2 - y^ 

xäß3 - ysas 

Xißi - y^i 

Xbßs yyy, 

xr,ßr, — yy^6

= 0.

* Comptes Rendus, tome 52, p. 816. See also p. 741.
t In our language a system of lines thus related consists of the screws of equal pitch belonging 

to a five-system. In the language of Plücker (Neue Geometrie des Raumes) a system of lines 
in involution forms a linear complex. It may save the reader some trouble to observe here 
that the word involution has been employed in a more generalised sense by Battaglini, and in 
quite a different sense by Klein.
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It must always be possible to find a single screw X which is reciprocal 

to the six screws P, Q, R, S, T, U. Suppose the rigid body were only free 

to twist about X, then the six forces would not only collectively be in equi­

librium, but severally would be unable to stir the body only free to twist 

about X.

In general a body able to twist about six screws (of any pitch) would 

have perfect freedom; but the body capable of rotating about each of the 

six lines, P, Q, R, S, T, U, which are in involution, is not necessarily perfectly 

free (Mobius).

If a rigid body were perfectly free, then a wrench about any screw could 

move the body; if the body be only free to rotate about the six lines in 

involution, then a wrench about every screw (except X) can move it.

The conjugate axes discussed by Sylvester are presented in the Theory of 

Screws as follows:—Draw any cylindroid which contains the reciprocal 

screw X, then the two screws of zero pitch on this cylindroid are a pair of 

conjugate axes. For a force on any transversal intersecting this pair of 

screws is reciprocal to the cylindroid, and is therefore in involution with the 

original system.

Draw any two cylindroids, each containing the reciprocal screw, then all 

the screws of the cylindroids form a screw system of the third order. 

Therefore the two pairs of conjugate axes, being four screws of zero pitch, 

must lie upon the same quadric. This theorem, due to Sylvester, is proved 

by him in a different manner.

The cylindroid also presents in a clear manner the solution of the 

problem of finding two rotations which shall bring a body from one position 

to any other given position. Find the twist which would effect the desired 

change. Draw any cylindroid through the corresponding screw, then the 

two screws of zero pitch on the cylindroid are a pair of axes that fulfil the 

required conditions. If one of these axes were given the cylindroid would 

be defined and the other axis would be determinate.

231. Four Screws of a Five-system on every Quadric.

On any single sheeted hyperboloid four screws of any given pitch p can 

in general be determined which belong to any given system of the fifth 

order. A pair of these screws lie on each kind of generator.

Let X be the screw reciprocal to the system. Take any three generators 

A, B, C of one system on the hyperboloid, and regarding them as screws of 

pitch p draw the cylindroid XA and tak© on this A' th6 second screw of 

pitch -p. Then the two screws of pitch p which can be drawn as transversals 

across A, B, C, A' are coincident with two generators of the hyperboloid
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while they are also reciprocal to the cylindroid because they cross two screws 

thereon with pitches equal in magnitude but opposite in sign. They are 

therefore reciprocal to X. In like manner it can be shown that two of the 

other system of generators possess the same property.

On every cylindroid there is as we know (§ 26) one screw of a given five- 

system. This important proposition may be otherwise proved as follows. 

Let 0 be the co-ordinates of a screw on the cylindroid, then these co-ordinates 

must satisfy four linear equations. There must be a fifth equation in the 

six quantities 0y, ... 0S inasmuch as 0 is to lie on the given five-system. 

Thus from these five equations one set of values of 0lt ... 06 can be 

determined.

On a quadratic two-system (§ 224) there will always be two screws 

belonging to any given five-system. For the quadratic two-system is the 

surface whose screws satisfy four homogeneous equations of which three are 

linear and one is quadratic. If another linear equation be added two 

screws on the surface can, in general, be found which will satisfy that 

equation.

232. Impulsive Screws and Instantaneous Screws.

We can determine the instantaneous screw corresponding to a given 

impulsive screw in the case of freedom of the fifth order by geometrical 

considerations. Let X, as before, represent the screw reciprocal to the freedom, 

and let p be the instantaneous screw which would correspond, to X as an 

impulsive screw, if the body were perfectly free; let y be the screw on which 

the body receives an impulsive wrench, and let £ be the screw about which 

the body would commence to twist in consequence of this impulse if it had 

been perfectly free.

The body when limited to the screw system of the fifth order will 

commence to move as if it had been free, but had been acted upon by a 

certain unknown wrench on X, together with the given wrench on t j . The 

movement which the body actually acquires is a twisting motion about a 

screw 0 which must lie on the cylindroid (£, p). We therefore determine 0 

to be that one screw on the known cylindroid (£, p) which is reciprocal to the 

given screw X. The twist velocity of the initial twisting motion about 0, as 

well as the intensity of the impulsive wrench on the screw X produced by 

the reaction of the constraints, are also determined by the same construction. 

For by § 17 the relative twist velocities about 0, %, and p are known; but 

since the impulsive intensity y"' is known, the twist velocity about £ is 

known (§ 90); and therefore, the twist velocity about 0 is known; finally, 

from the twist velocity about p, the impulsive intensity X'" is determined.
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233. Analytical Method.

A quiescent rigid body which has freedom of the fifth order receives an 

impulsive wrench on a screw y: it is required to determine the instantaneous 

screw 6, about which the body will commence to twist.

Let X be the screw reciprocal to the freedom, and let the co-ordinates be 

referred to the absolute principal screws of inertia. The given wrench com­

pounded with a certain wrench on A, must constitute the wrench which, if 

the body were free, would make it twist about 0, whence we deduce the six 

equations (h being an unknown quantity)

hpßs — V Ps + X "X6.

Multiplying the first of these equations by Xj, the second by X2) &c., adding 

the six equations thus produced, and remembering that 0 and X are reciprocal, 

we deduce

= 0.

This equation determines X'" the impulsive intensity of the reaction of 

the constraints. The co-ordinates of the required screw 0 are, therefore, 

proportional to the six quantities

Pi ’ ■“

234. Principal Screws of Inertia.

We can now determine the co-ordinates of the five principal screws of 

inertia; for if £ be a principal screw of inertia, then in general

whence

with similar values for £2, ... £6. Substituting these values in the equation 

PiK^i + P^-2 + PiK^i +pi^i+p5K^ + Ps\£<s = 0, 
t"'

and making -y = x, we have for x the equation

Pl\l PP^i , Ps^s2 Pi^-42 . Ppl-P Pe\>" 
------------------ j--------------------- 1-----------------------(---------------- ----------------------- 1-------------------_ y.

Pi — X p.2- X Pi - x pl- X ps- X Pi — X

This equation is of the fifth degree, corresponding to the five principal 

screws of inertia. If x' denote one of the roots of the equation, then the 

corresponding principal screw of inertia has co-ordinates proportional to

Xi Xg A/g ^4 ^*5 A-g

Pl - x! ’ p2 - X ’ p3- x” Pl- x' ’ p5-x” Pi- x''
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We can easily verify as in § 84 that these five screws are co-reciprocal and 

are also conjugate screws of inertia.

It is assumed in the deduction of this quintic that all the quantities 

Xj-.-Xs are different from zero. If one of the quantities, suppose had 

been zero this means that the first absolute principal Screw of Inertia 

would belong to the ra-system expressing the freedom.

Let us suppose that = 0 then the equations are

Of course one solution of this system will be V" = 0, = 0 ... £6 = 0. This

means that the first absolute principal Screw of Inertia is also one of the 

principal Screws of Inertia in the n-system, as should obviously be the case. 

For the others £, = 0 and we have an equation of the fourth degree in

M22 + . + jW L 0 

p2 - x pe-x

In the general case we can show that there are no imaginary roots in the

are conjugate screws of inertia, we must have (§ 81)

quintic, for since the screws

Xi X<2 x6
Pi ~ ' P-2 - ’

Xi

Pi Pi — x'

If od = a + iß; y' — a — iß then this equation reduces to

X __ =o
~(P1-ay + /32 ’

but as these are each positive terms their sum cannot be zero. This is a 

particular case of § 86. (See Appendix, note 2.)

235. The limits of the roots.

We can now show the limits between which the five roots, just proved to 

be real, must actually lie in the equation

, W 0 .
pj- ' pe — x ’
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substitute p, = —, »2 = —, ®8= —, « = -;
h q> y

and suppose qlt q2, q3, qit qs, qe to be in descending order of magnitude.

Thus —l- + - + ... + JSl _= 0.
y - y - & y - q>

That is X12(y-92)(2/-73)(y-74)(2/-76)(2/-26) + ...

+ V (y - ?i) (y - q2) (y - ?») (y - (y - ?6) = o.

In the left-hand member of this equation substitute the values

qi, q2, q3, qit q3, qe

successively for y; five of the six terms vanish in each case, and the values of 
the remaining term (and therefore of the whole member) are alternately 
positive and negative.

The five values of y must therefore lie in the intervals between the six 
quantities qt, q2,... q3, the roots are accordingly proved to be real and distinct 
(unless one of the quantities Xj, Å.2, X3, X4) X6, X6 = 0 and a further condition 
hold, or unless some of the quantities qlt be equal).

The values of px, ... p3 are ± a, + b, + c; and we suppose a, b, c, positive 
and a > b > c.

The values of y lie in the successive intervals between

1 1 1 _! _1.
o’ b’ a' a’ b’ c’

and consequently of the roots of the equation in x.

Two are positive and lie between a and b, and between b and c respectively.

Two are negative and lie between — a and — b, and between — b and — c 
respectively.

The last is either positive and > a or negative and < — a.

236. The Pectenoid.

A surface of some interest in connection with the freedom of the fifth 
order may be investigated as follows.

Let a be the pitch of the one screw &>, to which the five system is 
reciprocal.

Take any point 0 on co and draw through 0 any two right lines OY, and 
OZ which are at right angles and which lie in the plane perpendicular 
to co.
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Then if 0 be a screw of the five-system with direction cosines cos X, 

cos fi, cos v, and if x, y, z be a point on the screw 6 and p0 its pitch we must 

have (§ 216)

(pv 4- a) cos X + z cos p — y cos v = 0.

Fig. 41.

Everything that we wish to specify about the five-system may be 

conveniently inferred from this equation.

For example, let it be desired to find the locus of the screws of a five- 

system which can be drawn through a given point x, y', z' and have the 

given pitch .

We have (^fl+a) cosX+ /cos/4 — 3/cosi> = 0.

If x, y, z be a point on 0 we may substitute x' — x, y' — y, z' — z for cos X, 

cos fi, cos v, and we obtain

(Pe + a) O' ~ (/ - y) - y' - 0) = 0,

whence we see that the locus is a plane, as has been already proved other­

wise. (When the pitch is zero, this is Möbius’ theorem, § 110.)

If we change the origin to some other point P which may with complete 

generality be that point whose co-ordinates are o, h, o and call X, Y, Z the 

co-ordinates with these new axes, the equation becomes

+ a)cos X + Zcos fi — (F + A) cos v — 0.
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Let the radius vector of length pe + a = R be marked off along each screw 

9 drawn through P, then the equation becomes

RX = hZ,

or squaring (X2 + F2 + Z2) Xt = A2Z2.

This represents a surface of the fourth degree. A model of the surface 

has been constructed*. It is represented in Fig. 41, and from its resemblance 

to the valves of a scallop shell the name pectenoid is suggested.

The geometrical nature of a pectenoid is thus expressed. Given a screw 

a of pitch pa and a point 0 situated anywhere. If a screw 9 drawn through 

0 be reciprocal to a. then the extremity of a radius vector from 0 along 9 equal 

to pa + pe will trace out a pectenoid.

All pectenoids are similar surfaces, they merely differ in size in accordance 

with the variations of the quantity h. The perpendicular from 0 upon « is 

a nodal line, and this is the only straight line on the surface. The pectenoid 

though unclosed is entirely contained between the pair of parallel planes 

Z = + h, Z = — h. Sections parallel to the plane of Z are hyperbolas. Any 

plane through the nodal line cuts the pectenoid in a circle.

A straight wire at right angles to the nodal line marked on the model 

indicates the screw reciprocal to the five-system. A second wire starts 

from the origin and projects from the surface. It is introduced to show 

concisely what the pectenoid expresses. If this wire be the axis of a 

screw 9 whose pitch when added to the pitch of the screw a, is equal to 

the intercept from the origin to the surface then the two screws are 

reciprocal. The interpretation of the nodal line is found in the obvious 

truth that when two screws intersect at right angles they are reciprocal 

whatever be the sum of their pitches. One of the circular sections made 

by a plane drawn through the nodal line is also indicated in the model. The 

physical interpretation is found in the theorem already mentioned, that all 

screws of the same pitch drawn through the same point and reciprocal to 

a given screw will lie in a plane.

With the help of the pectenoid we can give another proof of the theorem 

that all the screws of a four-system which can be drawn through a point lie 

on a cone of the second degree (§ 123).

Let 0 be the point and let a and ß be two screws on the cylindroid 

reciprocal to the system. Let 9 be a screw through 0 belonging to the 

four-system and therefore reciprocal to a and to ß.

Then for the pectenoid relating to 0 and a, we have

(pe +Pa) M - kN = 0,

where M = 0, N = 0 represent planes passing through 0.

* Transactions of the Royal Irish Academy, Vol. xxv. Plate xn. (1871).



236] FREEDOM OF THE FIFTH ORDER. 257

In like manner for the pectenoid relating to 0 and ß, we have

(pe + Pß) M' -k'N’ = 0,

where M' = 0, N’ = 0 also represent planes passing through 0, whence 

eliminating pg we have

(— Pß) AIM' — kNM' + k'N'M = 0.

The equation of the pectenoid can also be deduced directly as follows.

Let five screws of the five-system be given. Take a point 0 on one of 

these screws (a) and through 0 draw four screws ß, y, 8, e which belong to 

the four-system defined by the remaining four screws of the original five. 

Let there be any three rectangular axes drawn through 0. Let alt a2, a3 be 

the direction cosines of a and let ßlt ß2, ß3 be the direction cosines of ß, 

and similarly for y, 8, e. Let 6 be some other screw of the five-system 

which passes through 0 and let be its direction cosines, then if

twists of amplitudes a, ß', y', 8', e, 0' neutralize we must have

a' ax + ß'ßi + 7'71 + S'&i + e'ej + 6'6, = 0, 

a'a2 + ß’ß3 + y'y2 + O, + e'e2 + 6'62 = 0, 

a'a3 + ß'ß3 + y'y3 + 8'83 + e'es + 6'6:1 = 0, 

because the rotations neutralize, and also

apacii + ß’pßßi + y’Py'P + S'pA. + ep^ + 6'pe 6r = 0, 

a.'paa2 + ß’pßßi + y 'Pv Vs  + %pA + e'pee2 + 0'pe02 = 0, 

apaa3 + ß'pßß3 + TPt Ys  + + e'P& + O'Pe^s = °>

This equation has the form

whence by elimination of a, ß',... O', we have

ax 7i ei = 0.

a2 ß2 72 e2 6,

a3 ß3 y3 S3 63 03

p««i pßß, pyy2 ps8i pA

Pa«2 Pßßs Pyy-2 PA P^3 PA

paa3 pßß3 pyy3 p$8s p„es pA

ia+mø2+nø3

LA + M'02 + N'63

Let pe = p-h and 0, = cc + p, 02 = y + p, 03 = z + p then by reduction and 

transformation of axes we obtain

pz = ay, 

where y and z are planes at right angles and a is constant. This is the 

equation of the pectenoid.



CHAPTER XVIII .

FREEDOM OF THE SIXTH ORDER.

237. Introduction.

When a rigid body has freedom of the sixth order, it is perfectly free. 

The screw system of the sixth order includes every screw in space. The 

statement that there is no reciprocal screw to such a system is merely a 

different way of asserting the obvious proposition that when a body is 

perfectly free it cannot remain in equilibrium, if the forces which act upon 

it have a resultant.

238. Impulsive Screws.

Let A, A, ••• denote a series of instantaneous screws which correspond 

respectively to the impulsive screws 2?1; R2, ... the body being perfectly 

free. Corresponding to each pair R1 is a certain specific parameter. 

This parameter may be conveniently defined to be the twist velocity pro­

duced about J-j by an impulsive wrench on Rlt of which the intensity is one 

unit. If six pairs, j41( Rp, A2, R2, ... be known, and also the corresponding 

specific parameters, then the impulsive wrench on any other screw R can 

be resolved into six impulsive wrenches on R1,...R6, these will produce 

six known twist velocities on Alt... A6, which being compounded determine 

the screw A, the twist velocity about A, and therefore the specific para­

meter of R and A. We thus see that it is only necessary to be given six 

corresponding pairs, and their specific parameters, in order to determine 

completely the effect of any other impulsive wrench.

If seven pairs of corresponding instantaneous and impulsive screws be 

given, then the relation between every other pair is absolutely determined. 

It appears from §28 that appropriate twist velocities about A,,... A? can 

neutralise. When this is the case, the corresponding impulsive wrenches 

on Rlt ... R7, must equilibrate, and therefore the relative values of the 

intensities are known. It follows that the specific parameter of each pair 

J.!, _Rj is proportional to the quotient obtained by dividing the sexiant of
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A2,...A6, by the sexiant of Ra,...J?6. With the exception of a common 

factor, the specific parameter of every pair of screws is therefore known, 

when seven corresponding screws are known. It will be shown in Chap. XXI. 

that three corresponding pairs are really sufficient.

When seven instantaneous screws are known, and the corresponding 

seven impulsive screws, we are therefore enabled by geometrical construction 

alone to deduce the instantaneous screw corresponding to any eighth impulsive 

screw and vice versa.

A precisely similar method of proof will give us the following theorem:—

If a rigid body be in position of stable equilibrium under the influence 

of a system of forces which have a potential, and if the twists about seven 

given screws evoke wrenches about seven other given screws, then, without 

further information about the forces, we shall be able to determine the 

screw on which a wrench is evoked by a twist about any eighth screw.

We may present the results of the present section in another form. We 

must conceive two corresponding systems of screws, of which the correspond­

ence is completely established, when, to any seven screws regarded as 

belonging to one system, the seven corresponding screws in the other system 

are known. To every screw in space viewed as belonging to one system 

will correspond another screw viewed as belonging to the other system. 

Six screws can be found, each of which coincides with its correspondent. 

To a screw system of the nth order and with degree in one system will 

correspond a screw system of the nth order and with degree in the other 

system.

We add here a few examples to illustrate the use which may be made of 

screw co-ordinates.

239. Theorem.

When an impulsive force acts upon a free quiescent rigid body, the 

directions of the force and of the instantaneous screw are parallel to a pair 

of conjugate diameters in the momental ellipsoid.

Let be the co-ordinates of the force referred to the absolute

principal screws of inertia, then (§ 35)

(Vi + %)2 + (Vs + Vtf + (Vs + %)2 = 1,

and from (§ 41) it follows that the direction cosines of r/ with respect to the 

principal axes through the centre of inertia are

(Vi + Vz), (v-i + Vt), (Vs + v<>)-

17—2
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If a, b, c be the radii of gyration, then the instantaneous screw cor­

responding to y has for co-ordinates

, Vi % , % Vi . Vs Vs
a a b b c c

The condition that y and its instantaneous screw shall be parallel to a 

pair of conjugate diameters of the momental ellipsoid is

a2 (.Vi + %) - + b2 (y3 + %) — ~ + c3 (% - vs) Vs—-~ = 0;
tv 0 c

or 2p1i712=p, = O.

But if the impulsive wrench on 17 be a force, then the pitch of y is zero, 

whence the theorem is proved.

240. Theorem.

When an impulsive wrench acting on a free rigid body produces an 

instantaneous rotation, the axis of the rotation must be perpendicular to 

the impulsive screw.

Let i?!, ... ys be the axis of the rotation, then

%PiVi = 0, 
or

a (vi - V2) (Vi + V2) + b (i?3 - t ?4) (% + 7/4) + c (% - Vs) (vs + Vs) = 0, 

whence the screw of which the co-ordinates are + (iylt — aVz> + bys, ... is 

perpendicular to y, and the theorem is proved.

From this theorem, and the last, we infer that, when an impulsive force 

acting on a rigid body produces an instantaneous rotation, the direction of 

the force, and the axis of the rotation, are parallel to the principal axes of 

a section of the momental ellipsoid.

241. Principal Axis.

If 7) be a principal axis of a rigid body, it is required to prove that

^Pi3Vi = 0, 

reference being made to the absolute principal screws of inertia.

For in this case a force along a line f) intersecting y, compounded with 

a couple in a plane perpendicular to 77, must constitute an impulsive wrench 

to which y corresponds as an instantaneous screw, whence we deduce (§ 120), 

h and k being the same for each coordinate, 

n h dR .
^dy^^’

h dR 

Ps dys
+ kp6y6.



2 4 2 ]  F B E E D O M  O F  T H E  S I X T H  O R D E R .  2 6 1

E x p r e s s in g  t h e  c o n d i t io n  t h a t  pe =  0 , w e  h a v e

tftpW + 2hklplV1 ~ =  0  ;
dy1 Jh \dV1J

b u t w e h a v e a l r e a d y  s e e n ( §  1 3 1 ) t h a t t h e tw o l a s t t e r m s o f t h i s  

e q u a t io n  a r e  z e r o , w h e n c e  t h e  r e q u i r e d  t h e o r e m  i s d e m o n s t r a te d .

T h e  f o r m u la  w e  h a v e  j u s t  p r o v e d  m a y  b e  w r i t t e n  i n  t h e  f o r m

S /> ! . p^i. p^ =  0 .

T h i s  s h o w s t h a t i f  t h e  b o d y  w e r e f r e e , t h e n  a n  im p u l s iv e  force s u i t a b ly  

p la c e d  w o u ld  m a k e  t h e  b o d y  c o m m e n c e  t o  r o t a t e  a b o u t  y. W h e n c e  w e  h a v e  

t h e  f o l l o w in g  t h e o r e m * : —

A  r i g id  b o d y  p r e v io u s ly  i n  u n c o n s t r a in e d  e q u i l i b r iu m  i n  f r e e  s p a c e  i s  

s u p p o s e d  t o  b e  s e t i n  m o t io n  b y  a  s in g le  im p u l s iv e  f o r c e ; i f  t h e  i n i t i a l a x i s  

o f  tw i s t v e lo c i ty  b e  a  p r in c ip a l a x i s  o f  t h e  b o d y , t h e  i n i t ia l  m o t io n  i s  a  p u r e  

r o t a t io n , a n d  c o n v e r s e ly .

I t m a y  a l s o  b e  a s k e d  a t w h a t p o in t o f t h e  b o d y  o n e o f t h e  t h r e e  

p r in c ip a l a x e s  c o in c id e s  w i th  y ? T h i s  p o in t i s  t h e  i n t e r s e c t io n  o f 6 a n d  y. 

T o  d e te r m in e  t h e  c o - o r d in a t e s  o f  0 i t  i s  o n ly  n e c e s s a r y  t o  f i n d  t h e  r e l a t i o n  

b e tw e e n  h a n d  k, a n d  t h i s  i s  o b ta in e d  b y  e x p r e s s in g  t h e  c o n d i t io n  t h a t 0 i s  

r e c ip r o c a l t o  y, w h e n c e  w e  d e d u c e

2h + kvf — 0 .

T h u s  6 i s  k n o w n , a n d  t h e  r e q u i r e d  p o in t i s  d e te r m in e d . I f  t h e  b o d y  b e  

f i x e d  a t t h i s  p o in t ,  a n d  t h e n  r e c e iv e  t h e  im p u l s iv e  c o u p le  p e r p e n d ic u la r t o  

y, t h e  i n s ta n t a n e o u s  r e a c t io n  o f  t h e  p o in t  w i l l  b e  d i r e c t e d  a lo n g  0.

242. Harmonic Screws.

W e  s h a l l c o n c lu d e  b y  s t a t i n g  f o r t h e  s ix th  o r d e r  t h e  r e s u l t s  w h ic h  a r e  

i n c lu d e d  a s  p a r t i c u l a r  c a s e s  o f  t h e  g e n e r a l t h e o r e m s  i n  C h a p te r  I X .

I f  a  p e r f e c t ly  f r e e  r i g id  b o d y  b e  i n  e q u i l i b r iu m  u n d e r  t h e  i n f lu e n c e  o f  a  

c o n s e r v a t iv e  s y s t e m  o f f o r c e s , t h e n  s ix  s c r e w s  c a n  g e n e r a l ly  b e  f o u n d  s u c h  

t h a t  e a c h  p a i r  a r e  c o n ju g a t e  s c r e w s  o f  i n e r t ia ,  a s  w e l l  a s  c o n ju g a te  s c r e w s  o f  

t h e  p o te n t i a l ,  a n d  t h e s e  s ix  s c r e w s  a r e  c a l l e d  h a r m o n ic  s c r e w s . I f  t h e  b o d y  

b e  d i s p l a c e d  f r o m  i t s  p o s i t i o n  o f  e q u i l i b r iu m  b y  a  tw i s t o f  s m a l l a m p l i t u d e  

a b o u t a  h a r m o n ic  s c r e w , a n d  i f t h e  b o d y  f u r th e r r e c e iv e a  s m a l l i n i t i a l  

tw is t in g  m o t io n  a b o u t t h e  s a m e  s c r e w ,  t h e n  t h e  b o d y  w i l l  c o n t in u e  f o r  e v e r  

t o  p e r f o r m  s m a l l tw i s t o s c i l l a t i o n s  a b o u t t h a t s c r e w . A n d , m o r e  g e n e r a l ly ,  

w h a te v e r  b e  t h e  i n i t i a l c i r c u m s ta n c e s , t h e  m o v e m e n t o f t h e  b o d y  i s c o m ­

p o u n d e d  o f  tw i s t  o s c i l l a t i o n s  a b o u t  t h e  s ix  h a r m o n ic  s c r e w s .

T o w n s e n d , Educational Times Reprint, V o l . x x i .  p . 1 0 7 .



CHAPTER XIX .

HOMOGRAPHIC SCREW SYSTEMS*.

243. Introduction.

Several of the most important parts of the Theory of Screws can be 

embraced in a more general theory. I propose in the present chapter to 

sketch this general theory. It will be found to have points of connexion 

with the modern higher geometry; in particular the theory of Homographic 

Screws is specially connected with the general theory of correspondence. I 

believe it will be of some interest to show how these abstract geometrical 

theories may be illustrated by dynamics.

244. On Plane Homographic Systems.

It may be convenient first to recite the leading principle of the purely 

geometrical theory of homography. We. have already had to mention a 

special case in the Introduction.

Let a be any point in a plane, and let ß be a corresponding point. Let 

us further suppose that the correspondence is of the one-to-one type, so that 

when one a is given then one ß is known, when one ß is given then it is the 

correspondent of a single a. The relation is not generally interchangeable. 

Only in very special circumstances will it be true that ß, regarded as in the 

first system, will correspond to a in the second system.

The general relation between the points a and ß can be expressed by the 

following equations, where alt a2, a3 are the ordinary trilinear co-ordinates of 

a, and ß2, ß2, ß3, the co-ordinates of ß,

/31 = (ll)a1 + (12)a2+(13) as>

ßn — (21) + (22) a.j + (23) a3,

ft = (31) a1 + (32)a2+(33) a3.

In these expressions (11), (12), &c., are the constants defining the particular 

character of the homographic system.

* Proc. Roy. Irish Acad. Ser, ii. Vol. in. p. 435 (1881).
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T h e r e  a r e  i n  g e n e r a l t h r e e  p o i n t s , w h i c h  c o i n c i d e  w i t h  t h e i r  c o r r e ­

s p o n d e n t s . T h e s e  a r e  f o u n d  b y  p u t t i n g

Ä  =  P « i ; ß3 = p^', ß3 = pa3.

I n t r o d u c i n g  t h e s e  v a l u e s , a n d  e l i m i n a t i n g  a1, a2, as, w e  o b t a i n  t h e  f o l l o w i n g  

e q u a t i o n  f o r  p :—

0 =  ( 1 1 )  -p, ( 1 2 ) ,  ( 1 3 )  I

( 2 1 ) ,  ( 2 2 )  -p, ( 2 3 )  .

( 3 1 ) ,  ( 3 2 ) ,  ( 3 3 )  -p I

I f  w e  c h o o s e  t h e s e  t h r e e  p o i n t s  o f  t h e  v e r t i c e s  o f  t h e  t r i a n g l e  o f  r e f e r e n c e ,  

t h e  e q u a t i o n s  r e l a t i n g  y w i t h  x a s s u m e  t h e  s i m p l e  f o r m ,

& = / 2 a 2 ; / 3 3 = / 3 a 3 ,  

w h e r e  fufnf;, a r e  t h r e e  n e w  c o n s t a n t s .

245. Homographic Screw Systems.

G i v e n  o n e  s c r e w  a ,  i t  i s  e a s y  t o  c o n c e i v e  t h a t  a n o t h e r  s c r e w  ß c o r r e s p o n d ­

i n g  t h e r e t o  s h a l l b e  a l s o  d e t e r m i n e d . W e  m a y , f o r  e x a m p l e , s u p p o s e  t h a t  

t h e  c o - o r d i n a t e s  o f  ß ( §  3 4 )  s h a l l  b e  g i v e n  f u n c t i o n s  o f  t h o s e  o f  a . W e  m i g h t  

i m a g i n e  a  g e o m e t r i c a l  c o n s t r u c t i o n  b y  t h e  a i d  o f  f i x e d  l i n e s  o r  c u r v e s  b y  

w h i c h ,  w h e n  a n  a  i s  g i v e n , t h e  c o r r e s p o n d i n g  ß s h a l l  b e  f o r t h w i t h  k n o w n  :  

a g a i n ,  w e  m a y  i m a g i n e  a  c o n n e x i o n  i n v o l v i n g  d y n a m i c a l  c o n c e p t i o n s  s u c h  a s  

t h a t ,  w h e n  a i s  t h e  s e a t  o f  a n  i m p u l s i v e  w r e n c h ,  ß i s  t h e  i n s t a n t a n e o u s  s c r e w  

a b o u t  w h i c h  t h e  b o d y  b e g i n s  t o  t w i s t .

A s  a m o v e s  a b o u t ,  s o  t h e  c o r r e s p o n d i n g  s c r e w  ß w i l l  c h a n g e  i t s  p o s i t i o n  

a n d  t h u s  t w o  corresponding screw systems a r e  g e n e r a t e d . R e g a r d i n g  t h e  

c o n n e x i o n  b e t w e e n  t h e  t w o  s y s t e m s  f r o m  t h e  a n a l y t i c a l p o i n t  o f  v i e w , t h e  

c o - o r d i n a t e s  o f  a a n d  ß w i l l b e  c o n n e c t e d  b y  c e r t a i n  e q u a t i o n s . I f  i t  b e  

i n v a r i a b l y  t r u e  t h a t  a  s i n g l e  s c r e w  ß c o r r e s p o n d s  t o  a  s i n g l e  s c r e w  a, a n d  t h a t  

c o n v e r s e l y  a  s i n g l e  s c r e w  a  c o r r e s p o n d s  t o  a  s i n g l e  s c r e w  ß; t h e n  the two 

systems of screws are said to be homographic.

A  s c r e w  a  i n  t h e  f i r s t s y s t e m  h a s  o n e  c o r r e s p o n d i n g  s c r e w  ß i n  t h e  

s e c o n d  s y s t e m ; s o  a l s o  t o  ß i n  t h e  f i r s t s y s t e m  c o r r e s p o n d s  o n e  s c r e w  a '  

i n  t h e  s e c o n d  s y s t e m . I t  w i l l  g e n e r a l l y  b e  i m p o s s i b l e  f o r  a a n d  a t o  c o i n c i d e ,  

b u t  c a s e s  m a y  a r i s e  i n  w h i c h  t h e y  d o  c o i n c i d e , a n d  t h e s e  w i l l b e  d i s c u s s e d  

f u r t h e r  o n .

246. Relations among the Co-ordinates.

F r o m  t h e  f u n d a m e n t a l  p r o p e r t y  o f  t w o  h o m o g r a p h i c  s c r e w  s y s t e m s  t h e  

c o - o r d i n a t e s  o f  ß m u s t  b e  e x p r e s s e d  b y  s i x  e q u a t i o n s  o f  t h e  t y p e —

• • •  ’ s )

Ä  = / < ; ( « ! ,  . . .  a 6 ) .
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If these six equations be solved for a1; ... aß we must have 

cti = . ß6)

ae = Fe(filf ... fif

As a single a is to correspond to a single fi, and vice versa, these equations 

must be linear: whence we have the following important result:—

In two homographic screw systems the co-ordinates of a screw in one system 

are linear functions with constant coefficients of the co-ordinates of the corre­

sponding screw in the other system.

If we denote the constant coefficients by the notation (11), (22), &c., then 

we have the following system of equations:—

& = (11) öj + (12) a.2 + (13) a3 + (14) a4 + (15) a5 + (16) a6,

fi2 = (21) a, + (22) a2 + (23) a3 + (24) a4 + (25) a5 + (26) a6,

fit = (61) a, + (62) a2 + (63) a3 + (64) a4 + (65) a5 + (66) a6.

247. The Double Screws.

It is now easy to show that there are in general six screws which coincide 

with their corresponding screws; for if ß1 — palt ß2 = pa.,, &c., we obtain an 

equation of the sixth degree for the determination of p. We therefore 

have the following result:—

In two homographic screw systems six screws can in general be found, each 

of which regarded as a screw in either system coincides with its correspondent 

in the other system.

248. The Seven Pairs.

In two homographic rows of points we have the anharmonic ratio of 

any four points equal to that of their correspondents. In the case of two 

homographic screw systems we have a set of eight screws in one of the 

systems specially related to the corresponding eight screws in the other 

system.

We first remark that, given seven pairs of corresponding screws in the two 

systems, then the screw corresponding to any other given screw is deter­

mined. For from the six equations just written by substitution of known 

values of alt ... a6 and filt ... fi6, we can deduce six equations between (11), 

(12), &c. As, however, the co-ordinates are homogeneous and their ratios are 

alone involved, we can use only the ratios of the equations so that each pair 

of screws gives five relations between the 36 quantities (11), (12), &c. The
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seven pairs thus give 35 relations which suffice to determine linearly the 
ratios of the coefficients. The screw ß corresponding to any other screw a is 
completely determined ; we have therefore proved that

When seven corresponding pairs of screws are given, the two homographic 
screw systems are completely determined.

A perfectly general way of conceiving two homographic screw systems 
may be thus stated:—Decompose a wrench of given intensity on a screw a 
into wrenches on six arbitrary screws. Multiply the intensity of each of the 
six component wrenches by an arbitrary constant; construct the wrench on 
the screw ß which is the resultant of the six components thus modified; 
then as a moves into every position in space, and has every fluctuation in 
pitch, so will ß trace out the homographic screw system.

It is easily seen that in this statement we might have spoken of twist 
velocities instead of wrenches.

249. Homographic »-systems.

The seven pairs of screws of which the two systems are defined cannot be 
always chosen arbitrarily. If, for example, three of the screws were co- 
cylindroidal, then the three corresponding screws must be co-cylindroidal, 
and can only be chosen arbitrarily subject to this imperative restriction. 
More generally we shall now prove that if any n +1 screws belong to an 
«-system (§69), then the n +1 corresponding screws will also belong to an 
«-system. If n + 1 screws belong to an n-system it will always be possible to 
determine the intensities of certain wrenches on the n + 1 screws which when 
compounded together will equilibrate. The conditions that this shall be 
possible ai-e easily expressed. Take, for example, n = 3, and suppose that 
the four screws a, ß, y, 8 are such that suitable wrenches on them, or twist 
velocities about them, neutralize. It is then obvious (§ 76) that each of the 
determinants must vanish which is formed by taking four columns from 

the expression

otj, a3, a3) a4, a5, a6

ßl, ßi, ßs, Ä, ß5, ß6

71, 72, 7s> 7<> 7s> Vs

8«

It is, however, easy to see that these determinants will equally vanish for 
the corresponding screws in the homographic system ; for if we take as screws of 
reference the six common screws of the two systems, then we have at once 
for the co-ordinates of the screw corresponding to a

(11) au (22) a2, (33) a8, (44) a4, (55) a6, (66) a6.
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When these substitutions are made in the determinants it is plain that 

they still vanish; we hence have the important result that

The screws corresponding homographically to the screws of an n-system 

form another n-system.

Thus to the screws on a cylindroid will correspond the screws on a 

cylindroid. It is, however, important to notice that two reciprocal screws 

have not in general two reciprocal screws for their correspondents. We thus 

see that while two reciprocal screw systems of the rath and (6 — n)th orders 

respectively have as correspondents systems of the same orders, yet that 

their connexion as reciprocals is divorced by the homographic transforma­

tion.

Reciprocity is not, therefore, an invariantive attribute of screws or screw 

systems. There are, however, certain functions of eight screws analogous to 

anharmonic ratios which are invariants. These functions are of considerable 

interest, and they are not without physical significance.

250. Analogy to Anharmonic Ratio.

We have already (§ 230) discussed the important function of six screws 

which is called the Sexiant. This function is most concisely written as the 

determinant (a1(S2y334e6^6) where a, ß, y, 8, e, are the screws. In Sylvester’s 

language we may speak of the six screws as being in involution when their 

sexiant vanishes. Under these circumstances six wrenches on the six screws 

can equilibrate; the six screws all belong to a 5-system, and they possess one 

common reciprocal. In the case of eight screws we may use a very concise 

notation; thus 12 will denote the sexiant of the six screws obtained by 

leaving out screws 1 and 2. It will now be easy to show that functions of the 

following form are invariants, i.e. the same in both systems:—

12. 34

13.24

It is in the first place obvious that as the co-ordinates of each screw enter to 

the same degree in the numerator and the denominator, no embarrassment 

can arise from the arbitrary common factor with which the six co-ordinates of 

each screw may be affected. In the second place it is plain that if we replace 

each of the co-ordinates by those of the corresponding screw, the function 

will still remain unaltered, as all the factors (11), (22), &c., will divide out. We 

thus see that the function just written will be absolutely unaltered when 

each screw is changed into its corresponding screw.

By the aid of these invariant functions it is easy, when seven pairs of 

screws are given, to construct the screw corresponding to any given eighth
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screw. We may solve this problem in various ways. One of the simplest 

will be to write the five invariants

12.3 8 13.48 14.58 15.68 16.78

13.2 8’ 14.38’ 15.48’ 16.58’ 17.68'

These can be computed from the given eight screws of one system; hence 

we have five linear equations to determine the ratios of the coefficients of the 

required eighth screw of the other system.

It would seem that of all the invariants of eight screws, five alone can 

be independent. These five invariants are attributes of the eight-screw 

system, in the same way that the anharmonic ratio is an attribute of four 

collinear points.

251. A Physical Correspondence.

The invariants are also easily illustrated by considerations of a me­

chanical nature. To a wrench on one screw corresponds a twist on the 

corresponding screw, and the ratio of the intensities of the wrench and twist 

is to be independent of those intensities. We may take a particular case to 

illustrate the argument:—Suppose a free rigid body to be at rest. If that 

body be acted upon by an impulsive system of forces, those forces will 

constitute a wrench on a certain screw a. In consequence of these forces the 

body will commence to move, and its instantaneous motion cannot be 

different from a twist velocity about some other screw ß. To one screw a 

will correspond one screw ß, and (since the body is perfectly free) to one 

screw ß will correspond one screw a. It follows, from the definition of homo- 

graphy, that as a moves over every screw in space, ß will trace out an homo­

graphic system.... From the laws of motion it will follow, that if J1 be the 

intensity of the impulsive wrench, and if V be the twist velocity which that 

wrench evokes, then F+V will be independent of F and V, though, of course, 

it is not independent of the actual position of a and ß.

252. Impulsive and Instantaneous Systems.

It is known (§ 230) that when seven wrenches equilibrate (or when 

seven twist velocities neutralize), the intensity of the wrench (or the twist 

velocity) on any one screw must be proportional to the sexiant of the six non- 

corresponding screws.

Let Fia, Fx,... F78 be the intensities of seven impulsive wrenches on the 

screws 1, 2,... 7, which equilibrate, then we must have

Fie  28 _ _ 78

78’



268 THE THEORY OF SCREWS. [252-

Similarly, by omitting the first screw, we can have seven impulsive wrenches 

which equilibrate, where

^ = ^5 = ^= =#18-

12 13 14 "■ 18’ 

hence we have

12.38^.^

13.28 FVi.Fw

Let the instantaneous twist velocity corresponding to F13 be denoted by 

K13, then, as when seven wrenches equilibrate, the seven corresponding twist 

velocities must also equilibrate, we must have in the corresponding system, 

g.38

13.28 KK'

But we must have the twist velocity proportional to the impulsive intensity; 

hence, from the second pair of screws we have

Fw : Kæ :: Fn : K12, 

and from the third pair,
- ^3S : KiS ” • 1^13 >

hence we deduce
K12.K38_ #12.^

Vri.K F13.Fæ’ 

and, consequently, the function of the eight impulsive screws

12.38

13.28’

must be identical with the same function of the instantaneous screws.

It should, however, be remarked, that the impulsive and instantaneous 

screws do not exhibit the most general type of two homographic systems. A 

more special type of homography, and one of very great interest, characterizes 

the two sets of screws referred to.

253. Special type of Homography.

If the general linear transformation, which changes each screw a into its 

correspondent 0, be specialized by the restriction that the co-ordinates of 6 

are given by the equations
~ _ 1 dll

1 - pi da! ’

.LdU

* p2da.2’

1 IE
ps dae ’
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where U is any homogeneous function of the second order in a1,...ae, and 
where are the pitches of the screws of reference, then the two
systems are related by the special type of homography to which I have 
referred.

The fundamental property of the two special homographic systems is 
thus stated:—

Let a and ß be any two screws, and let 3 and </> be their correspondents, 
then, when a. is reciprocal to </>, ß will be reciprocal to 6.

We may, without loss of generality, assume that the screws of reference 
are co-reciprocal, and in this case the condition that ß and 3 shall be co­
reciprocal is

Pißi&i + - • • • + Psßß» = 0 ;

but by substituting for 0lt... 36, this condition reduces to

adU adU .
Ä-T- + ... + Ä-T- =0. 

da da

Similarly, the condition that a and </> shall be reciprocal is

It is obvious that as U is a homogeneous function of the second degree, 
these two conditions are identical, and the required property has been 

proved.

254. Reduction to a Canonical form.

It is easily shown that by suitable choice of the screws of reference the 
function Ü may, in general, be reduced to the sum of six square terms. We 
now proceed to show that this reduction is generally possible, while still 
retaining six co-reciprocals for the screws of reference.

The pitch pa of the screw a is given by the equation (§ 38), 

p«=pdii+ ■■■ +p6^'.

the six screws of reference being co-reciprocals, the function pa must retain 
the same form after the transformation of the axes. The discriminant of 

the function
U + Xpa

equated to zero will give six values of X; these values of X will determine 
the coefficients of U in the required form. I do not, however, enter further 
into the discussion of this question, which belongs to the general theory of 
linear transformations.
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The transformation having been effected, an important result is im­
mediately deduced. Let the transformed function be denoted by

then we have

(11) ... + (66) a62,

Ä=l(ll)a];

ft=^-(66)a6;

Pe 

whence it appears that the six screws of reference are the common screws of 
the two systems. We thus find that in this special case of homography

The six common screws of the two systems are co-reciprocal.

The correspondence between impulsive screws and instantaneous screws 
is a particular case of the type here referred to. The six common screws of 
the two systems are therefore what we have called the principal screws of 
inertia, and they are co-reciprocal.

255. Correspondence of a Screw and a system.

We shall sometimes have cases in which each screw of a system cor­
responds not to a single screw but to a system of screws. For the sake of 
illustration, suppose the case of a quiescent rigid body with two degrees of 
freedom and let this receive an impulsive wrench on some screw situated 
anywhere in space. The movement which the body can accept is limited. 
It can, indeed, only twist about one of the singly infinite number of screws, 
which constitute a cylindroid. To any screw in space will correspond one 
screw on the cylindroid. But will it be correct to say, that to one screw on 
the cylindroid corresponds one screw in space ? The fact is, that there are 
a quadruply infinite number of screws, an impulsive wrench on any one of 
which will make the body choose the same screw on the cylindroid for its 
instantaneous movement. The relation of this quadruply infinite group is 
clearly exhibited in the present theory. It is shown in §128 that, given a 
screw a on the cylindroid, there is, in general one, but only one screw 0 on 
the cylindroid, an impulsive wrench on which will make the body commence 
to twist about a. It is further shown that any screw whatever which fulfils 
the single condition of being reciprocal to a single specified screw on the 
cylindroid possesses the same property. The screws corresponding to a thus 
form a five-system. The correspondence at present before us may therefore 
be enunciated in the following general manner.

To one screw in space corresponds one screw on the cylindroid, and to one 
screw on the cylindroid corresponds a five-system in space.
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256. Correspondence of m and n systems.

We may look at the matter in a more general manner. Consider an 

»i-system (A) of screws, and an n-system (B) (m>n). (If we make m = 6 

and n — 2, this system includes the system we have been just discussing.) 

To one screw in A will correspond one screw in B, but to one screw in B 

will correspond, not a single screw in A, but an (m + 1 — n)-system of screws.

If m = n, we find that one screw of one system corresponds to one screw 

of the other system. Thus, if m = n = 2, we have a pair of cylindroids, and 

one screw on one cylindroid corresponds to one screw on the other. If 

mi = 3, and n = 2, we see that to each screw on the cylindroid will cor­

respond a whole cylindroid of screws belonging to the three-system. For 

example, if a body have freedom of the second order and a screw be indicated 

on the cylindroid which defines the freedom, then a whole cylindroid full of 

screws can always be chosen from any three-system, an impulsive wrench on 

any one of which will make the body commence to twist about the indicated 

screw.

257. Screws common to the two systems.

The property of the screws common to the two homographic systems 

will of course require some modification when we are only considering an 

m-system and an n-system. Let us take the case of a three-system on the 

one hand, and a six-system, or all the screws in space, on the other hand. 

To each screw a of the three-system A must correspond, a four-system, B, 

so that a cone of the screws of this four-system can be drawn through every 

point in space. It is interesting to note that one screw ß can be found, 

which, besides belonging to B, belongs also to A. Take any two screws 

reciprocal to B, and any three screws reciprocal to A, then the single screw 

ß, which is reciprocal to the five screws thus found, belongs to both A and 

B. We thus see that to each screw a of A, one corresponding screw in the 

same system can be determined. The result just arrived at can be similarly 

shown generally, and thus we find that when every screw in space cor­

responds to a screw of an n-system, then each screw of.the n-system will 

correspond to a (7 — n)-system, and among the screws of this system one 

can always be found which lies on the original n-system.

As a mechanical illustration of this result we may refer to the theorem 

(§96), that if a rigid body has freedom of the nth order, then, no. matter 

what be the system of forces which act upon it, we may in general combine 

the resultant wrench with certain reactions of the constraints, so as to 

produce a wrench on a screw of the n-system which defines the freedom of 

the body, and this wrench will be dynamically equivalent to the given 

system of forces.
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258. Corresponding Screws defined by Equations.

It is easy to state the matter analytically, and for convenience we shall 
take a three-system, though it will be obvious that the process is quite 
general.

Of the six screws of reference, let three screws be chosen on the three- 
system, then the co-ordinates of any screw on that system will be alt a2, «3, 
the other three co-ordinates being equal to zero. The co-ordinates of the 
corresponding screw ß must be indeterminate, for any screw of a four-system 
will correspond to ß. This provision is secured by ßit ßs, ßs remaining quite 
arbitrary, while we have for ßlt ß2, ß3 the definite values,

Ä = (11) ax + (12) a2 + (13) as,

ß2 — (21) oti + (22) a2 + (23) a3,

ßs = (31) a, + (32) a2 + (33) as.

If we take ßit ß5, ßa all zero, then the values of ßT, ß2, ßs, just written, give 
the co-ordinates of the special screw belonging to the three-system, which 
is among those which correspond to a.

As a moves over the three-system, so will the other screw of that system 
which corresponds thereto. There will, however, be three cases in which the 
two screws coincide; these are found at once by making

ßl ~ Pai > ß‘2 = Paz j ßs= Pas> 

whence we obtain a cubic for p.

It is thus seen that generally n screws can be found on an n-system, so 
that each screw shall coincide with its correspondent. As a dynamical 
illustration we may give the important theorem, that when a rigid body 
has n degrees of freedom, then n screws can always be found, about any 
one of which the body will commence to twist when it receives an impulsive 
wrench on the same screw. These screws are of course the principal screws 
of inertia (§ 84).

259. Generalization of Anharmonic Ratio.

We have already seen the anharmonic equality between four screws on a 
cylindroid, and the four corresponding screws; we have also shown a quasi 
anharmonic equality between any eight screws in space and their cor­
respondents. More generally, any n + 2 screws of an «-system are connected 
with their w + 2 correspondents, by relations which are analogous to an- 
harmonic properties. The invariants are not generally so simple as in the 
eight-screw case, but we may state them, at all events, for the case of n = 3.

Five screws belonging to a three-system, and their five correspondents



259] HOMOGRAPHIC SCREW SYSTEMS. 273

are so related, that when nine are given, the tenth is immediately deter­

mined ; for this two data are required, that being the number required to 

specify a screw already known to belong to a given three-system.

We may, as before, denote by 12 the condition that the screws 3, 4, 5 

shall be co-cylindroidal. This, indeed, requires no less than four distinct 

conditions, yet, as pointed out (§76), functions can be found whose evanes­

cence will supply all that is necessary. Nor need this cause any surprise, 

when it is remembered that the evanescence of the sine of an angle between 

two lines contains the two conditions necessary that the direction cosines are 

identical. The function

12.34

13.24

can then be shown to be an invariant which retains its value unaltered when 

we pass from one set of five screws in a three-system to the corresponding 

set in the other system.

B. 18



CHAPTER XX .

EMANANTS AND PITCH INVARIANTS.

260. The Dyname.

If we wish to speak of a magnitude which may be a twist or a wrench or 

a twist velocity it is convenient to employ the word Dyname used by 

Pliicker* and by other writers. The Dyname a is completely expressed by 

its components alt ... a6 on the six screws of reference. These six quantities 

are quite independent. They may be considered as the co-ordinates of the 

Dyname.

Let a' be the intensity of the Dyname on a; then a' is a factor in each of 

a1; ... a6, and if the Dyname be replaced by another on the same screw 

a, but of intensity xa', the co-ordinates of this new Dyname will be 

xalf ... xa6.

Let ß be a second Dyname on another screw quite arbitrary as to its 

position and as to its intensity ß‘. Let the co-ordinates of ß, referred to the 

same screws of reference, be ßlt ... ß6. If we suppose a Dyname of intensity 

yß' on the screw ß, then its co-ordinates will be yßlt ... yß6. Let us now 

compound together the two Dynames of intensities xa' and yß' on the screws 

a and ß. They will, according to the laws for the composition of twists and 

wrenches (§ 14), form a single Dyname on a third screw lying on the same 

cylindroid as a and ß. The position of the resultant screw is such that it 

divides the angle between a and ß into parts whose sines have the ratio of y 

to x. The intensity of the resultant Dyname is also determined (as in the 

parallelogram of force) to be the diagonal where x and y are the sides, and 

the angle between them is the angle between a and ß. It is important to 

notice that in the determination of this resultant the screws to which the co­

ordinates are referred bear no part; the position of the resultant Dyname on 

the cylindroid as well as its intensity each depend solely upon the two 

original Dynames, and on the numerical magnitudes x and y.

* Pliicker, ‘Fundamental views regarding Mechanics,’ Phil. Trans. 1866, Vol. c l v i. pp. 361 

—380.
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We have now to form the co-ordinates of the resulting Dyname, or its 

components when decomposed along the six screws of reference. The first 

Dyname has a component of intensity on the first screw; and as the 

second Dyname has a component yßlt it follows that the sum of these two 

must be the component of the resultant. Thus we have for the co-ordinates 

of the resultant Dyname the expressions

®«i + yßL, ... xae + yße.

261. Emanants.

Let us suppose that without in any particular altering either of the 

Dynames a and ß we make a complete change of the six screws of reference. 

Let the co-ordinates of a with regard to these new screws be ... X8, and 

those of ß be y1, ... y6. Precisely the same argument as has just been used 

will show that the composition of the Dynames xa! and yß' will produce a 

Dyname whose co-ordinates are x\x + yyx, ... xX6 + yye. We thus see that the 

Dyname defined by the co-ordinates xa1 + yß1, ... xae + yße, referred to the 

first group of reference screws is absolutely the same Dyname as that defined 

by the co-ordinates «Xj + y/^, ... #X6 + y/j6 referred to the second group 

of reference screws, and that this must remain true for every value of 

x and y.

In general, let 0lt ... 9.. denote the co-ordinates of a Dyname in the first 

system, and <f>1, ... c/>6 denote those of the same Dyname in the second system. 

161/(0!, ... 0e) denote any homogeneous function of the first Dyname, and let 

</>6) be the same function transformed to the other screws of refer­

ence. Then we have

as an identical equation which must be satisfied whenever the Dyname de­

fined by ... f)e is the same as that defined by </>i, ... <j>6. We must there­

fore have

/(««J + yß1>... xa6 + yß6) = F(xX1 + yylt... xXa + yy6).

These expressions being homogeneous, they may each be developed in 

ascending powers of . But as the identity must subsist for every value of 
oc

this ratio, we must have the coefficients of the various powers equal on both 

sides. The expression of this identity gives us a series of equations which 

are all included in the form *

* See Proceedings Roy. Irish Acad., Ser. n. Vol. in.; Science, p. 661 (1882).

18-2
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The functions thus arising are well known as “ emanants ” in the theory 
of modern algebra. The cases which we shall consider are those of n = 1 and 
n = 2. In the former case the emanant may be written

a df n df
ßx/~+ ...+ß6-f-.

daT dae

262. Angle between Two Screws.

It will of course be understood that f is perfectly arbitrary, but results of 
interest may be most reasonably anticipated when f has been chosen with 
special relevancy to the Dyname itself, as distinguished from the influence 
due merely to the screws of reference. We shall first take for f the square 
of the intensity of the Dyname, the expression for which is found (§ 35) 
to be

R = «/ + ... -t- a62+ 2axa2 (12) +

where (12) denotes the cosine of the angle between the first and second 
screws of reference, which are here taken to be perfectly arbitrary. The 
second group of reference screws we shall take in a special form. They are 
to be a canonical co-reciprocal system, so that

R = (\1 + ^-s)2 + (^3 + \1)2 + (\ + V-

Introducing these values, we have, as the first emanant,

ta^ + X + a.2ßß (12)

— (#i + Ma) (\ + ^2) + (/Ai + fJ-t) (Xs 4- X4) + (/z5 + /x6) (X5 + X6);

but in the latter form the expression obviously denotes the cosine of the 
angle between a and ß where the intensities are both unity; hence, whatever 
be the screws of reference, we must have for the cosine of the angle between 
the two screws the result

SaiÄ + X («,& + aoÄ) (12).

263. Screws at Right Angles.

In general we have the following formula for the cosine of the angle 
between two Dynames multiplied into the product of their intensities:—■

,n dR . „ dR , „ dR

This expression, equated to zero, gives the condition that the two Dynames 
be rectangular.
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If three screws, a, ß, y, are all parallel to the same plane, and if 6 be a 

sci’ew normal to that plane, then we must have

264. Conditions that Three Screws shall be parallel to a 

Plane.

dR> n dR n
0! 37 ■ 

da.!

a dR

1 dß i ■

1 a dR _ „ 
"+9tdßt- ’

a dR .. + 06^ = o.

Since a screw of a three-system can be drawn parallel to any direction, 

it will be possible to make any three of the quantities ... equal to zero. 

Hence, we have as the condition that the three screws, a, ß, y shall be 

all parallel to a plane the evanescence of all the determinants of the type

dR 

d«! ’

dR 

da2 ’

dR 

da3

dR dR dR

dßi dß2 ’ dß3

dR dR dR

dyr ’ dy2 ’ dy3

265. Screws on the same Axis.

The locus of the screws 0 perpendicular to a is represented by the 

equation

/> i ü dR ß

If we assume that the screws of reference are co-reciprocal, then the 

equation just written can only denote all the screws reciprocal to the one 

screw whose co-ordinates are

LdR l_dR

Pi dat’ ■” peda6'

It is manifest that all the screws perpendicular to a given line cannot be 

reciprocal to a single screw unless the pitch of that screw be infinite, other­

wise the condition

(pa +Pe) cos </> — d! sin </> = 0

could not be fulfilled. We therefore see that the co-ordinates just written 

can only denote those of a screw of infinite pitch parallel to a.
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If x be a variable parameter, then the co-ordinates 

x dR x dR

4^ cZaj 4p,; da6

must denote a screw of variable pitch x on the same screw as a. We are 

thus conducted to a more general form of the results previously obtained 

(§ 47).

These expressions may be written

OC CU

+ .y— cos , «2 + cos a2, ...

where alt a2, ... are the angles which a makes with the screws of reference.

266. A general Expression for the Virtual Coefficient.

We may also consider that function of the co-ordinates of a Dyname 

which, being always proportional to the pitch, becomes exactly equal to the 

pitch when the intensity is equal to unity. More generally, we may define 

the function to be equal to the pitch multiplied into the square of the 

intensity, and it is easy to assign a physical meaning to this function. It 

is half the work done in a twist .against a. wrench, on the same screw, where 

the amplitude of the twist is equal to the intensity of the wrench. Referred 

to any co-ordinates, we denote this function by V expressed in terms of 

Xj,... X(j. If we express the same function by reference to six co-reciprocal 

axes with co-ordinates a1;... a6, we have the result

jMia+ ••• peat2 = V.

Forming now the first emanant, we have

n n dV dV Spießt + ... + Ip^ß, = . + M(. ;

but the expression on the left-hand side denotes the product of the two 

intensities into double the virtual coefficient of the two screws; hence 

the right-hand member must denote the same. If, therefore, after the 

differentiations we make the intensities equal to unity, we have for the 

virtual coefficient between two screws X and p, referred to any screws of 

reference whatever one-half the expression

dV dV 
^dxf+^dxf

Suppose, for instance, that X is reciprocal to the first screw of reference, 

then

^=o.
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T h is  c a n  b e  v e r if ie d  in  th e  fo l lo w in g  m a n n e r . W e  h a v e

K = p X '3 ,

d\j  d X j  d \ 2

a n d , th e re fo re , i f  X  b e  r e c ip ro c a l to  th e  f i r s t s c re w  o f r e fe re n c e , th e  fo rm u la  

to  b e  p ro v e d  is

d X j  d X ;

A  f e w  w o rd s w ill b e  n e c e ss a ry  o n  th e  g e o m e tr ic a l s ig n if ic a t io n  o f th e  

d if f e re n t ia tio n  in v o lv e d . S u p p o s e  a  D y n a m e  X  b e . r e fe r re d  to  s ix  c o -o rd in a te  

s c re w s o f a b s o lu te  g e n e ra l i ty , a n d le t u s s u p p o s e th a t o n e o f th e se c o ­

o rd in a te s , fo r in s ta n c e  X 1 ( b e  p e rm it te d  to  v a ry , th e  c o r re s p o n d in g  s i tu a t io n  

o f  X  a lso  c h a n g e s , a n d  c o n s id e r in g  e a c h  o n e  o f th e  c o -o rd in a te s  in  s u c c e s s io n ;  

w e  th u s  h a v e  s ix  ro u te s  e s ta b l is h e d  a lo n g  w h ic h  X  w ill t r a v e l in  c o r re s p o n d ­

e n c e w ith  th e  g ro w th o f th e . a p p ro p r ia te c o -o rd in a te . E a c h ro u te is , o f  

c o u rse , a  ru le d  s u r fa c e ; b u t  th e  c o n c e p tio n  o f  a  s u r fa c e  is  n o t  a lo n e  a d e q u a te  

to  e x p re s s th e  ro u te . W e  m u s t a lso  a s s o c ia te  a  l in e a r  m a g n itu d e  w ith  e a c h  

g e n e ra to r o f th e  s u r fa c e , w h ic h  is to  d e n o te  th e  p itc h  o f th e  c o r re sp o n d in g  

s c re w . T a k in g  X  a n d  a n o th e r s c re w  o n  o n e o f  th e  ro u te s , w e c a n  d ra w  a  

c y lin d ro id  th ro u g h  th e s e tw o  s c re w s . I t w ill n o w  b e p ro v e d th a t th is  

c y lin d ro id  is i ts e lf  th e  lo c u s in  w h ic h  X  m o v e s , w h e n  th e  c o -o rd in a te c o r ­

r e la te d th e re to c h a n g e s i ts v a lu e . L e t 0 b e th e s c re w  a r is in g f ro m  a n  

in c re a se  in  th e  c o -o rd in a te  X jj a  w re n c h  o n  0 o f in te n s i ty  0' h a s  c o m p o n e n ts  

o f in te n s i t ie s 0 / ,) . . .  0,'' ■ A  w re n c h  o n  X  h a s c o m p o n e n ts X / , . . .  X 8 . B u t  

f ro m  th e  n a tu re  o f  th e  c a se ,

V  V ” V

I f  th e re fo re  0" b e  s u i ta b ly  c h o s e n , w e  c a n  m a k e  e a c h  o f th e se  r a t io s —  1 ,  

s o  th a t  w h e n  0" a n d  X " a re  e a c h  r e s o lv e d  a lo n g  th e  s ix  s c re w s o f r e fe re n c e ,  

a l l th e  c o m p o n e n ts e x c e p t 0”, —  X /' s h a l l n e u tra l iz e . B u t th is c a n  o n ly  b e  

p o ss ib le  i f  th e  f i r s t r e fe re n c e  s c re w  l ie  o n  th e  c y lin d ro id  c o n ta in in g  0 a n d  X . 

H e n c e w e d e d u c e th e  r e s u lt th a t e a c h o f th e s ix c y lin d ro id s m u s t p a s s  

th ro u g h  th e  c o r re sp o n d in g  s c re w  o f r e fe re n c e ; a n d  th u s  w e  h a v e  a  c o m p le te  

v ie w  o f th e  ro u te  t r a v e l le d  b y  a  s c re w  in  c o r re s p o n d e n c e  w ith  th e  v a r ia tio n ,  

o f  o n e  o f  i ts  c o -o rd in a te s .

L e t th e  s ix  s c re w s o f r e fe re n c e  b e  1 , 2 , 3 , 4 , 5 , 6 . F o rm  th e  c y lin d ro id  

(X , 1 ) , a n d  f in d  th a t o n e  s c re w o n  th is  c y lin d ro id  w h ic h  h a s  w ith  2, 3 ,4, 5 , 6 , 

a  c o m m o n  r e c ip ro c a l (§  2 6 ) . F ro m  a  p o in t 0 d ra w  a  p e n c i l o f  fo u r  r a y s  p a ra l le l  

to  fo u r  s c re w s  o n  th e  c y lin d ro id . L e t OA b e  p a ra l le l to  o n e  o f th e  p r in c ip a l  

s c re w s ; OX b e  p a ra l le l to  X , Oq to  y, a n d  Oh to  th e  f i r s t s c re w  o f r e fe re n c e .
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L e t t h e  a n g le  A Oh b e  d e n o te d  b y  A, t h e  a n g le  A Oy b y  B, a n d  t h e  a n g le  

AOX b y  < /> . T o  f i n d  t h e  c o m p o n e n t w e  m u s t d e c o m p o s e  X ', a  tw i s t o n  

X , i n to  tw o  c o m p o n e n t s , o n e  o n  y, t h e  o th e r  o n  t h e  f i r s t s c r e w  o f  r e f e r e n c e .  

T h e  c o m p o n e n t  o n  y c a n  b e  r e s o lv e d  a lo n g  t h e  o th e r  f i v e  s c r e w s  o f  r e f e r e n c e , 

s in c e  t h e  s ix  f o r m  o n e  s y s te m  w i th  a  c o m m o n  r e c ip r o c a l . I f  w e  d e n o te  b y  

y' t h e  c o m p o n e n t  o n  y, w e  t h e n  h a v e

X  X j  y

s in  ( 6  —  J . ) s in  ( < />  -  B) ~ s in  ( < />  —  A) ’

a n d  i t a a n d  b b e  t h e  p i t c h e s  o f  t h e  tw o  p r in c ip a l  s c r e w s  o n  t h e  c y l in d r o id ,  

w e  h a v e  f o r  t h e  p i t c h  o f  X  t h e  e q u a t io n

p = a c o s 3  < />  +  b s in 2  < /> ;

, dp dp d<b . ,, a, , . ,
a l s o  dX ~ d<j> dX ’ ®ecause e n e c t  o f a  c h a n g e  m i s  t o  m o v e  t h e  s c r e w  

a lo n g  t h i s  c y l in d r o id .

W e  h a v e  
 , s in  ( < />  -  - B )

1 V  s in  ( < />  -  A) ’

a n d  a s  t h e  o th e r  c o - o r d in a te s  a r e  t o  b e  l e f t u n c h a n g e d ,  i t i s  n e c e s s a r y  t h a t  

y' b e  c o n s ta n t ,  s o  t h a t

H e n c e ,  s u b s t i t u t i n g  i n  t h e  e q u a t io n

dX} _ , s in  (B — A) 

d < />  s in 2 ( < />  —  A) ’

a n d  h e n c e
dp . s in 2  (<b — A)

= (b-a) s in  2 < A  •
dX7 v ^ysm(B- A)

A ls o
dX' dX' dd> .
dX,“ dj> ' dX,= ~ C0S ~ A

b u t t h i s  i s t h e  c o n d i t io n  t h a t X  a n d  t h e  f i r s t s c r e w  o f r e f e r e n c e s h a l l b e  

r e c ip r o c a l ( §  4 0 ) .

, dp dX'
X3x1+2pd^‘°‘

w e  d e d u c e a = b t a n  < />  t a n  A :

267. Analogy to Orthogonal Transformation.

I h e  e m a n a n t s  o f  t h e  s e c o n d  d e g r e e  a r e  r e p r e s e n te d  b y  t h e  e q u a t io n  

(Q i i o V ( d d \2 „
\ßl d* + •'' + & daj f~ dX, + • • • + dxj F

w h e n  1 i s  t h e  f u n c t io n  i n to  w h ic h  f b e c o m e s  t r a n s f o r m e d w h e n  t h e  c o ­

o r d in a t e s a r e  c h a n g e d  f r o m  o n e  s e t o f s c r e w s o f r e f e r e n c e  t o  a n o th e r . I f  

w e  t a k e  f o r  /  e i th e r o f t h e  f u n c t io n s a l r e a d y  c o n s id e r e d , t h e s e  e q u a t io n s
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red u ce to an id en tity ; b u t re ta in in g  f in its g en era l fo rm , w e can d ed u ce  

so m e  resu lts o f v ery  co n sid e rab le in te res t. T h e  d iscu ss io n  w h ich  n o w  fo llow s  

w as su g g ested b y th e reaso n in g em p lo y ed b y P ro fesso r W . S . B u rn sid e* in  

th e  th eo ry  o f o rth o g o n a l tran sfo rm atio n s.

L et u s su p p o se th a t w e transfo rm  th e fu n c tio n  f fro m  o n e se t o f co ­

rec ip ro ca l sc rew s o f re feren ce to an o th er sy stem . L et plt ... ps b e th e  

p itch es o f th e firs t se t, an d qx, ... q6 b e th o se o f th e seco n d se t. T h en w e  

m u st h av e

Pißi2 +  ... +  p 6 /3 „2  =  q1p12 + ... + qepj, 

fo r each  m erely  d en o tes th e  p itch  o f th e  D y n am e m u ltip lied  in to  th e sq u are  

o f its in ten sity . M u ltip ly  th is eq u a tio n  b y an y arb itra ry fac to r x an d ad d  

it to  th e  p reced in g , an d  w e h av e

(&  a + ...+ ß6 y+x +...+ M

( d cZ \ 2 .  , „  o \

= + ’ ’ ’ + dxj /+ ® +  • • • +  & /V ).

R eg ard in g ßlt ... ßf, as v ariab les , th e firs t m em b er o f th is eq u a tio n  

eq u a ted to zero w o u ld d en o te a certa in sc rew  sy stem  o f th e  secon d  d eg ree.  

If th a t sy stem  w ere “  cen tra l ” it w o u ld p o ssess a certa in sc rew  to w h ich  

th e p o la rs o f a ll o th er sc rew s w o u ld b e recip ro ca l, an d its d isc rim in an t  

w o u ld v an ish ; b u t th e sc rew  ß b e in g ab so lu te ly  th e sam e as p, it is p la in  

th a t th e  d iscrim in an t o f th e  seco n d  s id e  m u st in  su ch case a lso  v an ish . W e  

th u s see th a t th e ra tio s o f th e  co effic ien ts o f th e  v ario u s p o w ers o f x in  th e  

fo llo w in g  w ell-k n o w n fo rm  o f d e te rm in an t m u st rem ain u n ch an g ed w h en  

o n e co -rec ip ro ca l se t o f sc rew s is ex ch an g ed fo r an o th er. In w ritin g th e  

d2f 
d e te rm in an t w e p u t 1 2 fo r , & c.

c /o tj > da»

1 1  +  xplt 1 2 1 3 1 4 1 5  , 1 6 =  0 .

2 1 '22 + xp2, 2 3 2 4 2 5 2 6

3 1 3 2 3 3  +  xp3, 3 4 3 5 3 6

4 1 4 2 4 3 4 4  +  xpit 4 5 4 6

5 1 5 2  , 5 3 5 4 5 5  + xp6, 5 6

6 1 6 2 6 3 6 4 6 5  , 6 6  +  xpe

T ak e fo r in s tance th e co effic ien t o f x5 d iv ided b y th a t o f x2, w h ich is  

easily  seen  to  b e

1 É £  + +  1  & £ _ ■
Pi' deci1 p6' da62 ’

W illiam so n , Differential Calculus, p . 4 1 2 .
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and we learn that this expression will remain absolutely unaltered provided 

that we only change from one set of co-reciprocals to another. In this / is 

perfectly arbitrary.

268. Property of the Pitches of Six Co-reciprocals.

We may here introduce an important property of the pitches of a set of 

co-reciprocal screws selected from a screw system.

There is one screw on a cylindroid of which the pitch is a maximum, 

and another screw of which the pitch is a minimum. These screws are 

parallel to the principal axes of the pitch conic (§ 18). Belonging to a 

screw system of the third order we have, in like manner, three screws of 

maximum or minimum pitch, which lie along the three principal axes of 

the pitch quadric (§ 173). The general question, therefore, arises, as to 

whether it is always possible to select from a screw system of the nth order 

a certain number of screws of maximum or minimum pitch.

Let ... 06 be the six co-ordinates of a screw referred to n co-reciprocal 

screws belonging to the given screw system. Then the function or

P1Ø1 + ... + p^>

is to be a maximum, while, at the same time, the co-ordinates satisfy the 

condition (§ 35)
S0? + 220A cos (12) = 1,

which for brevity we denote as heretofore by

jR = l.

Applying the ordinary rules for maxima and minima, we deduce the six 

equations

From these six equations 0lt... can be eliminated, and we obtain the 

determinantal equation which, by writing x = 1 +pä, becomes

1—xpi, cos (21), cos (31), cos (41), cos (51), cos (61) 

cos (12), 1 — xp2, cos (32), cos (42), cos (52), cos (62)

cos (13), cos (23), 1 — xps, cos (43), cos (53), cos (63)

cos (14), cos (24), cos (34), 1 - xpi, cos (54), cos (64)

cos (15), cos (25), cos (35), cos (45), 1 — xps, cos (65)

cos (16), cos (26), cos (36), cos (46), cos (56), 1 — xps
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It is easily seen that this equation must reduce to the form

A = 0.

In fact, seeing it expresses the solution of the problem of finding a screw 

of maximum pitch, and that the choice may be made from a system of the 

sixth order, that is to say, from all conceivable screws in the universe it is 

obvious that the equation could assume no other form.

What we now propose to study is the manner in which the necessary 

evanescence of the several' coefficients is provided for. After the equation 

has been expanded we shall suppose that each term is divided by the 

coefficient of xs that is, by pipiPaptPsP«-

From any point draw a pencil of rays parallel to the six screws. On 

four of these rays, 1, 2, 3, 4, we can assign four forces which equilibrate 

at the point. Let these magnitudes be Xlt X2, X3, X4. We can express 

the necessary relations by resolving these four forces along each of the four 

directions successively. Hence

X, + X2 cos (12) + X3 cos (13) + X4 cos (14) = 0. 

cos (21) + X2 + X3 cos (23) + Xt cos (24) = 0.

X cos (31) + X2 cos (32) + X3 + X cos (34) = 0.

X, cos (41) + X2 cos (42) + X3 cos (43) + XA = 0.

Eliminating the four forces we have

1, cos (12), cos (13), cos(14)

cos (21), 1, cos (23), cos(24)

cos (31), cos (32), 1, cos(34)

cos (41), cos (42), cos (43), 1

Thus we learn that every determinant of this type vanishes identically.

Had we taken five or six forces at the point it would, of course, have been 

possible in an infinite number of ways to have adjusted five or six forces to 

equilibrate. Hence it follows that the determinants analogous to that just 

written, but with five and six rows of elements respectively, are all zero.

These theorems simplify our expansion of the original harmonic deter­

minant. In fact, it is plain that the coefficients of x2, of x, and of the 

absolute term vanish identically. The terms which remain are as follows:—

xa + Ax6 + Bx2 + Cxä = 0.
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where

in which

-^123 —

2
Pi’ 

sin2 (1, 2)

Q_  \f -^123

PlPiPi

1, cos (12), cos (13) 

cos (12), 1, cos (23)

cos (13), cos (23), 1

If by 8 (123) we denote the scalar of the product of three unit vectors 

along 1, 2, 3, then it is easy to show that

^(123) = ^.

We thus obtain the following three relations between the pitches and the 

angular directions of the six screws of a co-reciprocal system*,

Pt Pl 

s^(l, 2, 3) 0 

PiP^P-i

The first of these formulae gives the remarkable result that, the sum of the 

reciprocals of the pitches of the six screws of a co-reciprocal system is equal 

to zero.

The following elegant proof of the first formula was communicated to me 

by my friend Professor Everett. Divide the six co-reciprocals into any two 

groups A and B of three each, then it appears from § 174 that the pitch 

quadric of each of these groups is identical. The three screws of A are 

parallel to a triad of conjugate diameters of the pitch quadric, and the sum 

of the reciprocals of the pitches is proportional to the sum of the squares of 

the conjugate diameters (§ 176). The three screws of B are parallel to 

another triad of conjugate diameters of the pitch quadric, and the sum of 

the reciprocals of the pitches, with their signs changed, is proportional to the 

sum of the squares of the conjugate diameters. Remembering that the 

sum of the squares of the two sets of conjugate diameters is equal, the 

required theorem is at once evident.

* Proceedings of the Royal Irish Academy, Series h i. Vol. i. p. 375 (1890). A set of six 

screws are in general determined by 30 parameters. If those screws be reciprocal 15 conditions 

must be fulfilled. The above are three of the conditions, see also § 271.
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269. Property of the Pitches of n Co-reciprocals.

The theorem just proved can be extended to show that the sum of the 

reciprocals of the pitches of n co-reciprocal screws, selected from a screw system 

of the nth order, is a constant for each screw system.

Let A be the given screw system, and B the reciprocal screw system. 

Take 6 — n co-reciprocal screws on B, and any n co-reciprocal screws on A. 

The sum of the reciprocals of the pitches of these six screws must be always 

zero; but the screws on B may be constant, while those on A are changed, 

whence the sum of the reciprocals of the pitches of the n co-reciprocal screws 

on A must be constant.

Thus, as we have already seen from geometrical considerations, that the 

sum of the reciprocals of the pitches of co-reciprocals is constant for the 

screw system of the second and third order (§§ 40, 176), so now we see that 

the same must be likewise true for the fourth, fifth, and sixth orders.

The actual value of this constant for any given screw system is evidently 

a characteristic feature of that screw system.

270. Theorem as to Signs.

If in one set of co-reciprocal screws of an n-system there be k screws with 

negative pitch and n — k screws with positive pitch, then in every set of 

co-reciprocal screws of the same system there will also be k screws with negative 

pitch and n — k screws with positive pitch.

To prove this we may take the case of a five-system, and suppose that of 

five co-reciprocals Alt A2, t !3, _44j As the pitches of three are positive, say 

nii, mf, mf, while the pitches of the two others are negative, say — ml, 

- mf

Let >S be any screw of the system, then if 0lt ... 0S be its co-ordinates 

with respect to the five co-reciprocals just considered, we have for the pitch 

of 0 the expression

ml 01 + mlØr + m320I — ml 01 — mfØ?.

Let us now take another set of five co-reciprocals Blt B.it B3, Bit Bs 

belonging to the same system, then the pitches of three of these screws must 

be + and the pitches of two must be —. For suppose this was not so, but 

that the five pitches were, let us saynx2, n2a, ws3, nt> — n3. Let the co-ordinates 

of S with respect to these new screws of reference be </>1( </>2,... </>6, then 

the pitch will be

nityl + n2a</>22 + nffå + nif,2 - n^2.
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E q u a t i n g  t h e s e  t w o  v a l u e s  o f  t h e  p i t c h  w e  o u g h t  t o  h a v e  f o r  e v e r y  s c r e w  $

+ m202 4 -  m2d2 + ?i62</>83

=  » x 2 < / > i s  +  n 3 2 < / > » 3  +  n 8 a < / > 3 a  +  n , 2 < / > 4 2  +  mfd? + mA62.

B u t  i t  c a n  e a s i l y  b e  s e e n  t h a t  t h i s  e q u a t i o n  i s  i m p o s s i b l e .

L e t  H b e  t h e  s c r e w  t o  w h i c h  a l l  t h e  s c r e w s  o f  t h e  f i v e - s y s t e m  a r e  r e ­

c i p r o c a l ,  a n d  l e t  u s  c h o o s e  f o r  S  t h e  s c r e w  r e c i p r o c a l  t o  A1; A2, As, B5, H. 

T h e  f a c t  t h a t  > 8  i s  r e c i p r o c a l  t o  H i s  o f  c o u r s e  i m p l i e d  i n  t h e  a s s u m p t i o n  t h a t  

S  b e l o n g s  t o  t h e  f i v e - s y s t e m ,  w h i l e  t h e  f a c t  t h a t  S  i s  r e c i p r o c a l  t o  e a c h  o f  t h e  

s c r e w s  Alt A2. A:l, B5 g i v e s  u s

^  =  0 , 0 2  =  O , 0 S  =  O , < / > 6  =  0 .

H e n c e  w e  w o u l d  h a v e  t h e  e q u a t i o n

n^i2 +  n . / < £ , 2  +  n 3 2 < / > 3 3  +  r , 4 3 < / > 4 2  +  =  0 ,

w h i c h  w o u l d  r e q u i r e  t h a t a l l t h e  c o - o r d i n a t e s  w e r e  z e r o , w h i c h  i s  i m ­

p o s s i b l e .

I n  l i k e  m a n n e r  a n y  o t h e r  s u p p o s i t i o n  i n c o n s i s t e n t  w i t h  t h e  t h e o r e m  o f  

t h i s  a r t i c l e  w o u l d  b e  s h o w n  t o  l e a d  t o  a n  a b s u r d i t y . T h e  t h e o r e m  i s  t h e r e ­

f o r e  p r o v e d .

W e  c a n  h e n c e  e a s i l y  d e d u c e  t h e  i m p o r t a n t  t h e o r e m  t h a t  t h r e e  o f  t h e  

s c r e w s  i n  a  c o m p l e t e  c o - r e c i p r o c a l s y s t e m  o f  s i x  m u s t  h a v e  p o s i t i v e  p i t c h  

a n d  t h r e e  m u s t  h a v e  n e g a t i v e  p i t c h * .

F o r  i n  t h e  c a n o n i c a l  s y s t e m  o f  c o - r e c i p r o c a l s j  t h e  p i t c h e s  a r e  +  a, — a, 

+ b, — b, +  c ,  —  C, i . e .  t h r e e  a r e  p o s i t i v e  a n d  t h r e e  a r e  n e g a t i v e ,  a n d  a s  i n  t h i s  

c a s e  t h e  n - s y s t e m  b e i n g  t h e  s i x - s y s t e m  i n c l u d e s  e v e r y  s c r e w  i n  s p a c e  w e  s e e  

t h a t  o f  a n y  s i x  c o - r e c i p r o c a l s  t h r e e  o f  t h e  p i t c h e s  m u s t  b e  p o s i t i v e  a n d  t h r e e  

m u s t  b e  n e g a t i v e .

271. Identical Formulae in a Co-reciprocal System.

L e t  a n y  s c r e w  a b e  i n c l i n e d  a t  a n g l e s  a l ,  a 2 , . . .  a 6  t o  t h e  r e s p e c t i v e  s i x  

s c r e w s  o f  a  c o - r e c i p r o c a l  s y s t e m .

T h e n  w e  h a v e  f o r  t h e  c o - o r d i n a t e  an

+pn) c o s  a l  -  d a l s i n  a l  
o t n  —  ' .

*  T h i s  i n t e r e s t i n g  t h e o r e m  w a s  c o m m u n i c a t e d  t o  m e  b y  K l e i n , w h o  h a d  p r o v e d  i t  a s  a  

p r o p e r t y  o f  t h e  p a r a m e t e r s  o f  “ s i x  f u n d a m e n t a l  c o m p l e x e s  i n  i n v o l u t i o n ”  (Math. Ann. Band. 

i .  p .  2 0 4 ) .
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If we substitute these values for alt ... an in the expression

pa=tp1a^

we obtain the equation

0=p.2
cos2 al cos2 a2--------
. Pi P*

cos2 a6

P« .

+ 2po
cos al ( pT cos al — dal sin al)

Pi
cos a6 (pe cos a6 — daS sin a6)

+
P«

- 2

+
( p1 cos a 1 — dal sin al)2 ( p6cos a&-dals sin a6)2 

Pi P«

As al, &c., daj, &c., p{, &c. are independent of pa we must have the three 
co-efficients of this quadratic in pa severally equal to zero.

272. Three Pitches Positive and Three Negative.

The equation
cos2 al cos2 a2 cos2 a6 
------- ■+------- +••. + •------- =0

Pl Pl Ps

also shows that three pitches of a set of six co-reciprocals must be positive 
and three must be negative. For, suppose that the pitches of four of the 
co-reciprocals had the same sign, and let a be a screw perpendicular to the 
two remaining co-reciprocals, then the identity just written would reduce to 
the sum of four positive terms equal to zero.

From this formula and also
1 1
—I----
Pi Pi

1

P<i

we have
sin2 ai

Pi

sin2 a2 sin2 a 6
+ ... +--------= 0.

Pi ps

273. Linear Pitch Invariant Functions.

We propose to investigate the linear functions of the six co-ordinates of 
a screw which possess the property that they remain unaltered notwith­
standing an alteration in the pitch of the screw which the co-ordinates 
denote. It will first be convenient to demonstrate a general theorem which 
introduces a property of the six screws of a co-reciprocal system.

The virtual coefficient of two screws is, as we know, represented by half 
the expression

(pa + Pß) cos d — d sin 6,

where pa and pß are the pitches, Ö is the angle between the two screws, 
and d the shortest perpendicular distance. The pitches only enter into
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t h i s e x p r e s s io n  b y  t h e i r s u m ; a n d , c o n s e q u e n t ly , i f  pa b e c h a n g e d  i n to  

pa + x, a n d  pß b e  c h a n g e d  i n to  pß — x, t h e v i r tu a l c o e f f i c i e n t w i l l r e m a in  

u n a l t e r e d  w h a te v e r x m a y  b e .

W e  h a v e  f o u n d , h o w e v e r ( §  3 7 ) , t h a t t h e  v i r tu a l c o e f f i c i e n t a d m i ts o f  

r e p r e s e n ta t io n  i n  t h e  f o rm

PiCtißi + ■•• + pea6ß<l.

T o  a u g m e n t t h e  p i t c h  o f a b y  x, w e  s u b s t i tu te  f o r a 1 ( a 2 > . . . t h e  s e v e r a l  

v a lu e s  ( §  2 6 5 ) ,

a j  +  ~ — c o s « ! , a 2  +  ~  c o s a2, ... 
2 /> i  2 ^ 2

w h e r e  alt a2, ... a r e  t h e  a n g le s m a d e  b y  t h e  s c r e w  a w i th  t h e s c r e w s o f  

r e f e r e n c e . S im i la r ly , t o  d im in is h  t h e  p i t c h  o f ß b y  x, w e s u b s t i tu te  f o r  

ßlt ß2, . . . t h e  s e v e r a l  v a lu e s

ßi — ~~ c o s  blt ß2 — ~ c o s  L ,  & c .
2pi zpn

W ith  t h i s  c h a n g e  t h e  v i r tu a l c o e f f ic i e n t ,  a s  a b o v e  e x p r e s s e d , b e c o m e s  

x

2pi
c o s  bi

o r ,

tp^ßi + ~ få c o s  at + ß2 c o s  a2 + ... — c o s —  a 2  c o s  b2 — ...)

x2 / c o s  a2 c o s  S j c o s  a2 c o s  b2 c o s  ae c o s  6 ( i\  

j p i  p2 ”■ ps )'

W e  h a v e  a l r e a d y  s h o w n  t h a t s u c h  a  c h a n g e  m u s t b e  v o id  o f e f f e c t u p o n  

t h e  v i r tu a l c o e f f ic i e n t f o r a l l v a lu e s  o f x. I t t h e r e f o r e f o l lo w s t h a t t h e  

c o e f f i c i e n t s o f  b o th  x a n d  x2 i n  t h e  e x p r e s s io n s  j u s t w r i t t e n  m u s t b e  z e ro .  

H e n c e  w e  o b ta in  t h e  tw o  f o l lo w in g  p r o p e r t i e s :

0  =  (ß1 c o s  O i  +  . . .  +  ße c o s  æ 6 )  —  ( a x  c o s  b2+ ... +  a 6  c o s  6 ( l) ,  

„ c o s  a , c o s  b, c o s  a6 c o s  bs

Pi Pt

T h e  s e c o n d  o f t h e  tw o  f o r m u læ  i s t h e  im p o r ta n t o n e  f o r o u r p r e s e n t  

p u r p o s e . I t w i l l b e  n o te d  t h a t t h o u g h  t h e  tw o  s c r e w s , a  a n d  ß, a r e  c o m ­

p le te ly  a r b i t r a ry ,  y e t t h e  s ix  d i r e c t io n  c o s in e s  o f  a w i th  r e g a r d  t o  t h e  s c r e w s  

o f r e f e r e n c e , a n d  t h e  s ix  d i r e c t io n  c o s in e s o f ß w i th  r e g a r d  t o  t h e s a m e  

s c r e w s o f r e f e r e n c e , m u s t b e  c o n n e c te d b y  t h i s r e l a t io n . O f c o u r s e t h e  

e q u a t io n  i n  t h i s  f o r m  i s o n ly  t r u e  w h e n  t h e  s ix s c r e w s o f r e f e r e n c e a r e  

co-reciprocal. I n  t h e  m o r e  g e n e ra l c a s e t h e  e q u iv a le n t i d e n t i ty  w o u ld  b e  

o f  a  m u c h  m o r e  c o m p l ic a te d  t y p e .
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274. A Pitch Invariant.

L e t  hlt ... h6 b e  t h e  d i r e c t i o n  a n g l e s  o f  a n y  r a y  w h a t e v e r  w i t h  r e g a r d  t o  

s i x  c o - r e c i p r o c a l  s c r e w s  o f  r e f e r e n c e ,  t h e n  t h e  f u n c t i o n

c o s  A ,  +  . . .  +  a6 c o s  hs

i s  a  p i t c h  i n v a r i a n t .

F o r , i f  w e  a u g m e n t t h e  p i t c h  o f  a b y  x, w e  h a v e  t o  w r i t e  f o r  a n . . .  a 6  

t h e  e x p r e s s i o n s

a ,  + c o s  a ,  . . .  c o s  a ( i l
2 ^ !  %

a n d  t h e n  U b e c o m e s

a ,  c o s  Ä j  4 - . . .  4 -  a 6  c o s  A 6

x / c o s  a ,  c o s  A , c o s  a 8  c o s  hA

2  \ Pi pe )

b u t  f r o m  w h a t  w e  h a v e  j u s t  p r o v e d , t h e  c o e f f i c i e n t o f  x i s  z e r o ,  a n d  h e n c e  

w e  s e e  t h a t

a ,  c o s  hi +  . . .  +  a 6  c o s

r e m a i n s  u n c h a n g e d  b y  a n y  a l t e r a t i o n  i n  t h e  p i t c h  o f  a.

I f  w e  t a k e  t h r e e  m u t u a l l y  r e c t a n g u l a r  s c r e w s ,  a, ß, y, t h e n  w e  h a v e  t h e  

t h r e e  p i t c h  i n v a r i a n t s

L = 6i c o s  ai + ... + 0O c o s  a6,

M = Oi c o s  bi + ... + 0e c o s  b6,

N = 6i c o s  Ci + ... + 6e c o s  c 6 .

I t  i s  o b v i o u s  t h a t  a n y  l i n e a r  f u n c t i o n  o f  L, M, N, s u c h  a s  

fL + gM+KN, 

i s  a  p i t c h  i n v a r i a n t .

W e  c a n  f u r t h e r  s h o w  t h a t  t h i s  i s  t h e  m o s t  g e n e r a l t y p e  o f  l i n e a r  p i t c h  

i n v a r i a n t .

F o r  t h e  c o n d i t i o n s  u n d e r  w h i c h  t h e  g e n e r a l  l i n e a r  f u n c t i o n

• ^ i ^ i  +  . . .  +  An0n

s h a l l  b e  a  p i t c h  i n v a r i a n t  a r e  t h a t  e q u a t i o n s  o f  t h e  t y p e

A c o s a i ! ^ 6 c o s a 6 _ 0 . & c  

Pi P«

s h a l l  b e  s a t i s f i e d  f o r  a l l  p o s s i b l e  r a y s .

T h o u g h  t h e s e  e q u a t i o n s  a r e  i n f i n i t e  i n  n u m b e r ,  y e t  t h e y  a r e  o n l y  e q u i ­

v a l e n t t o  t h r e e  i n d e p e n d e n t  e q u a t i o n s ; i n  o t h e r  w o r d s , i f  t h e s e  e q u a t i o n s  

a r e  s a t i s f i e d  f o r  t h r e e  r a y s ,  a, b, c, w h i c h , f o r  c o n v e n i e n c e , w e  m a y  t a k e  t o  

b e  r e c t a n g u l a r ,  t h e n  t h e y  a r e  s a t i s f i e d  f o r  e v e r y  r a y .

B .  1 9
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275. Geometrical meaning.

T h e  n a t u r e  o f  t h e  p i t c h  i n v a r i a n t  f u n c t i o n  c a n  b e  o t h e r w i s e  s e e n . I t  i s  

w e l l k n o w n  t h a t  i n  t h e  c o m p o s i t i o n  o f  t w o  o r m o r e  t w i s t v e l o c i t i e s w e

„ A2 c o s  C j  _  „  

Pl

F o r ,  t a k e  a  r a y  e , w h i c h  m a k e s  d i r e c t i o n - a n g l e s  X ,  p, v w i t h  a, b, c, t h e n  

w e  h a v e

c o s  e ,  =  C O S  X  C O S  a ,  +  C O S  p C O S +  C O S  V C O S  C ]

c o s  e 6  =  c o s  X  c o s  a 6  +  c o s  p c o s  Z > 6  +  c o s  v c o s  c 6 .

H e n c e

. 4 1  c o s  e , A6 c o s  e 6 _ Æ  c o s  a ,  
4 “  . . .  4 -  — —  =  c o s  X X - - - - - - - - - -

Pi

„ A, c o s  6 ,
+  c o s  u l - - - - - - - - - -

Pl

v A2 C O S  0 1
" I -  C O S - - - - - - - - - -

I f ,  t h e r e f o r e ,  w e  h a v e

v  A  c o s  a x v A2 c o s  & i  _

Pl Pl

t h e n ,  f o r  e v e r y  r a y ,  w e  s h a l l  h a v e

A2 c o s _  
— v.

Pl

I t  t h u s  f o l l o w s  t h a t  t h e  c o e f f i c i e n t s  o f  a  l i n e a r  f u n c t i o n  w h i c h  p o s s e s s e s  

t h e  p r o p e r t y  o f  a  p i t c h  i n v a r i a n t m u s t b e  s u b j e c t e d  t o  t h r e e  c o n d i t i o n s .  

T h e r e  a r e  a c c o r d i n g l y  o n l y  t h r e e  c o e f f i c i e n t s l e f t d i s p o s a b l e  i n  t h e  m o s t  

g e n e r a l  t y p e  o f  l i n e a r  p i t c h  i n v a r i a n t . N o w ,  

fL+gM+hN

i s  a  p i t c h  i n v a r i a n t w h i c h  c o n t a i n s  t h r e e  d i s p o s a b l e  q u a n t i t i e s ,  f, g, h; i t  

t h e r e f o r e  r e p r e s e n t s  t h e  m o s t  g e n e r a l  f o r m  o f  l i n e a r  f u n c t i o n  w h i c h  p o s s e s s e s  

t h e  r e q u i r e d  p r o p e r t y .

W e  h a v e  t h u s  s o l v e d  t h e  p r o b l e m  o f  f i n d i n g  a  p e r f e c t l y  g e n e r a l  e x p r e s s i o n  

f o r  t h e  l i n e a r  p i t c h  i n v a r i a n t  f u n c t i o n  o f  t h e  c o - o r d i n a t e s  o f  a  s c r e w .

I t  i s  c o n v e n i e n t t o  t a k e  t h e  t h r e e  f u n d a m e n t a l  r a y s  a s  m u t u a l l y  r e c t ­

a n g u l a r  ; b u t  i t  i s , o f  c o u r s e , e a s y  t o  s h o w  t h a t  a n y  l i n e a r  p i t c h  i n v a r i a n t  

c a n  b e  e x p r e s s e d  i n  t e r m s  o f  t h r e e  p i t c h  i n v a r i a n t s  u n l e s s  t h e i r  d e t e r m i n i n g  

r a y s  a r e  c o p l a n a r . W e  m a y  e x p r e s s  t h e  r e s u l t  t h u s : — L e t  L, M, N, 0 b e  

f o u r  l i n e a r  p i t c h  i n v a r i a n t s , n o  t h r e e  o f  w h i c h  h a v e  c o p l a n a r  d e t e r m i n i n g  

r a y s . T h e n  i t  i s  a l w a y s  p o s s i b l e  t o  f i n d  f o u r  p a r a m e t e r s ,  X , p, v, p, s u c h  t h a t  

t h e  f o l l o w i n g  e q u a t i o n  s h a l l  b e  s a t i s f i e d  i d e n t i c a l l y :—

\L + pM + vN + pO =  0 .
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cos «!+... + 06 cos a6 — 0,

0} cos . + 06 cos b6 — 0,

0! cos cx + ... + 06 cos c6 = 0.

The screws which satisfy these conditions must all be perpendicular to the

19—2

276]

discover the direction of the resultant screw and the magnitude of the 

resultant twist velocity by proceeding as if the twist velocities were vectors. 

Neither the pitches of the component screws nor their situations affect the 

magnitude of the resultant twist velocity or the direction of the resultant 

screw. This principle is, of course, an immediate consequence of the law 

of composition of twist velocities by the cylindroid.

Let any ray a make an angle X with the ray 0, and angles alt ... a6 with 

the six screws of reference. The twist velocity 0 on 0 if resolved on a has 

a component 0 cos X. This must be equal to the sum of the several com­

ponents 0lt 02, ... resolved on a; whence we have

0 cos X — 01 cos ßj + ... + 0(5 cos a6.

If we make 0 = unity, we obtain

cos X = 01 cos a, + . •. + 06 cos ae.

This gives a geometrical meaning to the pitch invariant. It is simply the 

cosine of the angle between the screws 0 and a. As, of course, the pitch 

is not involved in the notion of this angle, it is, indeed, obvious that the 

expression for any function of the angle must be a pitch invariant.

We now see the meaning of the equation obtained by equating the pitch 

invariant to zero. If we make

0} cos . + 06 cos ae = 0

it follows that a and 0 must be at right angles. The equation therefore 

signifies the locus of all the screws that are at right angles to a.

The two equations

02 cos cij + ... + 0e cos a6 = 0,

01 cos . + 06 cos b$ — 0,

denote the screws perpendicular to the two directions of a and ß. In other 

words, these two equations define all the screws perpendicular to a given 

plane.

276. Screws at infinity.

Let us now take the case where a, ß, 7 are three rectangular screws, and 

examine the conditions satisfied by 0ly ..., 06 when subjected to the three 

following equations:
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three directions of a, ß, y. For real and finite rays this is impossible; for 

real and finite rays could not be perpendicular to each of three rays which 

were themselves mutually rectangular. This is only possible if the rays 

denoted by 0lt ... 0e are lines at infinity.

It follows that the three equations, Z = 0; M =0; N = 0, obtained by 

equating the three fundamental pitch invariants to zero, must in general 

express the collection of screws that are situated in the plane at infinity.

We can write the three equations in an equivalent form by the six 

equations

THE THEORY OF SCREWS.

cos a, cos 7 cos c, 
----- - + g----- -+h-----

Pi Pi Pi

h „cosci6 cos 6« 7 cosc6
-j------ + g-------+ h------- ,

P» Pi Pi

where f g, h are any quantities whatever; for it is obvious that, by substi­

tuting these values for ... 06 in either L, or M, or N, these quantities are 

made to vanish by the formulae of the type

cos cos cos a6 cos L
------------- 1 + ... +------------- = 0.

Pi Pi

We have, consequently, in the expressions just written for 0l3 ... 06, the 

values of the co-ordinates of a screw which lies entirely in the plane at 

infinity.

277. Expression for the Pitch.

It is known that if a, ß, y be the direction-angles of a ray, and if P, Q, R 

be its shortest perpendicular distances from three rectangular axes, then

P sin a cos a + Q sin ß cos ß + R sin y cos y = 0.

Let £ be three screws of zero pitch, which intersect at right angles, and 

let 0 be another screw, then, if be the virtual coefficients of p and 0,

= pe cos a — P sin a, 

whence, by the theorem j ust mentioned, we have 

pe = 2wve cos a + 2c t <!ö  cos ß + cos y.

Let alt ... a6 be the angles made by y with the six co-reciprocal screws of 

reference, then

cos a = L = 01 cos «j + ... + 0O cos ae,

and, similarly, for the two other angles,

cos ß = M = 01 cos . + 06 cos be, 

cos 7 = N = 01 cos c, + ... -I- 06 cos c6,
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and 7? + M2 + N2=l, whence we have for the pitch the homogeneous ex­

pression

_ 2L^vg + 2 Mtsr^g +
Pe ~ L2+ M2 + N2

It appears from this that the three equations,

= 0 ; = 0 J = 0,

indicate that 0 must be one of a pencil of rays of zero pitch radiating from 

a point.

The equations L = 0 ; Jf = 0; N = 0, define a screw of indeterminate 

pitch.

Why the screws in the plane at infinity (§ 46) should in general present 

themselves with indeterminate pitch is a point which requires some ex­

planation. The twist about such a screw, as around any other, consists, of 

course, of a rotation and a translation. If, however, the finite parts of the 

body are only to be moved through a finite distance, the amplitude of the 

twist must be infinitely small, for a finite rotation around an axis at infinity 

would, of course, imply an infinitely great displacement of parts of the body 

which were at finite distances. The amplitude of the rotation is therefore 

infinitely small, so that, if the pitch is finite, the displacement parallel to 

the axis of the screw is infinitely small also. It thus appears that the effect 

of a small twist about a screw of any finite pitch at infinity is to give the 

finite parts of the body two displacements, one of which is infinitely insig­

nificant as regards the other. We can therefore overlook the displacement 

due to the pitch, and consequently the pitch of the screw unless infinite is 

immaterial; in other words, in so far as the screw is the subject of our 

investigation, its pitch is indeterminate.

In like manner we can prove that a screw in the plane at infinity, when 

regarded as the seat of a wrench, must, when finite forces are considered, 

be regarded as possessing an indeterminate pitch. For, let the force apper­

taining to the wrench be of finite magnitude, then its effect on bodies at 

finite distances would involve a couple of infinite moment. It therefore 

follows that the force on the screw at infinity must be infinitely small if the 

effects of the wrench are finite. The moment of the couple on the screw 

of finite pitch is therefore infinitely small, nor is its magnitude increased 

by importation from infinity; therefore, at finite distances, the effect of the 

couple part of the wrench may be neglected in comparison with that of the 

force part of the wrench. But the pitch of the screw is only involved so 

far as the couple is concerned; and hence whatever be the pitch of the 

screw lying in the plane at infinity, its effect is inoperative so far as finite 

operations are concerned.



294 THE THEORY OF SCREWS. [277,

There is here a phenomenon of duality which, though full of significance 
in non-Euclidian space, merely retains a shred of its importance in the space 
of ordinary conventions. A displacement, such as we have been considering, 
may of course arise either from a twist about a screw of infinite pitch at an 
indefinite distance, or a twist about a screw of indefinite pitch at an infinite 
distance.

278. A System of Emanants which are Pitch Invariants*.

From the formula

2®-^ = (pa + pß) cos (aß) - daß sin (aß), 
we obtain

d^ sin (aß) = % (pa + pß) ™ . + a6 Rß

( d d \

/ d d \ , .

\'dßi 6dß6n^Rßj’

or from symmetry

~(ßi^-+... + ß6

dai daj \ VRa )

We thus obtain an emanant function of the co-ordinates of a and ß which 
expresses the product of the shortest distance between a and ß into the sine 
of the angle between them. The evanescence of this emanant is of course 
the condition (§ 228) that a and ß intersect.

This emanant is obviously a pitch invariant for each of the two screws 
involved. It will be a pitch invariant for a whatever be the screw ß. Let 
us take for ß the first screw of reference so that

Then
Ä = l; & = 0 ... ßt = Q.

d fpa + pA 
da1 \ )

must be a pitch invariant. It may be written

d / Pa+ Pl dRa 
da-i \/R~J 2 ' da1 ’

* This article is due to Mr A. Y. G. Campbell.
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but we know that the last term is itself a pitch invariant, and hence we have 

the following result.

If pa be the pitch of a screw a expressed in terms of the co-ordinates, and 

if Ra denote the function a/+ ... + a82 + 2ajOj cos (12) 4-... = 1, then the 

several functions

d / \ d / p^ \

da, vt/nj ’ da6 \VrJ

remain unaltered if instead of a,... a,. the co-ordinates of any other screw on 

the same straight line as a should be substituted.

This is easily verified by the known formulæ that if a be any screw and 

3 another screw on the same axis as a whose pitch is pa 4- x, then

„ x dR a x dR 

da, 4p6 aaG

whence

— (= 2p0 -pe cos (01) = 2piai + - . - (?« + x) cos (al)
deAjRf 2 da,

, x d / p„. \
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279. Expression for the Kinetic Energy.

L e t u s  s u p p o s e  t h a t a  b o d y  o f  m a s s  M i s  t w is t in g  a r o u n d  a  s c r e w  a  w i t h  

t h e  t w i s t  v e lo c i t y  å . I t  i s  o b v i o u s  t h a t  t h e  k i n e t i c  e n e r g y  o f  t h e  b o d y  m u s t  

b e  t h e  p r o d u c t  o f  Ma? a n d  s o m e  e x p r e s s i o n  w h i c h  h a s  t h e  d i m e n s i o n s  o f  t h e  

s q u a r e  o f a  l i n e a r  m a g n i t u d e . T h i s  e x p r e s s i o n  h a s  a  p a r t i c u la r  g e o m e t r i c a l  

s i g n i f i c a n c e  i n  t h e  T h e o r y  o f  S c r e w s ,  a n d  t h e  s y m b o l s  o f  t h e  t h e o r y  a f f o r d  a  

r e p r e s e n t a t i o n  o f  t h e  e x p r e s s i o n  i n  a n  e x t r e m e l y  c o n c i s e  m a n n e r .

L e t - 7 b e  t h e  i m p u l s i v e  s c r e w  w h i c h  c o r r e s p o n d s  t o  a  a s  a n  i n s t a n t a n e o u s  

s c r e w ,  t h e  b o d y  b e i n g  s u p p o s e d  t o  b e  p e r f e c t l y  u n c o n s t r a i n e d .

A s  u s u a l  pa i s  t h e  p i t c h  o f  a a n d  (at)') i s  t h e  a n g l e  b e t w e e n  a a n d  y.

F r o m  t h e  f o r m u l æ  o f  §  8 0  w e  h a v e , w h e r e  H i s  a  c o m m o n  f a c t o r ,

w h e n c e

Hy^ — A-aap, Hy.,= —  a a 2 ;  

Hy3 = + ba3; HVi = - bap,

Hvs = +  c « 5 ;  Hye — — cap,

H K 1 ? !  +  % )  ( a i  +  a 2 )  +  (y3 +y4) (a3 +  a 4 )  +  (y5 +y3) ( a 5  +  a 6 ) J

= a ( a , 2  -  a . / )  +  b ( a s 2  -  a 4 2 )  +  c  ( a 6 2  -  a 6 2 )  =  pa 

a n d  w e  o b t a i n

c o s (ay)

T h e  k i n e t i c  e n e r g y  i s

Md1 ( a 2 a j 2  +  a s a 2 2  +  b2a32 +  6 2 a /  +  c 2 a 6 2  +  c 2 a ( i2 )

= ^a2 cos (ay) ^aa,V1 ~ aa2V2 + ~ + ca^b> ~ c a 6 - > /6 ]

= Må? —-i tn*, 
c o s  (ay) v

* Trans. Roy. Irish Acad., V o l . x x x i .  p . 9 9  ( 1 8 9 6 ) .
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w h i c h  i s  t h e  r e q u i r e d  e x p r e s s i o n  f o r  t h e  k i n e t i c  e n e r g y . I t  i s  r e m a r k a b l e  

t h a t  t h e  c o - o r d i n a t e s  o f  t h e  r i g i d  b o d y  a r e  i n t r o d u c e d  b y  t h e  m e d i u m  o f  t h e  

i m p u l s i v e  s c r e w  a l o n e .

280. Expression for the Twist Velocity.

I f  a n  i m p u l s i v e  w r e n c h  o f  u n i t  i n t e n s i t y  o n  a  s c r e w  1 7  b e  a p p l i e d  t o  a  

q u i e s c e n t  r i g i d  b o d y  o f  u n i t  m a s s  w h i c h  i n  c o n s e q u e n c e  c o m m e n c e s  t o  t w i s t  

a b o u t a n  i n s t a n t a n e o u s  s c r e w  a, i t i s  r e q u i r e d  t o  f i n d  t h e  i n i t i a l t w i s t  

v e l o c i t y  d.

T h e  i m p u l s i v e  w r e n c h  m a y  b e  r e p l a c e d  b y  c o m p o n e n t i m p u l s i v e  f o r c e s  

-rjit-.-Vs o n  t h e  s i x  p r i n c i p a l s c r e w s  o f  i n e r t i a  a n d  c o m p o n e n t i m p u l s i v e  

c o u p l e s  w i t h  m o m e n t s —ai)2, br/.,, — byit cr)5, —cy6 a b o u t  t h o s e  s c r e w s  

o f  i n e r t i a .

T h e  f o r c e  %  i s  e x p r e s s e d  b y  t h e  v e l o c i t y  i t  p r o d u c e s  i n  t h e  u n i t  m a s s  

p a r a l l e l t o  t h e  d i r e c t i o n  o f  , 7 . T h e  c o m p o n e n t t w i s t v e l o c i t y  o f  a  i s  do^ 

a b o u t  t h e  f i r s t  p r i n c i p a l s c r e w , a n d  a c c o r d i n g l y  t h e  v e l o c i t y  o f  t r a n s l a t i o n  

p a r a l l e l  t o  t h a t  s c r e w  i s  ada^ H e n c e  w e  h a v e

a d « ,  =  y,,

b u t  a a ,  =  — Vi,
c o s  ( a ? ; )  

w h e n c e  w e  o b t a i n *

c o s  (ap) 
a =----------.

Pa

I t  w i l l  b e  n o t e d  t h a t  i n  t h i s  e x p r e s s i o n  t h e  c o - o r d i n a t e s  o f  t h e  r i g i d  b o d y  

a r e  i n t r o d u c e d  t h r o u g h  t h e  m e d i u m  o f  t h e  i m p u l s i v e  s c r e w  a l o n e .

A  s p e c i a l  c a s e  a r i s e s  w h e n  t h e  i m p u l s i v e  w r e n c h  i s  a  c o u p l e ,  i n  w h i c h  

c a s e  o f  c o u r s e  pv = 0 0  . A s  t h e  e f f e c t  o f  a n  i m p u l s i v e  c o u p l e  i s  t o  p r o d u c e  

a  p u r e  r o t a t i o n  o n l y , w e  m u s t u n d e r  t h e s e  c i r c u m s t a n c e s  h a v e  pa = 0 .  

P o i n s o t ’ s  w e l l - k n o w n  c o n s t r u c t i o n  e x h i b i t s  t h e  a x i s  o f  t h e  i n i t i a l r o t a t i o n  

a s  t h e  d i a m e t e r  o f  t h e  m o m e n t a ! e l l i p s o i d  c o n j u g a t e  t o  t h e  p l a n e  o f  t h e  

i m p u l s i v e  c o u p l e . A s  t h r e e  c o n j u g a t e  d i a m e t e r s  o f  a n  e l l i p s o i d  c o u l d  n o t  

l i e  i n  t h e  s a m e  p l a n e , i t  f o l l o w s  t h a t  i n  t h e  c a s e  o f  pri =  0 0  w e  c a n  n e v e r  

h a v e  a  a n d  7 7 a t  r i g h t  a n g l e s . A s  p„ i s  z e r o  w h i l e  c o s  ( o t ^ )  i s  n o t  z e r o ,  w e  

m u s t  h a v e  d i n f i n i t e .

T h i s  m i g h t  h a v e  b e e n  i n f e r r e d  f r o m  t h e  f a c t  t h a t  a s  t h e  i n t e n s i t y  o f  t h e  

i m p u l s i v e  w r e n c h  w a s  n o t  z e r o  w h i l e  t h e  p i t c h  o f  t h e  s c r e w  o n  w h i c h  i t  l a y  

w a s  i n f i n i t e ,  t h e  m o m e n t o f  t h e  i m p u l s i v e  c o u p l e  w a s  i n f i n i t e  a n d  c o n s e ­

q u e n t l y  t h e  i n i t i a l  t w i s t  v e l o c i t y  m u s t  b e  i n f i n i t e .

* Trans. Roy. Irish Acad., V o l .  x x x i .  p .  1 0 0  ( 1 8 9 6 ) .
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Unless in this exceptional case where is infinite it is always true that 

when pa is zero, a and t) are at right angles.

It is universally true that when the impulsive screw and the instan­

taneous screw are at right angles (the body being quite free), the pitch of 

the instantaneous screw must be zero.

For if were not zero when cos(a^) was zero then å must be zero. As 

some motion must result from the impulse (the mass of the body being 

finite) we must have pa infinite. The initial motion is thus a translation. 

Therefore the impulse must have been merely a force through the centre 

of gravity ; a and 77 must be parallel and cos (a>?) could not be zero.

The expression for the kinetic energy in § 279, 

assumes an indeterminate form when the impulsive wrench reduces to a 

couple. For we then have pa =  0, but as cos (a?;) is not zero the expression 

for mari, i.e.

4 {(p* + Pv) C0S (ai?) - sin (a7?)]> 

becomes infinite.

The expression for the kinetic energy arising from an impulsive wrench 

of unit intensity on a screw ■»; applied to a free body of unit mass which 

thereupon begins to twist with an instantaneous movement about a screw a 

has the concise form

cos (arj)
^0.7]’

Pa

281. Conditions to be fulfilled by two pairs of Impulsive and 

Instantaneous Screws.

Let a be a screw about which a free rigid body is made to twist in 

consequence of an impulsive wrench administered on some other screw ry. 

Let ß be another instantaneous screw corresponding in like manner to £ as 

an impulsive screw. Then we have to prove that the two following formulae 

are satisfied* :

— cos (/fy) + cos (a£) =
cos (o h ?) cos(/3f)

Pa _ pß 

cos (a?/) cos (ß£)

* Proceedings of the Camb. Phil. Soo., Vol. ix. Part iii. p. 193.
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T o  d e m o n s tra te th e  f irs t o f th e s e  fo rm u la e . E x p a n d  th e  le f t-h a n d  s id e  a n d  

i t b e c o m e s

+ —t  { (Ä  +  & )  (t /j  +  % )  +  ( f t  +  Ä )  (%  +  7 ? ,) +  (&  +  ße) (v, +%)}
C O S  ( (XT))

+  — 7 ^  { (« !  +  a 2 )  ( f t  +  +  (« 3  +  a < )  ( f t  +  +  (« 5  +  a < > ) (&  +  f t)} .

C O S  ( p )

B u t, a s  a lre a d y  s h o w n ,

'Pa 'Pa
- - 5 - - - r =  +  C W tj,  ? V2 = - aa2, ■■■, 

c o s  (ay)- - - -- - - -- - - -- - - -- c o s  (ay)

-  ~ 7 7 m  &  =  -  a & >  ■ •  • ’

c o s ( /3 f )  c o s ( /3 £ )

w h e n c e , b y  s u b s ti tu t io n , th e  e x p re s s io n  re d u c e s  to

+  a  (ß ,  +  ß,2) (a x  -  a 2)  +  a (a x +  a 2)  (&  -  ß2)

+ b(ß3 + ßi) (a 3 -  a 4)  +  6  (a 3  +  a 4)  (ß3 - ßt)

+ c(ß6 + ße) (a s  -  a 6)  +  c (a 6  +  a 6)  (ßs - ße)

— 2aa4ß4 — 2aa,2ß.2 + 2ba3ß3 — 2ba4ß4 +  2 c a 6 /3 B  -  2ca3ß6

=  2 -a ra (3 .

T o  p ro v e  th e  s e c o n d  fo rm u la i t is o n ly  n e c e ss a ry  to  n o te  th a t e a c h  s id e  

re d u c e s  to

+ a?a$4 + (Pa..ß., + b"a3ß3 + bsa4ß4 +  c 'X A  +  c2a6ße.

I t w ill b e o b s e rv e d  th a t th e se tw o  th e o re m s a re  q u ite  in d e p e n d e n t o f th e  

p a r t ic u la r  s c re w s  o f re fe re n c e  w h ic h  h a v e  b e e n  c h o se n .

282. Conjugate Screws of Inertia.

W e h a v e a lre a d y m a d e m u c h  u s e o f th e im p o r ta n t p r in c ip le th a t is  

im p lie d  in  th e  e x is te n c e  o f c o n ju g a te s c re w s o f in e r t ia . I f  a b e  re c ip ro c a l 

to  £  th e n  m u s t y b e  re c ip ro c a l to  ß. T h is th e o re m  im p lie d  th e  e x is te n c e  

o f s o m e  fo rm u la  c o n n e c tin g a n d  • s r j3 l) . W e  s e e  th is  fo rm u la  to  b e

_ Pa _ Pß 

c o s  (ay) c o s  (ß£)

W e  h a v e  n o w  to  s h o w  th a t i f =  0 , th e n  m u s t =  0 .

L e t u s e n d e a v o u r to  s a tis fy th is e q u a tio n  w h e n  ^ ß r i is z e ro o th e rw is e  

th a n  b y  m a k in g z e ro . L e t u s m a k e  pa in f in ite , th e n w ill re d u c e  

to c o s  (a £ ) ( fo r w e m a y e x c lu d e th e c a s e in  w h ic h  p% is a lso  in f in ite  

b e c a u s e  in  th a t c a se =  0 , in a sm u c h  a s a n y  tw o  s c re w s o f in f in ite  p itc h  

a re  n e c e ss a r ily  re c ip ro c a l) .
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The formula becomes, when is very large,

P°- Pß i ,
--- 7—\ * Pa cos (at). 
cos (a??) " cos (fig) v s'

In this case as the twist about a is merely a translation, we must have 

cos ap = 1, so that

1 Pß , ~

^ßv is to vanish, but this cannot be secured by making pß zero, because that 

cannot happen without cos (ß’p) being zero, except the pitch of f be infinite 

(§ 280) which is the case already excluded. It is therefore necessary that 

cos (af) be zero, but this requires that a and f be reciprocal, i.e. that = 0.

Let us now suppose that we try to satisfy the original equations by 

making =0, pß = 0. Here again we find that pß = 0 entails cos (/3£) zero, 

except />f = oc. This in general makes infinite so that the equation is 

not satisfied. If a. and £ were at right angles then no doubt the equation 

would be satisfied, but then is zero. We thus see that notwithstanding 

the special form of the fundamental equation (§ 281) it implies no departure 

from the complete generality of the principle that whenever is zero 

then must be also zero.

283. A Fundamental Theorem.

Let us suppose that a rigid body is either entirely free or constrained in 

any manner whatever. Let p be an impulsive screw whose pitch pv is not 

infinite. Let p'" be the intensity of an impulsive wrench on that screw, it 

being understood that p'" is to be neither zero nor infinity. Let a be the 

instantaneous screw about which the body, having been previously quiescent, 

will commence to twist with an instantaneous twist velocity a. It is also 

supposed that pa is neither zero nor infinity.

Let f be the impulsive screw similarly related to ß, and let the affiliated 

symbols have the corresponding significations and limitations.

Let £ be the impulsive screw similarly related to y, and let the affiliated 

symbols have the corresponding significations and limitations.

The instantaneous movement of the body must necessarily be the same 

as if it had been quite free and had received in addition to the impulsive 

wrench of intensity p'" on the screw t ,, an impulsive wrench of intensity p" 

situated on some screw p belonging to the system of screws reciprocal to the 

freedom of the body.

Let these two wrenches compound into a single wrench of intensity co'" 

on a screw co.
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T h en  w e h av e  (§  2 7 9 ),

co s  (a< o )
a  =  co ------ ,

pa

an d  a lso  (§  2 7 8 ),

o ,j =  ; co s (« ® ), cöz = -- 0 1-co s  (a ta), ... co e =  — —  co s  (a® ).
Pa Pa Pa

B u t fro m  th e fact th a t co"' is th e resu ltan t o f r{" an d p" w e m u st h av e  b y  

reso lv in g  a lo n g  th e  screw s o f re fe ren ce

= + p'"p-i, a>'"<o.i='r)"'T).2 + p"'p2,... a>"'a>e = 1)"'^ + p'"pe.......(i),

w h en ce w e o b ta in  b y  su b stitu tion ,

ap2a2 = +  p 'p ! , + p"'p2, ■■■ åpea6 = • • •  (n ).

If w e m u ltip ly  th e firs t o f th ese eq u atio n s  b y  p^lt th e  seco n d b y  p2ß2, & c., 

an d  th en  ad d , w e o b ta in

d  1p1ia1ß1 = + p'"^ßp-,

as h o w ev er p is o n  th e  rec ip ro ca l sy stem  w e m u st h av e , ex cep t w h en  p'" = co  , 

to  b e su b seq u en tly co n sid ered ,

ätp12a1ß1 = -f]'"'sTß1l.

In  lik e m an n er,

W e sh a ll sim ilarly  fin d

ß , ß ^Plßl O tj =  )
> .................... (in ),

7  ^Pili “ x =  > 7  ^Pijißi = t"'™ß( I

w h en ce b y  m u ltip licatio n

///$ -///> /// ///« -/'/€ .'//
V ± r ^-qß^^y^^o. V Q •

B u t w e h av e ch o sen th e in ten sities ? /" , % '", so th a t n o o n e o f th em  is  

e ith er  zero o r in fin ity , w h en ce

rjß'^^y'^^a ~ OT?)y's5'£aOT'£/3..............................................................(^)*

It rem ain s to see w h eth er th is fo rm u la w ill co n tinu e to b e  sa tisfied  in  th e  

cases ex cep ted  fro m  th is d em o nstra tio n .

L et u s tak e th e case in w h ich  pn is in fin ite , w h ich m ak es . in fin ite . 

W e h av e in  th e  case  o f  pv v ery  la rg e ,

/A , co s  (7 7 1 )

V 1 2pi

th e  eq u a tio n s (ii) b eco m e

> )" '» ,co s( 'i;l) , „  . ^'"p c.os^pf,') „
<^Piai=---- ---------- -+P pi', ■■■ apea6-----  ' +P P^

&Pi
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m ultip lying  the equations severally by  Pi,p2, ••• and  adding, w e get

å tp^ »i  /S i =  I  y"'pv (A  cos (yi) + ß2 cos  (772  )  +  ... +  A  cos  (yf>))

= i y"'Pri cos  (ßy)

= y"™^ (since  pv is indefin itely large), 

w hence w e proceed  as before  and  w e see that the theorem  (iii) rem ains true, 

even if pv or p^ or p^ be infin ite.

If pa be zero , then in  general cos aa> is zero . B ut in th is case pa 4- cos  am  

becom es da the length of the perpendicular from  the centre of gravity  upon  

a. H ence w e have

7>i«i PM p^

da. da da

and the proof proceeds as before so that in  th is case also the theorem  holds  

good.

Finally , letpabe infin ite, a> m ust then  be of zero pitch and pass through  

the centre of gravity  and

å-po. = a>

W e have

& >! =  J  cos(al), a> :! =  |  cos (a3 ), ® 5 = cos (as), ...

so that the equations (i) becom e

i  w" cos (ai) = y"^ +  p"'p i , 

I  to’" cos  (a3  ) =  y"'y3 + p'"p3, 

I  co"' cos («5) =  y"'y:, + p'"p6,

|<ow  cos  (ai)  =  y'"y-2 + p'"p2, 

% a>" cos («3 )  =  y"yi + p"pt> 

l<o"' cos (as) = y"'y6 +  p"'p 6 -

M ultip lying these equations by + aßlt — aß2, + bß3, —bß3,... and adding, 

w e have

2 w '"  [a  (/S j -  ß.2) cos (ai) +  b (ß3 - ß±) cos  («3 ) +  c  (fis - ße) cos  (as  )] =  y"'^ ■

L et a be the screw  belonging to  the reciprocal system  on w hich there is 

an  im pulsive  w rench  of in tensity a'" due to  the reactions w hen an im pulsive 

w rench  is adm inistered on T hen  w e have

ßaßi = ; — ßaß,2 = ^'"^.2 + a"'a-.2,

w hence

ßa  (ß2 — ß.2~) cos  (ai) =  cos  (£1) cos  (ai) +  a"' cos (ai)  cos  (al),

w ith sim ilar expressions for the tw o other pairs, w hence by  addition  

ß [a -  & )  cos (ai)  +  b (ß3 -  /3 4) cos  (as)  +  c (ß5 — ßß cos  (a 5)} = cos (af), 

for since a and <r are reciprocal and  pa =  00 w e m ust have cos (a<r) =  0.
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W e  t h u s  o b ta in

a n d  s im i l a r l y

I / / /

i "  r c o s ^ w x ø .
z ß

1  z / /

a ’y

jjrcos (a£) _
■n

w h e n c e
ßf" c o s  ( < )  

o r  r e m e m b e r in g  t h a t  pa i s  i n f i n i t e ,  

• J - / / / 
7 ? _  ^ = ^ 2 L ß  

ßg" 

B u t  w e  h a d  a l r e a d y  f r o m  ( i i i ) ,

ßt"' ™yi ’ 

w h e n c e  w e  d e d u c e  t h a t  i n  t h i s  c a s e  a l s o  t h e  f o r m u la  r e m a in s  t r u e . W e  t h u s  

o b ta in  t h e  f o l l o w in g  g e n e r a l  t h e o r e m .

7 / ’ y, %, be three impulsive screws and a, ß, y  the three corresponding 

instantaneous screws, then in all cases, no matter how the movements of the body 

may be limited by constraints, the following formula holds good*-.

I t i s e a s i l y  s h o w n  t h a t t h i s r e l a t i o n  s u b s is t s w h e n  t h e  c o r r e s p o n d e n c e  

b e tw e e n  y a n d  a  i s  o f  t h e  m o r e  g e n e r a l  t y p e  im p l i e d  b y  t h e  e q u a t i o n s

_\dU \dU
Vl ~ p, da2 ’ p2 da2 ’ Ve pa da„ ’

w h e r e  U i s  a n y  h o m o g e n e o u s f u n c t i o n  o f t h e  s e c o n d  d e g r e e i n  t h e  c o ­

o r d in a t e s .

284. Case of a Constrained Rigid Body.

L e t y a n d  £  b e , a s  b e f o r e , a  p a i r  o f  im p u l s iv e  s c r e w s , a n d  l e t a a n d  ß 

b e  t h e  c o r r e s p o n d in g  p a i r  o f  i n s t a n t a n e o u s  s c r e w s . L e t p b e  t h e  s c r e w  o n  

w h ic h  a  r e a c t io n  i s  c o n t r ib u t e d  b y  t h e  c o n s t r a in t s  a t  t h e  m o m e n t  w h e n  t h e  

im p u l s iv e  w r e n c h  i s  a p p l i e d  o n  y.

T h e  m o v e m e n t o f t h e  b o d y  tw i s t i n g  a b o u t a i s  t h e r e f o r e  t h e  s a m e  a s  i f  

i t h a d  b e e n  f r e e , a n d  o n e  im p u l s iv e  w r e n c h  h a d  b e e n  im p a r t e d  a b o u t y 

a n d  a n o th e r s im u l t a n e o u s ly  a b o u t p, s o  t h a t t h e  f o l lo w in g  c o n d i t i o n s a r e  

s a t i s f i e d :

api«i = y yi + p pi> 

åp6ae = y'''y<> + p'"ps-

* Trans. Roy. Irish Acad., V o l . x x x . p .  5 7 5  ( 1 8 9 4 ) .
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Multiplying by pp^, ...pea6, respectively, and adding, we have

««aa = y'"^,

where uaa = pfa* + ... + pli2a62-,

because, as p belongs to the reciprocal system, we must have

Wpa = 0.

Similarly, if we multiplied the six equations by pißlt... pA, respectively, 

and added, we should get, since p is reciprocal to ß also,

^■̂ aß R ^rjß>

where uaß = pf CC& + ...+pe2 aeß6.

Eliminating å and y'" we have the concise result*,

Uaa/tt ß-q = Wa(g'STa1).

In a similar way we can deal with the pair of screws, ß and £, and by 

eliminating a, the reaction of the constraints in this case, we obtain the 

result

’Ußß'STa.^ = Ußn^ßi-

Finally, from these two equations we can eliminate uaß, and we obtain

__ ■5r^'arj3J

^ßß

This formula is a perfectly general relation, connecting any two pairs of 

impulsive and instantaneous screws p, a and £, ß. It holds whether the 

body be free or constrained in any way whatever. If the body be perfectly 

free, then it is easy to show that it reduces to the result already found, viz.

P°- rT _ Pß 

cos (a?/) cos (30

285. Another Proof.

From the theory of impulsive and instantaneous screws in an n-system 

we know (§ 97) that if a1;... an be the co-ordinates of an instantaneous screw, 

then the co-ordinates ylt ... pn of the reduced impulsive screw may be deter­

mined as follows:

Pl

t t R'n
MVn= — <*n-

Pn

Multiplying severally by p^, ... pnan> and adding, we have

^aa •

* Trans. Roy. Irish Acad., Vol. xxx. p. 573 (1894).
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M u ltip ly in g  s im ila rly  b y /jj/S i, ...pnßn, an d  ad d in g ,

H u> qß ~~ •

E lim in a tin g  H, w e  f in d

W aaS ’ø i) —  U<iß^a-q = 0.

W e m ay  a lso p ro v e th is fo rm u la b y  p h y s ica l co n s id e ra tio n . L e t a, ß b e  

th e tw o sc rew s w h ich co rre sp o n d , as in s tan tan eo u s sc rew s , to t) an d as  

im p u ls iv e sc rew s.

L e t u s tak e o n th e cy lin d ro id a, ß, a sc rew  9, w h ich is co n ju g ate  to a 

w ith re sp ec t to in e rtia (§  8 1 ). T h en , b y k n o w n p rin c ip le s , th e sc rew  9 so  

d e fin ed  m u st b e  rec ip ro ca l to  tj.

H en ce  p1t)191 +...+pnt)n9n = 0.

A s, h o w ev e r, a an d  9 a re  co n ju g a te , w e h av e

u^a, 9X +  ... +  M n 2a„  9n =  0 ;

a lso , s in ce 9 is co -cy lin d ro id a l w ith a an d  ß, th e re m u st b e  re la tio n s o f th e  

k in d

91 = >a1 +pßj-, ... 9n = Xan +pßn.

S u b s titu tin g  th e se  in  th e  tw o  p rev io u s  eq u a tio n s, w e g e t

4- p^^ß = 0 ;

X u aa +  puaß =  0  ; 

w h en ce , as b e fo re ,

Uaat^ßv ~ Uapttfay = 0.

286. Twist Velocity acquired by an Impulse.

F ro m  th e fac t th a t th e tw is t v e lo c ity ä acq u ired b y a free b o d y in  

co n seq u en ce o f an im p u ls iv e w ren ch o f u n it in ten s ity o n a sc rew  y is  

ex p re ssed  (§  2 8 0 ) b y  th e  eq u a tio n

co s  (at)) 
a —---------

Pa

w e  see  th a t th e  seco n d  o f  th e  tw o  fo rm u lae  o f  §  2 8 1  m ay  b e  ex p re ssed  th u s :—  

ß^ßn =

T h e p ro o f th u s g iv en o f th is ex p ressio n h as  assu m ed  th a t th e  b o d y  is q u ite  

free .

I t is h o w ev e r a rem ark ab le fac t th a t th is fo rm u la h o ld s g o o d  w h atev er  

b e th e  co n stra in ts to  w h ich  th e  b o d y  is su b m itted . If th e b o d y  rece iv e th e  

u n it im p u ls iv e  w ren ch  o n  a  screw  t), th e  b o d y  w ill co m m en ce to  tw ist ab o u t  

b . 2 0
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a screw a. But the initial velocity of the body in this case will not generally 

be cos (ar/) -r pa. It may be easily shown to be

But we have also

Q— 

P tp^ß^ ’ 

whence in all cases
ß™ßn = å-sraf.

This formula is therefore much more general besides being more concise 

than that of § 281.

287. System with Two Degrees of Freedom.

Let A, B, G, X, &c., and A', B', G', X', &c., be two homographic systems 

of points on a circle. These correspond respectively to two homographic 

systems of screws on the cylindroid according to the method of representation 

in Chap. XII. Then it is known, from geometrical principles, that if any 

two pairs, such as A, A' and B, B', be taken, the lines AB, BA intersect 

on a definite straight line, which is the axis of the homography.

In general this axis may occupy any position whatever; if, however, it 

should pass through 0, the pole of the axis of pitch, then the homography 

will assume a special type which it is our object to investigate.

In the first place, we may notice that under these circumstances the 

homography possesses the following characteristic:—

Let A, B be two screws, and A’, B' their two correspondents; then, if A 

be reciprocal to B', B must be reciprocal to A'.

For in this case AB' must pass through 0, and therefore BA' must pass 

through 0 also, i.e. B and A' must be reciprocal.

This cross relation suggests a name for the particular species of homo- 

graphy now before us. The form of the letter indicates so naturally the 

kind of relation, that I have found it convenient to refer to this type of 

homography as Ghiastic. No doubt, in the present illustration I am only 

discussing the case of two degrees of freedom, but we shall presently see 

that chiastic homography is significant throughout the whole theory.

288. A Geometrical Proof.

It is known that in the circular representation the virtual coefficient of 

two screws is proportional to the perpendicular distance of their chord from 

the pole of the axis of pitch (§ 61).
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Let a, ß, 7 be three screws of one system, and let t], %, % be the three 

corresponding screws, and, as usual, let represent the virtual coefficient 

of a and £. Then whenever the homography is chiastic:—

^a^ß^yr) = a^ß^yf-

This is geometrically demonstrated when the following theorem is 

proved:— ,

If six points be inscribed on a circle, then the continued product of 

the three perpendiculars let fall from any point in a Pascal line formed 

from these six points upon three alternate sides of the corresponding 

hexagon is equal to the continued product of the three perpendiculars let 

fall from the same point on the other three sides.

Let aa', ßß', yy' be the three pairs of sides, and write the equation 

aßy = o-'ß'y,

then this represents a cubic curve through the nine points aa', a/3', and 

this cubic can only be the circle and the Pascal line.

289. Construction of Chiastic Homography on the Cylindroid.

It is first obvious that, if two corresponding pairs of screws be arbitrarily 

selected, it will always be possible to devise one chiastic homography of 

which those two pairs are corresponding members. The circular construction 

shows this at once for, join AB' and A'B, they intersect at T, then the line 

TO is the homographic axis, and the correspondent to X is found by drawing 

A'X, and then AX' through the intersection of A'X and OT.

290. Homographic Systems on Two Cylindroids.

The fundamental theorem for the two cylindroids is thus expressed:—

Take any two screws, a and ß, on one cylindroid, and any two screws, 

r/ and on the other, it will then be possible to inscribe one, and in general 

only one chiastic homography on the two surfaces, such that a and y shall 

be correspondents, and also ß and

For, write the general equation

'®'a('&ß-il'&yl — ^aC^ßi^y^-

If, then, a, ß, t), are known, and if y be chosen arbitrarily on the first 

cylindroid, it will then be always possible to find one, but only one, screw £ 

on the second cylindroid which satisfies the required condition.

If a body had two degrees of freedom expressed by a cylindroid A, and 

if an arbitrary cylindroid B were taken, then an impulsive wrench ad­

ministered by any screw on B would make the body commence to twist 

20—2
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about some corresponding screw on A, and the two systems of screws would 

have chiastic homography. If the body were given both in constitution 

and in position, then, of course, there would be nothing arbitrary in the 

choice of the corresponding screws. Suppose, however, that a screw rj had 

been chosen arbitrarily on B to correspond to a screw a on 4, it would 

then be generally possible to design and place a rigid body so that it should 

begin to twist about a in consequence of the impulse on y. There would, 

however, be no arbitrary element remaining in the homography. Thus, we 

see that, while for homography, in general, three pairs of correspondents 

can be arbitrarily assigned, there can only be two pairs so assigned for 

chiastic homography, while for such a particular type as that which relates 

to impulsive screws and the corresponding instantaneous screws, only one 

pair can be arbitrarily chosen.

291. Case of Normal Cylindroids.

We have already had occasion (§ 118), to remark on the curious relation­

ship of two cylindroids when a screw can be found on either cylindroid which 

is reciprocal to all the screws on the other. If, for the moment, we speak 

of two such cylindroids as “ normal,” then we have the following theorem:—

Any homography of the screws on two cylindroids must be chiastic if 

the two cylindroids are normal.

Let a, ß, 7 be any three screws on one cylindroid, and y, %, £ any three 

screws on the other; then, since the cyliudroids are normal, we have

^ßi ^yn >

^a^ß( =

whence we obtain

unless therefore £ is reciprocal to ß, we must have

If, however, £ had been reciprocal to ß, then one of these screws (suppose ß) 

must have been the screw on its cylindroid reciprocal to the entire group of 

screws on the other cylindroid. In this case we must have

®rß7;=:0;

so that even in this case it would still remain true that

^a^ß^yf — ^a^ß^ya = 0.

It is, indeed, a noteworthy circumstance that, for any and every three pairs 

of screws on two normal cylindroids, the relation just written must be 

fulfilled.
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In general, when two pairs of screws are given on two cylindroids, the 

chiastic homography between the surfaces is determined. If, however, it 

were possible to determine two chiastic homographies having two pairs in 

common, then every homography is chiastic, and the cylindroids are normal.

Let a, r/ and ß, £ be the two pairs of correspondents, and let y have the 

correspondents £ and f', then we have

™a{™ßv™yf = ™af™ßi™y>),

™a.('™ßv™yi = ™af™ßi'™y>), 

whence

i.e. the two cylindroids are normal.

292. General Conditions of Chiastic Homography.

We shall now discuss the relations of chiastic homography between two 

systems of screws in the same n-system. The first point to be demonstrated 

is, that in such a case every pair of the double screws are reciprocal.

Take a and ß as two of the double screws, and r] and £ will coincide 

with them; whence the general condition,

™<4™ßri™yt = ™ai™ßi™yr, 

becomes
™ai™aß™ßy = ™ aß™ ß{™ay >

™aß (™a(™ßy — ™ay™ß() ~ 0.

One or other of these factors must be zero. We have to show that in general 

it is impossible for

™a(™ßy — ™ay™ßi 

to vanish.

For, take 7 reciprocal to a but not to ß, then wtt7 = 0; but is not 

zero, and therefore waf would have to be zero; in other words f must be 

reciprocal to a. But this cannot generally be the case, and hence the other 

factor must vanish, that is

™*ß = 0.

In like manner it can be shown that every pair of the double screws must 

be reciprocal.

Conversely it can be shown that if the double screws of two homo­

graphic systems are co-reciprocal, then the homography is chiastic.

Let the «-double screws of the two systems be taken as the screws of 

reference; then if one screw in one system be denoted by the co-ordinates

... an,
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its correspondent in the other system will be

A/Aj Gtj j ... Ctfi.

Similarly, the correspondent to

Ä, ßn

will have for its co-ordinates

phlßii ••• P^nßnt

and the correspondent to

7i. ••• 7» 

will have for its co-ordinates

AVi, vhnyn,

where X, /z, v, are the constants requisite to make the co-ordinates fulfil the 
fundamental conditions as to dimensions.

We thus compute

= p {Pih^ß^ + ... + PnhnUnßn) ;

and similarly for the other terms.

Whence, by substitution, we find the following equation identically 
satisfied:—

It may be noted that, in a three-system, two liomographies are chiastic 
when, in the plane representation by points, the double points of the two 
systems form a triangle which is self-conjugate with respect to the pitch 
conic.

293. Origin of the formulae of § 281*.

Let a be a screw about which a free rigid body is made to twist in 
consequence of an impulsive wrench administered on some other screw y. 
Except in the case where a and y are reciprocal, it will always be possible 
(in many different ways) to design and place a rigid body so that two 
arbitrarily chosen screws a and y will possess the required relation.

Let now ß and £ be two other screws (not reciprocal) : we may consider 
the question as to whether a rigid body can be designed and placed so that 
a shall be the instantaneous screw corresponding to t ] as an impulsive screw, 
while ß bears the same relation to

It is easy to see that it will not generally be possible for a, ß, y, g to 
stand in the required relations. For, taking a and ß as given, there are five

Proceedings of the Cambridge Phil. Soc. Vol. ix. Part iii. p. 193.
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disposable quantities in the choice of 77, and five more in the choice of f. 

We ought, therefore, to have ten disposable co-ordinates for the designing 

and the placing of the rigid body. But there are not so many. We have 

three for the co-ordinates of its centre of gravity, three for the direction of 

its principal axes, and three more for the radii of gyration. The other 

circumstances of the rigid body are of no account for our present purpose.

It thus appears that if the four screws had been chosen arbitrarily we 

should have ten conditions to satisfy, and only nine disposable co-ordinates. 

It is hence plain that the four screws cannot be chosen quite arbitrarily. 

They must be in some way restricted. We can show as follows that these 

restrictions are not fewer than two.

Draw a cylindroid A through a, ß, and another cylindroid P through 77^. 

Then an impulsive wrench about any screw <0 on P will make the body 

twist about some screw 0 on Æ As 10 moves over P, so will its corre­

spondent 0 travel over A. It is shown in § 125 that any four screws on 

P will be equianharmonic with their four correspondents on A, and that 

consequently the two systems are homographic.

In general, to establish the homography of two cylindroids, three cor­

responding pairs of screws must be given; and, of course, there could be 

a triply infinite variety in the possible homographies. It is, however, a 

somewhat remarkable fact that in the particular homography with which 

we are concerned there is no arbitrary element. The fact that the rigid 

body is supposed quite free distinguishes this special case from the more 

general one of § 290. Given the cylindroids A and P, then, without any 

other considerations whatever, all the corresponding pairs are determined. 

This is first to be proved.

If the mass be one unit, and the intensity of the impulsive wrench on a> 

be one unit, then the twist velocity acquired by 0 is (§ 280)

cos (0m)

Pe ’

where cos (0<a) denotes the cosine of the angle between the two screws 0 

and a>, and where pe is the pitch of 0. If, therefore, pe be zero, then cos (0a>) 

must be zero. In other words, the two impulsive screws w1; on P, which 

correspond to the two screws of zero pitch 0lt 0,2 on A, must be at right 

angles to them, respectively. This will in general identify the correspondents 

on P to two known screws on A.

We have thus ascertained two pairs of correspondents, and we can now 

determine a third pair. For if a>3 be a screw on P reciprocal to 02, then its 

correspondent 0S will be reciprocal to w2. Thus we have three pairs 02, 0.2, 03 

on A, and their three correspondents &>2, co, on P. This establishes the
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h o m o g r a p h y ,  a n d  t h e  c o r r e s p o n d e n t  0 t o  a n y  o t h e r  s c r e w  c o  i s  a s s i g n e d  b y  

t h e  c o n d i t i o n  t h a t  t h e  a n h a r m o n i c  r a t i o  o f  i s  t h e  s a m e  a s  t h a t  o f

R e v e r t i n g  t o  o u r  o r i g i n a l  s c r e w s  a  a n d  y, ß a n d  £  w e  n o w  s e e  t h a t  t h e y  

m u s t  f u l f i l  t h e  c o n d i t i o n s

(iiWW) =  ( Ø A ^ a ) ,  ( < ö i « 2 t o 2 ? )  =  (.010203/3)

w h e n  t h e  q u a n t i t i e s  i n  t h e  b r a c k e t s  d e n o t e  t h e  a n h a r m o n i c  r a t i o s .

I t  c a n  b e  s h o w n  t h a t  t h e s e  e q u a t i o n s  l e a d  t o  t h e  f o r m u l a e  o f  §  2 8 1 .

294. Exception to be noted.

W e  h a v e  p r o v e d  i n  t h e  l a s t  a r t i c l e  a n  i n s t r u c t i v e  t h e o r e m  w h i c h  d e c l a r e s  

t h a t  w h e n  t w o  c y l i n d r o i d s  a r e  g i v e n  i t  i s  g e n e r a l l y  p o s s i b l e  i n  o n e  w a y ,  b u t  

i n  o n l y  o n e  w a y ,  t o  c o r r e l a t e  t h e  s e v e r a l  p a i r s  o f  s c r e w s  o n  t h e  t w o  s u r f a c e s ,  

s o  t h a t  w h e n  a  c e r t a i n  f r e e  r i g i d  b o d y  r e c e i v e d  a n  i m p u l s e  a b o u t  t h e  s c r e w  

o n  o n e  c y l i n d r o i d ,  m o v e m e n t  w o u l d  c o m m e n c e  b y  a  t w i s t i n g  o f  t h e  b o d y  

a b o u t  i t s  c o r r e s p o n d e n t  o n  t h e  o t h e r  c y l i n d r o i d .  I t  i s ,  h o w e v e r ,  e a s i l y  s e e n  

t h a t  i n  o n e  p a r t i c u l a r  c a s e  t h e  c o n s t r u c t i o n  f o r  c o r r e l a t i o n  b r e a k s  d o w n .  

T h e  e x c e p t i o n  a r i s e s  w h e n e v e r  t h e  p r i n c i p a l  p l a n e s  o f  t h e  t w o  c y l i n d r o i d s  

a r e  a t  r i g h t  a n g l e s .

T h e  t w o  c o r r e s p o n d e n t s  o n  P t o  t h e  z e r o - p i t c h  s c r e w s  o n  A h a d  b e e n  

c h o s e n  f r o m  t h e  p r o p e r t y  t h a t  w h e n  pa i s  z e r o  t h e  i m p u l s i v e  w r e n c h  m u s t  b e  

p e r p e n d i c u l a r  t o  a .  W e  t h u s  t a k e  t h e  t w o  s c r e w s  o n  P w h i c h  a r e  r e s p e c ­

t i v e l y  p e r p e n d i c u l a r  t o  t h e  t w o  z e r o - p i t c h  s c r e w s .  B u t  s u p p o s e  t h e r e  a r e  

not t w o  s c r e w s  o n  P w h i c h  a r e  p e r p e n d i c u l a r  t o  t h e  t w o  z e r o - p i t c h  s c r e w s  o n  

A. S u p p o s e  i n  f a c t  t h a t  t h e r e  i s  o n e  s c r e w  o n  P w h i c h  i s  p a r a l l e l  t o  t h e  

n o d a l  a x i s  o f  A, t h e n  t h e  c o n s t r u c t i o n  f a i l s .  W e  w o u l d  t h u s  h a v e  a  s i n g l e  

s c r e w  o n  P w i t h  two c o r r e s p o n d i n g  i n s t a n t a n e o u s  s c r e w s  f o r  t h e  s a m e  b o d y .  

T h i s  i s  o f  c o u r s e  i m p o s s i b l e ,  a n d  a c c o r d i n g l y  i n  t h i s  p a r t i c u l a r  c a s e ,  w h i c h  

h a p p e n s  w h e n  t h e  p r i n c i p a l  p l a n e s  o f  P a n d  A a r e  r e c t a n g u l a r ,  i t  i s  i m p o s ­

s i b l e  t o  a d j u s t  t h e  c o r r e s p o n d e n c e .

295. Impulsive and Instantaneous Cylindroids.

L e t  X ,  X '  b e  t w o  s c r e w s  o n  a  c y l i n d r o i d  w h e r e o f  a a n d  ß a r e  t h e  t w o  

p r i n c i p a l  s c r e w s .

L e t  0, 0' b e  t h e  a n g l e s  w h i c h  X  a n d  X '  r e s p e c t i v e l y  m a k e  w i t h  a.

W e  s h a l l  t a k e  t h e  s i x  a b s o l u t e  s c r e w s  o f  i n e r t i a  a s  t h e  s c r e w s  o f  r e f e r e n c e  

a n d  w e  h a v e  a s  t h e  c o - o r d i n a t e s  o f  X

äj  c o s  0 +  / 3 j  s i n  0,... as c o s  0 + ß6 s i n  0,
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and of X'

aj cos O' + /3j sin O', ... a6cos O' + ß6sin Ö'.

In like manner, let p and p' be two screws on a cylindroid, of which the 

two principal screws are p and

Let </>, <f>' be the angles which p and p' make respectively with £.

Then the co-ordinates of p are

cos </> + sin . r/a cos </> + & sin (f>, 

and of p

cos </>' + £ sin ye cos </>' + £6 sin </>', &c.

We shall now suppose that the two cylindroids a, ß and p, % are so 

circumstanced that the latter is the locus of the impulsive wrenches cor­

responding to the several instantaneous screws on the former with respect 

to the rigid body which is to be regarded as absolutely free. We shall 

further assume that p is the impulsive screw which has X as its instantaneous 

screw, and that the relation of p' to X' is of the same nature.

If, however, the four screws X, X.', p, p' possess the relations thus indi­

cated, it is necessary that they satisfy the conditions already proved (§ 281). 

These are two-fold, and they are expressed by the following equations, as 

already shown: —

— cos (Xp) + —7*', , cos (Xp') = 2-c t å å S 
cos (Xp) cos (X p )

Pk _ Pk 

cos (Xp) p c o s  (X'p) ’

We shall arbitrarily choose X' and p, so as to satisfy the conditions

CT A'p = 0, W xp' = 0,

and thus the second of the two equations is satisfied. These two equations 

will give O' as a function of </>, and </>' as a function of 0. We can thus 

eliminate 0' and </>' from the first of the two equations, and the result will 

be a relation connecting 0 and <f>. This equation will exhibit the relation 

between any instantaneous screw 0 on one cylindroid, and the corresponding 

impulsive screw </> on the other.

It will be observed that when the two cylindroids are given, the required 

equation is completely defined. The homographic relations of p and X is 

thus completely determined by the geometrical relations of the two cylin­

droids.
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The calculation* presents no difficulty  and the result is as follow s :—

+  =  cos#cos</> +p«  cos (/37?)[O Ta, cos (/3£) — cos (/3 t ;)]

+ Pß cos (ai?) [® -a, cos (a£) -  ■nroS cos (a??)] 

[cos (af)  cos (^)  -  cos (arj) cos (££)] 

+  cos 3 sin </> T+  pa cos (8f) |> a, cos (/?£) - cos (/fy)] '

+ Pß cos (a£) [•srai cos (a£) — cos (a,;)]

[cos (a£) cos (ßif) —  cos (a-??) cos (ßl;)] 

+  sin 3 cos </> r+  pß cos (ai?) [13-3, cos (a£) — cos (a?;)]

+ pa cos (ßq) [isrßl cos (ßg) - nrßt cos (^)J  

_+Pß^an [cos (a£) cos (/fy) —  cos (a??) cos (/3£)]_

+  sin 3 sin </> [~+  pß cos (a£) c o s  (a£) -  vrß( cos (<w /)]

+ pa CO S (ß£) [uj-ß, CO S (ßl;) — tSßt cos (ßrj)\

,+ Pß^ai [cos (a£) cos (ßv) - cos (av) cos (ß£)] 

296. An exceptional Case.

A few rem arks should be m ade on the failure of the correspondence 

w hen the principal planes of the tw o cylindroids are at right angles (§ 294). 

It w ill be noted that though this equation suffers a slight reduction w hen  

the principal planes of the tw o cylindroids are at right angles yet it does 

not becom e © vanescent or im possible. For any value of 3 defining 1 a screw  

on one cylindroid, the equation provides a value of </> for the correspondent 

on the other cylindroid. Thus w e seem to m eet w ith a contradiction, for 

w hile the argum ent of § 294 shows that in such a case the hom ography  

is im possible, yet the hom ographic equation seem ed to show that it w as 

possible and indeed fixed the pairs of correspondents w ith absolute  

definiteness.

It is certainly true that if tw o cylindroids A and P adm it of the cor­

relation of their screw s into pairs w hereof those on P are im pulsive screw s 

and those 011 A are instantaneous screw s, the pairs of screw s by w hich the  

hom ographic equation is satisfied w ill stand to each other in the desired  

relation. If, how ever, the screw s on tw o cylindroids be correlated into  

pairs in accordance w ith the indications of the hom ographic equation, 

though it w ill generally be true that there m ay be corresponding im pulsive  

screw s and instantaneous screw s, yet in the case w here the principal planes 

of the cylindroids are at right angles no such inference can be drawn.

The case is a som ew hat curious one. It w ill be seen that the calculation

* See Trans. Roy. Irish Acad. V ol. xxx. p. 112 (1894).
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o f th e h o m o g ra p h ic e q u a tio n is b a sed o n th e fa c t th a t if X , X ' b e tw o  

in s tan ta n e o u s sc rew s a n d p, p' th e c o rre sp o n d in g im p u ls iv e  sc re w s, th e n  

th e fo rm u la

— c o s  (X 'p )  H - - - - s c o s  (X p ')  =  2-c t aa/
c o s  (Xp) v c o s  (X  p)

m u s t b e  sa tis fie d .

A n d  generally i t is  sa tis fie d . In  th e  c a se  o f tw o  c y lin d ro id s w ith  n o rm a l  

p la n e s i t is h o w e v e r e a sy  to  sh o w  th a t th e re a re c e r ta in  p a irs o f sc re w s  fo r  

w h ic h  th is  fo rm u la  c a n n o t o b ta in .

F o r in  su c h  a c a se th e re is o n e sc re w  X  o n  A w h ic h  is  p e rp e n d ic u la r to  

e v e ry  sc rew  o n  P, so  th a t w h a tev e r  b e  th e  p c o rre sp o n d in g  to  X ,

c o s  (X p )  =  0 .

S in c e n o  o th e r sc rew  X ' c a n  b e p e rp e n d ic u la r to  a n y  sc re w  o n  P w e  c a n n o t 

h a v e  e ith e r

&

c o s  (X 'p ), o r c o s  (X 'p ') , z e ro .

H e n c e th is e q u a tio n  c a n n o t b e sa tis f ie d  a n d  th e  a rg u m en t th a t th e h o m o ­

g ra p h ic  e q u a tio n  d e f in e s  c o rre sp o n d in g  p a irs  is  in  th is  c a se  in v a lid .

W e  m ig h t h a v e  e x p la in e d  th e  m a tte r  in  th e  fo llo w in g  m a n n e r .

W h e n  th e  p r in c ip a l p la n e s o f A a n d  P a re  n o rm a l th e re  is  o n e  sc rew  X  

o n  A w h ic h is p e rp en d ic u la r to  a ll th e sc re w s o n  P. I f th e re fo re th e  tw o  

c y lin d ro id s  w e re to  b e im p u ls iv e  a n d  in s ta n ta n eo u s , th e re m u s t b e a  sc re w  

3 o n  P w h ic h  c o rre sp o n d s  to  X . I t c a n  b e  sh o w n  in  g e n e ra l (§  3 0 1 ) th a t

dK = Pk  ta n  (X 0 )

w h e n  d\ is th e p e rp e n d ic u la r f ro m  th e c e n tre o f g ra v ity  o n X ; i t fo llo w s  

th a t w h e n  (Å .Ø ) =  9 0 ° w e  m u s t h a v e  e ith e r  pK z e ro  o r dK in f in ite .

B u t o f c o u rse  i t w ill n o t g e n e ra lly  b e  th e  c a se th a t X  h a p p e n s to  b e  o n e  

o f th e sc re w s o f z e ro p itc h o n A. H e n c e w e a re re d u c e d to th e o th e r  

a lte rn a tiv e

d>. = in f in ity .

T h is m e an s  th a t th e  c e n tre  o f g ra v ity  is  to  b e  a t in f in ity .

B u t w h e n  th e  c e n tre o f g ra v ity  o f th e  b o d y  is a t in f in ity  a  re m a rk a b le  

c o n seq u e n c e  fo llo w s . A ll th e  in s ta n tan e o u s  sc re w s  m u st b e  p a ra lle l.

F o r  if 6 b e  th e  im p u ls iv e  w re n ch  c o rre sp o n d in g  to  X  a s  th e  in s tan ta n e o u s  

sc rew , th e n  w e  k n o w  th a t

dx=p>. ta n (X 0 ),  

a n d  th a t th e  c e n tre o f g ra v ity  l ie s in  a  r ig h t l in e p a ra lle l to  X  a n d  d is tan t
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from it by <p. In like manner if <£ be an impulsive screw corresponding to 

p, as instantaneous screw we have another locus parallel to p for the centre 
of gravity.

But as the centre of gravity is at infinity these two loci must there 

intersect, i.e. they must be parallel and so must X and p, and hence all 

instantaneous screws must be parallel.

Thus we see that all the screws on A must be parallel, i.e. that A must 

have degraded into an extreme type of cylindroid.

297. Another extreme Case.

Given any two cylindroids A and P it is, as we have seen, generally 

possible to correlate in one way the several screws on A to those on P so 

that an impulsive wrench given to a certain rigid body about any screw on 

P would make that body commence to move by twisting about its cor­

respondent on A. One case of failure has just been discussed. The case 

now to be considered is not indeed one of failure but one in which a,ny 

two pairs of screws on A and P will stand to each other in the desired 
relations.

Suppose that A and P happened to fulfil the single condition that each 

of them shall contain one screw which is reciprocal to the other cylindroid. 

We have called the cylindroids so circumstanced “ normal.”

Let X be the screw on A which is reciprocal to every screw on P. If 

then P and A are to stand to each other in the required relation, X must 

be reciprocal to its impulsive screw. But this is only possible on one 

condition. The mass of the body must be zero. In that case, if there is 

no mass involved any one of the screws on P may be the impulsive screw 

corresponding to any one of the screws on A.

Here again the question arises as to what becomes of the homographic 

equation which defines so precisely the screw on P which corresponds to 

the screws on A (§ 295). It might have been expected that in the case 

of two normal cylindroids this homographic equation should become evan­

escent. But it does not do so.

But there is no real contradiction. The greater includes the less. 

If every screw on P will suit as correspondent every screw on A then å 

fortiori will the pairs indicated by the homography fulfil the conditions 

requisite.

1’hat any two pairs of screws will be correspondents in this case is 

obvious from the following.
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Let X be the screw on A which is reciprocal to P, 

e ...................P ................................ A.

Then any screw p, on A and any screw </> on P fulfil the conditions 

= 0, = 0.

Hence is the impulsive screw corresponding to y as the instantaneous 

screw.

298. Three Pairs of Correspondents.

Let a, y; ß, %', y, £ be three pairs of impulsive and instantaneous screws ; 

let 0, cj> be another pair. Then, if we denote by Laß = 0, and Maß = 0, the 

two fundamental equations

— cos (ßy) d-----^7ät\ 008 (a£) = 2 '53’«ß>
cos(a7?) cos(/3£) 

cos (ay)

we shall obtain six equations of the type

Lea = 0, Lep — 0,

Mea = 0, Meß = 0,

cos (ß%)

Ley = 0, 

Mey = 0.

From these six it might be thought that </>j, ... </>6 could be eliminated, 

and thus it would, at first sight, seem that there must be an equation for 0 

to satisfy. It is, however, obvious that there can be no such condition, for 0 

can of course be chosen arbitrarily. The fact is, that these equations have 

a peculiar character which precludes the ordinary algebraical inference.

Since a, y; ß, £; y, £; are three pairs of screws, fulfilling the necessary 

six conditions, a rigid body can be adjusted to them so that they are 

respectively impulsive and instantaneous. We take the six principal screws 

of inertia of this body as the screws of reference. We thus have, where 

Pa, pß, Py are certain factors,

pay1 = æ«i> payi = —aa2, pay3 = ba,, payi = — bait

Pß^ = aßlt ....................., ................, ....................,

py^i = ayi> .................... , ................> .....................

By putting the co-ordinates in this form, we imply that they satisfy the 

six equations of condition above written.

Substituting the co-ordinates in Lea = 0, we get

0 = +(<%! + a2) (pe </>! + pe </>2) + (a, + aß (pe </>s + pe </><) + (a5 + a6) (pe </>6 + pe </>,)

+ (0i + 0ß Oi - aa2) + (03 + 0ß (ba, - baß + (0, + 0ß (cas - caß

- 2 (aa101 - aa,0ß - 2 (ba,03 - ba40ß - 2 (ca,0s - ca906).
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Let

Po'/’l —  a@l =  -3^1;

Pe'/’s ~ b03 = Ä s , 

Pe(t>s~ cds = Xs>

Pecl)2 4" ^^2  —  X3f

Pe^i +  ^4  =  Xit 

pe<ps + C0S = Xs,

and the equation becom es

0  =  («, +  as) (X, + X,) +  (a, +  a4) (X3 +  X 4) +  (a6 +  a6) (X, +  X 6) ; 

and the tw o other L equations give

°  =  (Ä  +  Ä )  (X3 +  Z 2) +  (ß3 + ft) (X3 +  Z 4) +  (ft +  Ä )  (X 5 +  X 8),

0 =  (yj +  y 2) (X-L +  Z a) +  (y 3 + y4) (X3 +  Z 4) +  (y 6 +  7 6) (X 5 +  Xs).

It w e elim inate X3+X3, X3 + X4, Xs + Xe from these equations, w e 

should have

0  = oti + a 2 

Ä +/3, 

71 +

a3+ a 4 

Ä  +  Ä  

V a+ 7t

a5+ a6 

ßs + ße 

7i +  V s

But this w ould only be the case if a, ß, 7 w ere parallel to a plane, w hich is 

not generally true. Therefore, w e can only satisfy these equations, under 

ordinary circumstances, by the assum ption

JTj 4- X3 = 0, X3 + X4 =  0, Xs + Xs =  0.

In like m anner, the equations of the M type give

Pø^a<f> PoL^Ør] 0>

Pe^ßt — Pß^el — 0>

— Py^ei — 0.

Substituting, in the first of these, w e get

+ Pe (««101 —  aa2</>2 +  6a3</>3 —  6a4^>4 +  ca5</>5 —  ca6</>6),

— pa (ayidi - at)302 + bT]303 — byjiOt + - erlös') =  0;

w hich reduces to

aajJTi —  a«sJT 2 4- ba3X3 —  & a4X 4 +  ca3X3 — ca3Xe =  0;

but w e have already seen that X j + 2l 2 =  0, & c., w hence w e obtain

XT (aa. +  aa2) +  X3 (ba3 +  6a4) +  X3 (ca5 +  ca6) =  0;

w ith the similar equations

Xt (aß, + aß2) + X3 (bß3 + bß4) + X5 (eßs + eße) = 0, 

((171 +  ay3) + X3 (by3 + by4) + X6 (cy5 + cy6) — 0.

These prove that, unless a, ß, y be parallel to a plane, w e m ust have
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X1 =  0 , X3 =  0 , Xs =  0 . C o m b i n i n g  t h e s e  c o n d i t i o n s  w i t h  t h e  l a s t ,  w e  d r a w  

t h e  g e n e r a l  c o n c l u s i o n  t h a t

^ = 0 , X 2  =  0 , Z 3  =  0 , Xt = 0, X5 = 0, X 6  =  0 ;

o r pe<f>1 = a01; pe<l>2 = — a03', pøtys — bØs', pe<l>i = — b04 & c .

T h u s  w e  d e m o n s t r a t e  t h a t  i f  a  p a i r  o f  s c r e w s  0, <p s a t i s f y  t h e  s i x  c o n d i t i o n s ,  

t h e y  s t a n d  t o  e a c h  o t h e r  i n  t h e  r e l a t i o n  o f  i m p u l s i v e  s c r e w s  a n d  i n s t a n t a n e o u s  

s c r e w s .

299. Cylindroid Reduced to a Plane.

S u p p o s e  t h a t  t h e  f a m i l y  o f  r i g i d  b o d i e s  b e  f o u n d  w h i c h  m a k e  a, p a n d  

ß, £  i m p u l s i v e  a n d  i n s t a n t a n e o u s . L e t  t h e r e  b e  a n y  t h i r d  s c r e w ,  y ,  a n d  l e t  

u s  s e e k  f o r  t h e  l o c u s  o f  i t s  i m p u l s i v e  s c r e w , f o r  a l l t h e  d i f f e r e n t r i g i d  

b o d i e s  o f  t h e  f a m i l y .

£  m u s t  s a t i s f y  t h e  f o u r  e q u a t i o n s

— c o s  ( y ? ; )  4 - - - - c o s  ( “ f )  =
c o s  ( a i ? )  ' c o s ( y f )

—vx c o s  ( y £ )  +  — c o s  ( / 3 f )  =
c o s ( / 3 £ )  c o s  ( 7 ? )

P«. n Py „
C O S  (arf) c o s  ( 7 ? ) a f ’

Pß Py
c o s  (ß£) c o s  ( 7 ? )

A s  t h e r e  a r e  f o u r  l i n e a r  e q u a t i o n s  i n  t h e  c o o r d i n a t e s  o f w e  h a v e  t h e  

f o l l o w i n g  t h e o r e m .

I f  a, t) a n d  ß, g b e  g i v e n  p a i r s  o f  i m p u l s i v e  a n d  i n s t a n t a n e o u s  s c r e w s ,  

t h e n  t h e  l o c u s  o f  £  t h e  i m p u l s i v e  s c r e w  c o r r e s p o n d i n g  t o  y , a s  a n  i n s t a n ­

t a n e o u s  s c r e w ,  i s  a  c y l i n d r o i d .

B u t  t h i s  c y l i n d r o i d  i s  o f  a  s p e c i a l  t y p e . I t  i s  i n d e e d  a  p l a n e  s u r f a c e  

r a t h e r  t h a n  a  c u b i c . T h e  e q u a t i o n s  f o r  f  c a n  h a v e  t h i s  f o r m  :—

c o s  ( a f )  =  A c o s  ( y f ) ,  = C c o s  ( 7 ^ ) ,

c o s  ( / ? £ )  = - B  c o s  ( 7 £ ) ,  =  D e o s  ( 7 $ ’ ) ,

i n  w h i c h  A, B, C, D a r e  c o n s t a n t s .

T h e  f a c t  t h a t  c o s  ( a f )  a n d  c o s  ( 7 ^ )  h a v e  o n e  f i x e d  r a t i o ,  a n d  c o s  ( / 3 £ )  a n d  

c o s  ( y t )  a n o t h e r ,  s h o w s  t h a t  t h e  d i r e c t i o n  o f  £  i s  f i x e d . T h e  c y l i n d r o i d a l  

l o c u s  o f  £ ,  t h e r e f o r e ,  d e g e n e r a t e s  t o  a  s y s t e m  o f  p a r a l l e l  l i n e s .

A t  f i r s t i t  m a y  s e e m  s u r p r i s i n g  t o  f i n d  t h a t i s  c o n s t a n t . B u t  t h e
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necessity for this arrangement is thus shown. If not constant, then there 

would generally have been some screw £ for which was zero. In this 

case, of course, would be generally zero also. But 7 and y being both 

given, this is of course not generally true. The only escape is for -srof 

to be constant.

300. A difficulty removed.

Given a and ß and £ and also 7, then the plane of £ is determined 

from the equations of the last article.

As and are constant, both a and ß must be parallel to the plane 

already considered. But as an impulsive screw could not be reciprocal to an 

instantaneous screw, it would seem that must never be zero, but this 

condition can only be fulfilled by requiring that f must be parallel to 

the same plane. Whence a, ß, 7 must be parallel to the same plane. But 

these three screws are quite arbitrary. Here then would seem to be a 

contradiction.

The difficulty can be explained as follows:—

Each rigid body, which conformed to the condition that a, ß and £ 

shall be two pairs of corresponding impulsive and instantaneous screws, will 

have a different screw f corresponding to a given screw y. Thus, among the 

various screws in the degraded cylindroid, each will correspond to one 

rigid body. In general, of course, it would be impossible for £" to be 

reciprocal to 7. It would be impossible for an impulsive wrench to make a 

body twist about a screw reciprocal thereto. N evertheless, it seemed certain 

that, in general, there must be a screw f reciprocal to y. For otherwise, 

a, ß, 7 should be all parallel to a plane, which, of course, is not generally 

true. If, however, a, or b, or c were zero, then the body will have no 

mass; consequently no impulse would be necessary to set it in motion. 

This clearly is the case when f is reciprocal to 7. We have thus got over 

the difficulty, f and y are reciprocal, in the case when the rigid body is 

such that a, or b, or c is zero.

301. Two Geometrical Theorems.

The perpendicular from the centre of gravity on any instantaneous screw 

is parallel to the shortest distance between that instantaneous screw and the 

corresponding impulsive screw.

The perpendicular from the centre of gravity on any instantaneous screw 

is equal to the product of the pitch of that screw, and the tangent of the angle 

between it and the corresponding impulsive screw.
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L e t a b e  th e  in s tan tan eo u s  sc rew  an d  da th e  len g th o f th e p e rp en d icu la r 

th e reo n  fro m  th e cen tre o f g rav ity . If co s  X , co s  p, co s  v b e th e d irec tio n  

co s in es o f cZa th en

cZ tt co s  X  =  (a 5 —  a 6)  (a s +  a 4) c  —  (a 5  +  a 6)  (a 3 —  a 4 ) b,

da co s  p =  (a x —  a 2 )  (a 6 +  a 6)  a —  (a>  +  a 2)  (a 6 —  a 6)  c ,

da co s v =  (a 3  -  a 4)  (eq  +  a 2)  b -  (a 3  +  a 4)  (a , -  a 2)  a.

B u t if y is th e im p u ls iv e screw  co rre sp o n d in g  to  a  as th e  in s tan tan eo u s  

sc rew  w e  h av e

a« !  =  — — « ifc ; —  aa .2  =  < % , & c-> & c.,
co s  (ay) co s(cw 7 )

w h en ce

da co s  X  =  — ~ Z \  ((y,s +  ye) (ys +  a i)  —  (« 5  +  a 6)  (ys + ^4))> 
co s  (ay)

da co s  p = P*—r (( ifr  +  % )  (« 5  +  « » )  -  (“ i +  « 2 )  (%  +  % ))>
co s (ay)

da co s v = —(( ’?s +  Vt) (« 1  +  « 2 )  ~  (a s +  M i)  <d)i + Vid­
eos (ay)

B u t

(% + Vs) (<*s +  « 4 ) ~  (« 5  +  « « )  (Vs +  O  =  s in  (ay) co s  V ,

w ith s im ilar ex p ressio n s fo r s in  (a? ;) co s an d s in  (a??) co s  /  w h ere co s  X ', 

co s  p, an d co s v' a re  th e  d irec tio n  co s in es o f th e co m m o n p e rp en d icu la r to  a 

an d  y. W e h av e  th e refo re

da co s  X  =  — P , ~ \  s in  (ay) co s  X ', 
co s  (ay)

^ co^  =  c^ ) s in (a ’? )C O S /A /)

da co s  v = —P* , s in  (ay) co s  /,  
co s  (ay)

w h en ce

co s  X  =  co s  X '; co s  p =  co s  p ; co s  v =  co s  v ;

an d  da = pa tan  (ay),

w h ich  p ro v es th e  th eo rem s.

B .
2 1
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CHAPTER XXII.

THE GEOMETRICAL THEORY*.

advanced our knowledge of the

302. Preliminary.

It  will be remembered how Poinsot 

dynamics of a rigid system by a beautiful geometrical theory of the rotation 

of a rigid body about a fixed point. We now specially refer to the geometrical 

construction by which he determined the instantaneous axis about which 

the body commenced to rotate when the plane of the instantaneous couple 

was given.

We may enunciate with a generality, increasing in successive steps, the 

problem which, in its simplest form, Poinsot had made classical. From the 

case of a rigid body which is constrained to rotate about a fixed point we 

advance to the wider conception of a body which has three degrees of 

freedom of the most general type. We can generalize this again into the 

case in which the body, instead of having a definite number of degrees of 

freedom has any number of such degrees. The range extends from the 

first or lowest degree, where the only movement of which the body is 

capable is that of twisting about a single fixed screw, up to the case in 

which the body being perfectly free, or in other words, having six degrees of 

freedom, is able to twist about every screw in space. It will, of course, be 

borne in mind that only small movements are to be understood.

In a corresponding manner we may generalize the forces applied to the 

body. In the problem solved by Poinsot the effective forces are equivalent 

to a couple solely. For the reaction of the fixed point is capable of reducing 

any system of forces whatever to a couple. But in the more generalized 

problems with which the theory of screws is concerned, we do not restrict 

the forces to the specialized pair which form a couple. We shall assume 

that the forces are of the most general type and represented by a wrench 

upon a screw. Thus, by generalising the freedom of the rigid body, as well 

as the forces which act upon it, we may investigate the geometrical theory of 

the motion when a rigid body of the most general type, possessing a certain 

number of degrees of freedom of the most general type, is disturbed from a

* Trans. Royal Irish Acad. Vol. xxi. (1897) p. 185.
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position of rest by an impulsive system of forces of the most general type. 

This is the object of the present chapter.

303. One Pair of Impulsive and Instantaneous Screws.

Let it be supposed that nothing is known of the position, mass, or other 

circumstances of an unconstrained rigid body save what can be deduced 

from the fact that, when struck from a position of rest by an impulsive 

wrench on a specified screw y, the effect is to make tbe body commence to 

move by twisting around a specified screw a.

As a, like every other screw, is defined by five coordinates, the knowledge 

of this screw gives us five data towards the nine data that are required for 

the complete specification of the rigid body and its position.

We have first to prove that the five elements which can be thence 

inferred with respect to the rigid body are in general—

(1) A diameter of the momental ellipsoid.

This is clearly equivalent to two elements, inasmuch as it restricts 

the position of the centre of gravity to a determinate straight line.

(2) The radius of gyration about this diameter.

This is, of course, one element.

(3) A straight line in the plane conjugate to that diameter.

A point in the plane would have been one element, but a straight 

line in the plane is equivalent to two. If the centre of gravity were 

also known, we should at once be able to draw the conjugate plane.

Draw a plane through both the instantaneous screw a and the common 

perpendicular to a and y. Then the centre of gravity of the rigid body 

must lie in that plane (§ 301). It was also shown that if pa be the pitch of 

a, and if (a,;) represent the angle between a and y, then the perpendicular 

distance of the centre of gravity from a will be expressed by pa tan (ay) 

(§ 301). This expression is completely known since a and y are known. 

Thus we find that the centre of gravity must lie in a determinate ray 

parallel to a. There will be no ambiguity as to the side on which this 

straight line lies if it be observed that it must pass between a and the point 

in which y is met by the common perpendicular to y and a. In this manner 

from knowing a and y we discover a diameter of the momental ellipsoid.

If a be the twist velocity with which a rigid body of mass M is twisting 

about any screw a. If y be the corresponding impulsive screw, and if 

denote as usual the virtual coefficient of a and y, then it is proved in § 279 

that the kinetic energy of the body

Ma? — 
cos (a?;)

21—2
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We can now determine the value of where pa is the radius of gyration 

about an axis parallel to a through the centre of gravity. For the kinetic 

energy is obviously
JJ/d2 (pa2+po2 + aa2).

By equating the two expressions we have

But when a and r) are known the three terms on the right-hand side of 

this equation are determined. Thus we learn the radius of gyration on the 

diameter parallel to a.

It remains to show how a certain straight line in the plane which is 

conjugate to this diameter in the momental ellipsoid is also determined. 

Let a screw 0, of zero pitch, be placed on that known diameter of the 

momental ellipsoid which is parallel to a. Draw a cylindroid through the 

two screws 0 and y. Let <f> be the other screw of the zero pitch, which will 

in general be found on the same cylindroid.

We could replace the original impulsive wrench on y by its two com­

ponent wrenches on any two screws of the cylindroid. We choose for this 

purpose the two screws of zero pitch 0 and </>. Thus we replace the wrench 

on i) by two forces, whose joint effect is identical with the effect that would 

have been produced by the wrench on r/.

As to the force along the line 0 it is, from the nature of the con­

struction, directed through the centre of gravity. Such an impulsive force 

would produce a velocity of translation, but it could have no effect in pro­

ducing a rotation. The rotatory part of the initial twist velocity must there­

fore be solely the result of the impulsive force on <f>.

But when an impulsive force is applied to a quiescent rigid body we 

know, from Poinsot’s theorem, that the rotatory part of the instantaneous 

movement must be about an axis parallel to the direction which is conjugate 

in the momental ellipsoid to the plane which contains both the centre of 

gravity and the impulsive force. It follows that the ray must be situated 

in that plane which is conjugate in the momental ellipsoid to the diameter 

parallel to a. But, as we have already seen, the position of </> is completely 

defined on the known cylindroid on which it lies. We have thus obtained a 

fixed ray in the conjugate plane to a known diameter of the momental 

ellipsoid.

The three statements at the beginning of this article have therefore been 

established. We have, accordingly, ascertained five distinct geometrical data 

towards the nine which are necessary for the complete specification of the 

rigid body. These five data are inferred solely from our knowledge of a 

single pair of corresponding impulsive and instantaneous screws.
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304. An Important Exception.

If pa = 0, then (ay) is 90°, and consequently pa tan (ay) is indefinite. 

If, therefore, the pitch of the instantaneous screw be zero, then we are no 

longer entitled to locate the centre of gravity in a certain ray. All we know 

is that it lies in the plane through a perpendicular to y. In general the 

knowledge of the impulsive screw corresponding to a given instantaneous 

screw implies five data, yet this ceases to be the case if pa is zero, for as y 

must then be perpendicular to a there are really only four independent data 

given when y is given. We have, therefore, in this case one element the less 

towards the determination of the rigid body.

305. Two Pairs of Impulsive and Instantaneous Screws.

Let us next suppose that we are given a second pair of corresponding 

impulsive and instantaneous screws. We shall examine how much further 

we are enabled to proceed by the help of this additional information towards 

the complete determination of the rigid body in its abstract form. Any data 

in excess of nine, if not actually impossible, would be superfluous. If, 

therefore, we are given a second pair of impulsive and instantaneous screws, 

the five data which they bring cannot be wholly independent of the five data 

brought by the preceding pair. It is therefore plain that the quartet of 

screws forming two pairs of corresponding impulsive screws and instantaneous 

screws cannot be chosen arbitrarily. They must submit to at least one 

purely geometrical condition, so that the number of data independent of each 

other shall not exceed nine.

It is, however, not so obvious, though it is certainly true, as we found in 

§ 281, that the two pairs of screws must conform not merely to one, but to 

no less than two geometrical conditions. In fact, if y, % be two impulsive 

screws, and if a, ß be the two corresponding instantaneous screws, then, 

when the body acted upon is perfectly free, the following two formulæ must 

be satisfied:

P« -  
cos (ay) cos (ß£) a ’

c“ w+SJW “* (“f >'

We can enunciate two geometrical properties of the two pairs of screws, 

which are equivalent to the conditions expressed by these equations.

In the first place, each of the pairs of screws determines a diameter of 

the momental ellipsoid. The fact that the two diameters, so found, must 

intersect each other, is obviously one geometrical condition imposed on the 

system a, y and ß, %.
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Let G be this intersection, and draw GP parallel to a and equal to the 

radius of gyration about GP, which we have shown to be known from the 

fact that a and r) are known. Let X be the plane conjugate to GP in the 

momenta! ellipsoid, then this plane is also known.

In like manner, draw GQ parallel to ß and equal to the radius of 

gyration about GQ. Let Y be the plane, conjugate to GQ, in the momental 

ellipsoid.

Let Pj and P2 be the perpendiculars from P, upon X and Y respec­

tively.

Let Q, and Q2 be the perpendiculars from Q, upon X and Y respec­

tively.

Then, from the properties of the ellipsoid, it is easily shown that 

P^.P^Q^Q..

This is the second geometrical relation between the two pairs of screws 

a, 7) and ß, %. Subject to these two geometrical conditions or to the two 

formulae to which they are equivalent the two pairs of screws might be chosen 

arbitrarily.

As these two relations exist, it is evident that the knowledge of a second 

pair of corresponding impulsive screws and instantaneous screws cannot 

bring five independent data as did the first pair. The second pair can bring 

no more than three. From our knowledge of the two pairs of screws together 

we thus obtain no more than eight data. We are consequently short by 

one of the number requisite for the complete specification of the rigid body 

in its abstract form.

It follows that there must be a singly infinite number of rigid bodies, 

every one of which will fulfil the necessary conditions with reference to the 

two pairs of screws. For every one of those bodies a. is the instantaneous 

screw about which twisting motion would be produced by an impulsive 

wrench on i). For every one of those bodies ß is the instantaneous screw 

about which twisting motion would be produced by an impulsive wrench 

on

306. A System of Rigid Bodies.

We have now to study the geometrical relations of the particular system 

of rigid bodies in singly infinite variety which stand to the four screws in the 

relation just specified.

Draw the cylindroid (a, ß) which passes through the two screws a and ß. 

Draw also the cylindroid (77, 0 which passes through the two corresponding 

impulsive screws 97 and It is easily seen that every screw on the first of 

these cylindroids if regarded as an instantaneous screw, with respect to the 

same rigid body, will have its corresponding impulsive screw on the second
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cylindroid. For any impulsive wrench on (77, f) can be decomposed into 
impulsive wrenches on rj and The first of these will generate a twist 
velocity about a. The second will generate a twist velocity about ß. Ihese 
two can only compound into a twist velocity about some other screw on the 
cylindroid (a, /3). This must, therefore, be the instantaneous screw corre­

sponding to the original impulsive wrench on (»;, £)•

It is a remarkable point about this part of our subject that, as proved 
in § 293, we can now, without any further attention to the rigid body, corre­
late definitely each of the screws on the instantaneous cylindroid with its 

correspondent on the impulsive cylindroid.

We thus see how, from our knowledge of two pairs of correspondents, we 
can construct the impulsive screw on the cylindroid (77, £) corresponding to 

every screw on the cylindroid (st, /3).

It has been already explained in the last article how a single known 
pair of corresponding impulsive and instantaneous screws suffice to point 
out a diameter of the momental ellipsoid, and also give its radius of 
gyration. A second pair of screws will give another diameter of the 
momental ellipsoid, and these two diameters give, by their intersection, the 
centre of gravity. As we have an infinite number of corresponding pairs, 
we thus get an infinite number of diameters, all, however, being paiallel to 
the principal plane of the instantaneous cylindroid. The radius of gyration 
on each of these diameters is known. Thus we get a section S of the 
momental ellipsoid, and we draw any pair of conjugate diameters in that 
section. These diameters, as well as the radius of gyration on each of them, 

are thus definitely fixed.
When we had only a single pair of corresponding impulsive and instan­

taneous screws, we could still determine one ray in the conjugate plane to 
the diameter parallel to the instantaneous screw. Now that we have further 
ascertained the centre of gravity, the conjugate plane to the diameter, 
parallel to the instantaneous axis, is completely determined. Every pair of 
corresponding impulsive and instantaneous screws will give a conjugate 
plane to the diameter parallel to the instantaneous screw. Ihus we know 
the conjugate planes to all the diameters in the plane Ä All these planes 
must intersect, in a common ray Q, which is, of course, the conjugate 

direction to the plane S.

This ray Q might have been otherwise determined. Take one of the two 
screws, of zero pitch, in the impulsive cylindroid (y, £). Then the plane, 
through this screw and the centre of gravity, must, by Poinsot’s theorem 
already referred to, be the conjugate plane to some straight line in 8. 
Similarly, the plane through the centre of gravity and the other screw of 

zero pitch, on the cylindroid (V, £), will also be the conjugate plane to some
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ray in »S'. Hence, we see that the ray Q must lie in each of the planes so 

constructed, and is therefore determined. In fact, it is merely the transversal 

drawn from the centre of gravity to intersect both the screws of zero pitch 

on the cylindroid (y, %).

We have thus proved that when two pairs of corresponding impulsive 

screws and instantaneous screws are given, we know the centre of the 

momental ellipsoid, we know the directions of three of its conjugate 

diameters, and we know the radii of gyration on two of those diameters. 

The radius of gyration on the third diameter remains arbitrary. Be that 

radius what it may, the rigid body will still fulfil the condition rendering 

a, i) and ß, g respective pairs of instantaneous screws and impulsive screws. 

We had from the first foreseen that the data would only provide eight 

coordinates, while the specification of the body required nine. We now 

learn the nature of the undetermined coordinate.

It appears from this investigation that, if two pairs of impulsive screws 

and the corresponding instantaneous screws are known, but that if there be 

no other information, the rigid body is indeterminate. It follows that, if an 

impulsive screw be given, the corresponding instantaneous screw will not 

generally be determined. Each of the possible rigid bodies will have a 

different instantaneous screw, though the impulsive screw may be the same. 

It was, however, shown (§ 299), that all the instantaneous screws which 

pertain to a given impulsive screw lie on the same cylindroid. It is 

a cylindroid of extreme type, possessing a screw of infinite pitch, and 

degenerating to a plane.

Even while the body is thus indeterminate, there are, nevertheless, 

a system of impulsive screws which have the same instantaneous screw for 

every rigid body which complies with the expressed conditions. Among 

these are, of course, the several screws on the impulsive cylindroid (y. %) 

which have each the same corresponding screw on the instantaneous cylin­

droid (a, ß), whatever may be the body of the system to which the impulsive 

wiench is applied. But the pairs of screws on these two cylindroids are 

indeed no more than an infinitesimal part of the total number of pairs of 

screws that are circumstanced in this particular way. We have to show 

that there is a system of screws of the fifth order, such that an impulsive 

wrench on any one of those screws y will make any body of the system com­

mence to twist about the same screw a.

As already explained, the system of rigid bodies have a common centre 

of gravity. Any force, directed through the centre of gravity, will produce 

a linear velocity parallel to that force. This will, of course, apply to every 

body of the system. All possible forces, which could be applied to one 

point, form a system of the third order of a very specialized type; Each one
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of the screws of this system will have, as its instantaneous screw, a screw of 

infinite pitch parallel thereto. We have thus a system of impulsive screws 

of the third order, and a corresponding system of instantaneous screws of 

the third order, the relation between each pair being quite independent of 

whatever particular rigid body of the group the impulsive wrench be 

applied to.

This system of the third order taken in conjunction with the cylindroid 

(’?> £) will enable us to determine the total system of impulsive screws which 

possess the property in question. Take any screw 3, of zero pitch, passing 

through the centre of gravity, and any screw, </>, on the cylindroid (77, f). 

We know, of course, as already explained, the instantaneous screws corre­

sponding to 3 and </>. Let us call them X, g, respectively. Draw the 

cylindroid (3, </>), and the cylindroid (X, p). The latter of these will be the 

locus of the instantaneous screws, corresponding to the screws on the former 

as impulsive screws. From the remarkable property of the two cylindroids,. 

so related, it follows that every impulsive screw on (3, </>) will have its 

corresponding instantaneous screw on (X, p) definitely fixed. This will be so, 

notwithstanding the arbitrary element remaining in the rigid body. From 

the way in which the cylindroid (3, (f>) was constructed, it is plain that the 

screws belonging to it are members of the system of the fifth order, formed 

by combinations of screws on the cylindroid (■»?, £) with screws of the special 

system of the third order passing through the centre of gravity. But all 

the screws of a five-system are reciprocal to a single screw. The five-system 

we are at present considering consists of the screws which are reciprocal to 

that single screw, of zero pitch, which passes through the centre of gravity 

and intersects both the screws, of zero pitch, on the impulsive cylindroid 

(j), %). The corresponding instantaneous screws will also form a system of the 

fifth order, but it will be a system of a specialized type. It will be the result 

of compounding all possible displacements by translation, with all possible 

twists about screws on the cylindroid (a, ß). The resulting system of the 

fifth order consists of all screws, of whatsoever pitch, which fulfil the single 

condition of being perpendicular to the axis of the cylindroid (a, ß). Hence 

we obtain the following theorem:—

If an impulsive cylindroid, and the corresponding instantaneous cylin­

droid, be known, we can construct, from these two cylindroids, and without any 

further information as to the rigid body, two systems of screws of the fifth 

order, such that an impulsive wrench on a given screw of one system will 

produce an instantaneous twist velocity about a determined screw on the other 

system.

It is interesting to note in what way our knowledge of but two corre­

sponding pairs of impulsive screws and instantaneous screws just fails to 

give complete information with respect to every other pair. If we take any
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ray in space, and assign to it an arbitrary pitch, the screw so formed may be 

regarded as an impulsive screw, and the corresponding instantaneous screw 

will not, in general, be defined. There is, however, a particular pitch for 

each such screw, which will constitute it a member of the system of the 

fifth order. It follows that any ray in space, when it receives the proper 

pitch, will be such that an impulsive wrench thereon would set any one 

of the singly infinite system of rigid bodies twisting about the same 

screw a.

307. The Geometrical Theory of Three Pairs of Screws.

We can now show how, when three pairs of corresponding impulsive 

screws and instantaneous screws are given, the instantaneous screw, corre­

sponding to any impulsive screw, is geometrically constructed.

The solution depends upon the following proposition, which I have set 

down in its general form, though the application to be made of it is somewhat 

specialized.

Given any two independent systems of screws of the third order, P and Q. 

Let co be any screw which does not belong either to P or to Q, then it is 

possible to find in one way, but only in one, a screw 3, belonging to P, and a 

screw (f>, belonging to Q, such that co, 3 and <f> shall all lie on the same cylin­

droid. This is proved as follows.

Draw the system of screws of the third order, P', which is reciprocal to P, 

and the system Q', which is reciprocal to Q. The screws belonging to P', 

and which are at the same time reciprocal to co, constitute a group reciprocal 

to four given screws. They, therefore, lie on a cylindroid which we call Po. 

In like manner, since Q is a system of the third order, the screws that can be 

selected from it, so as to be at the same time reciprocal to co, will also form a 

cylindroid which we call Q„.

It is generally a possible and determinate problem to find, among the 

screws of a system of the third order, one screw which shall be reciprocal 

to every screw, on an arbitrary cylindroid. For, take three screws from the 

system reciprocal to the given system of the third order, and two screws on 

the given cylindroid. As a single screw can be found reciprocal to any five 

screws, the screw reciprocal to the five just mentioned will be the screw now 

desired.

We apply this principle to obtain the screw 3, in the system P, which is 

reciprocal to the cylindroid Qo. In like manner, we find the screw cf>, in the 

system Q, which is reciprocal to the cylindroid P(l.

From the construction it is evident that the three screws 3, $>, and co are 

all reciprocal to the two cylindroids Po and Qo. This is, of course, equivalent 

to the statement that 3, </>, co are all reciprocal to the screws of a system of
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the fourth order. It follows that, 3, cf>: a> must lie upon the same cylin­

droid. Thus, 3, </> are the two screws required, and the problem has been 

solved. It is easily seen that there is only one such screw 3, and one such 

screw <f>.

Or we might have proceeded as follows:—Take any three screws on P, 

and any three screws on Q. Then by a fundamental principle a wrench on o> 

can be decomposed into six component wrenches on these six screws. But 

the three component wrenches on P will compound into a single wrench on 

some screw 3 belonging to P. The three component wrenches on Q will 

compound into a single wrench on some screw </> belonging to Q. Thus the 

original wrench on &> may be completely replaced by single wrenches on 3 

and (f>. But this proves that 3, <f>, and co are co-cylindroidal.

In the special case of this theorem which we are now to use one of the 

systems of the third order assumes an extreme type. It consists simply of 

all possible screws of infinite pitch. The theorem just proved asserts that 

in this case a twist velocity about any screw a> can always be replaced by a 

twist velocity about some one screw belonging to any given system of the 

third order P, together with a suitable velocity of translation.

In the problem before us we know three corresponding pairs of impulsive 

screws and instantaneous screws (r), a), (%, /3), (£, y), and we seek the impul­

sive screw corresponding to some fourth instantaneous screw 8.

It should be noticed that the data are sufficient but not redundant. We 

have seen how a knowledge of two pairs of corresponding impulsive screws 

and instantaneous screws provided eight of the coordinates of the rigid 

body. The additional pair of corresponding screws only bring one further 

co-ordinate. For, though the knowledge of 7 appropriate to a given f 

might seem five data, yet it must be remembered that the two pairs (?;, a) 

and (£ 7) must fulfil the two fundamental geometrical conditions, and so 

must also the two pairs (£, ß) and (f, y); thus, as 7 has to comply with 

four conditions, it really only conveys a single additional coordinate, which, 

added to the eight previously given, make the nine which are required for 

the rigid body. We should therefore expect that the knowledge of three 

corresponding pairs must suffice for the determination of every other pair.

Let the unit twist velocity about 8 be resolved by the principles ex­

plained in this section into a twist velocity on some screw belonging to 

a, ß, 7, and into a velocity of translation on a screw of infinite pitch.

We have already seen that the impulsive screw corresponding to So must 

lie on the system of the third order defined by 77, and and that it 

is definitely determined. Let us denote by ß this known impulsive screw 

which would make the body commence to twist about 3„.
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Let the centre of gravity be constructed as in the last section; then an 

impulsive force through the centre of gravity will produce the velocity of 

translation on Let us denote by the screw of zero pitch on which this 

force lies.

We thus have as the impulsive screw corresponding to the instan­

taneous screw S15 while is the impulsive screw corresponding to the 

instantaneous screw <50.

Draw "now the cylindroids (^, -i/r) and (81; 80). The first of these is 

the locus of the impulsive screws corresponding to the instantaneous 

screws on the second. As already explained, we can completely correlate 

the screws on two such cylindroids. We can, therefore, construct the 

impulsive screw on (y, yfr) which corresponds to any instantaneous screw 

on (£>1; 80). It is, however, obvious, from the construction, that the original 

screw 3 lies on the cylindroid (81; S„). Hence we obtain the impulsive screw 

which corresponds to ö as the instantaneous screw, and the problem has 

been solved.

308. Another method.

We might have proceeded otherwise as follows:—From the three given 

pairs of impulsive screws and instantaneous screws ya, %ß, £y we can find 

other pairs in various ways. For example, draw the cylindroids (a, ß) 

and (£, £); then select, by principles already explained, a screw 8 on the 

first cylindroid, and its correspondent 3 on the second. In like manner, 

from the cylindroids (a, 7) and (77, £), we can obtain another pair (</>, e). We 

have thus five pairs of correspondents, ya, Irß, £7, 38, </>e. Each of these 

will give a diameter of the momental ellipsoid, and the radius of gyration 

about that diameter. Thus we know the centre of the momental ellipsoid 

and five points on its surface. The ellipsoid can be drawn accordingly. 

Its three principal axes give the principal screws of inertia. All other 

pairs of correspondents can then be determined by a construction given 

later on (§311).

309. Unconstrained motion in system of second order.

Suppose that a cylindroid be drawn through any two (not lying along 

the same principal axis) of the six principal screws of inertia of a free rigid 

body. If the body while at rest be struck by an impulsive wrench about 

any one of the screws of the cylindroid it will commence to move by 

twisting about a screw which also lies on the cylindroid. For the given 

impulsive wrench can be replaced by two component wrenches on any 

two screws of the cylindroid. We shall, accordingly, take the component 

wrenches of the given impulse on the two principal screws of inertia which, 

by hypothesis, are contained on the cylindroid. Each of those components
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will, by the property of a principal screw of inertia, produce an instantaneous 

twist velocity about the same screw. But the two twist velocities so 

generated can, of course, only compound into a single twist velocity on some 

other screw of the cylindroid. We have now to obtain the geometrical 

relations characteristic of the pairs of impulsive and instantaneous screws on 

such a cylindroid.

In previous chapters we have discussed the relations between impulsive 

screws and instantaneous screws, when the movements of the body are 

confined, by geometrical constraint, to twists about the screws on a 

cylindroid. The problem now before us is a special case, for though the 

movements are no other than twists about the screws on a cylindroid, yet 

this restriction, in the present case, is not the result of constraint. It arises 

from the fact that two of the six principal screws of inertia of the rigid 

body lie on the cylindroid, while the impulsive wrench is, by hypothesis, 

limited to the same surface.

To study the question we shall make use of the circular representation 

of the cylindroid, § 50. We have there shown how, when the several screws 

on the cylindroid are represented by points on the circumference of a circle, 

various dynamical problems can be solved with simplicity and convenience. 

For example, when the impulsive screw is represented on the circle by 

one point, and the instantaneous screw by another, we have seen how 

these points are connected by geometrical construction (§ 140).

In the case of the unconstrained body, which is that now before us, it is 

known that, whenever the pitch of an instantaneous screw is zero, the corre­

sponding impulsive screw must be at right angles thereto (§ 301).

In the circular representation, the angle between any two screws is 

equal to the angle subtended in the representative circle by the chord 

whose extremities are the representatives of the two screws. Two screws, 

at right angles, are consequently represented by the extremities of a 

diameter of the representative circle. If, therefore, we take A, B, two 

points on the circle, to represent the two screws of zero pitch, then the two 

points, P and Q, diametrically opposite to them, are the points indicating 

the corresponding impulsive screws. It is plain from § 287 that AQ and BP 

must intersect in the homographic axis, and hence the homographic axis 

is parallel to J Q and BP, and as it must contain the pole of AB it follows 

that the homographic axis XY must be the diameter perpendicular to AB.

The two principal screws of the cylindroid X and Y are, in this case, the 

principal screws of inertia. Each of them, when regarded as an impulsive 

screw, coincides with its corresponding instantaneous screw. The diameter 

XY bisects the angle between AP and BQ.
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It is shown (§ 137) that the points which represent the instantaneous 

screws, and the points which represent the corresponding impulsive screws, 

form two homographic systems. A well-known geometrical principle asserts 

(§ 146), that if each point on a circle be joined to its homographic corre­

spondent, the chord will envelop a conic which has double contact with the 

circle. It is easily seen that, in the present case, the conic must be the 

hyperbola which touches the circle at the ends of the diameter XY, and 

has the rays AP and BQ for its asymptotes. The hyperbola is completely 

defined by these conditions, so that the pairs of correspondents are uniquely 

determined.

Every tangent, 1ST, to this hyperbola will cut the circle in two points. 

I and S, such that $ is the point corresponding to the impulsive screw, and 

I is the point which marks out the instantaneous screw. We thus obtain 

a concise geometrical theory of the connexion between the pairs of cor­

responding impulsive screws and instantaneous screws on a cylindroid which 

contains two of the principal screws of inertia of a free rigid body.

For completeness, it may be necessary to solve the same problem when 

the cylindroid is defined by two principal screws of inertia lying along the 

same principal axis of the rigid body. It is easy to see that if, on the 

principal axis, whose radius of gyration was a, there lay any instantaneous 

screw whose pitch was pa, then the corresponding impulsive screw would 

be also on the same axis, and its pitch would be p, where x pa = a2.

310. Analogous Problem in a Three-system.

Let us now take the case of the system of screws of the third order, 

which contains three of the six principal screws of inertia of a free rigid 
body.

Any impulsive wrench, which acts on a screw of a system of the third 

order, can be decomposed into wrenches on any three screws of that system, 

and consequently, on the three principal screws of inertia, which in the 

present case the three-system has been made to contain. Each of these 

component wrenches will, from the property of a principal screw of inertia, 

generate an initial twist velocity of motion around the same screw. The 

three twist velocities, thence arising, can be compounded into a single twist 

velocity about some other screw of the system. We desire to obtain the 

geometrical relation between each such resulting instantaneous screw and 

the corresponding impulsive screw.

It has been explained in Chap. XV. how the several points in a plane 

are in correspondence with the several screws which constitute a system 

of the third order. It was further shown, that if by the imposition of 

geometrical constraints, the freedom of a rigid body was limited to twisting
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about the several screws of the system of the third order, a geometrical 

construction could be obtained for determining the point corresponding to 

any instantaneous screw, when the point corresponding to the appropriate 

impulsive screw was known.

We have now to introduce the simplification of the problem, which 

results when three of the principal screws of inertia of the body belong 

to the system. But a word of caution, against a possible misunderstanding, 

is first necessary. It is of course a fundamental principle, that when a 

rigid system has freedom of the «th order, there will always be, in the 

system of screws expressing that freedom, n screws such that an im­

pulsive wrench administered on any one of those screws will immediately 

make the body begin to move by twisting about the same screw. These 

are the n principal screws of inertia.

But in the case immediately under consideration the rigid body is sup­

posed to be free, and it has, therefore, six principal screws of inertia. The 

system of the third order, at present before us, is one which contains three 

of these principal screws of inertia of the free body. Such a system of 

screws possesses the property, that an impulsive wrench on any screw 

belonging to it will set the body twisting about a screw which also belongs 

to the same system. This is the case even though, in the total absence of 

constraints, there is no kinematical difficulty about the body twisting about 

any screw whatever.

As there are no constraints, we know that each instantaneous screw, of 

zero pitch, must be at right angles to the corresponding impulsive screw 

(§ 301). This condition will enable us to adjust the particular homography 

in the plane wherein each pair of correspondents represents an impulsive 

screw and the appropriate instantaneous screw.

The conic, which is the locus of points corresponding to the screws of a 

given pitch p, has as its equation (§ 204)

Pi0i + pftf + Pi6-i -P <A2 + = 0-

The families of conics corresponding to the various values of p have a 

common self-conjugate triangle. The vertices of that triangle correspond to 

the three principal screws of inertia.

The three points just found are the double points of the homography 

which correlate the points representing the impulsive screws with those 

representing the instantaneous screws. Let us take the two conics of the 

system, corresponding to p = 0 and p = 00 . They are

Pi 0i + Pi Ø2 + Pi 0» = ° .....................................(i),

0? + 0/ + 0? = 0 ....................... (ii).
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Two conjugate points to conic (i) denote two reciprocal screws. Two con­

jugate points to conic (ii) denote two screws at right angles.

Let A be any point representing an instantaneous screw. Take the 

polar of A, with respect to conic (i). Let P be the pole of this ray, with 

respect to conic (ii).

Then P will correspond to the impulsive screw, while A corresponds to 

the appropriate instantaneous screw. For this is clearly a homography of 

which A and P are two correspondents. Further, the double points of this 

homography are the vertices of the common conjugate triangle to conics (i) 

and (ii). If A lie on (i), then its polar is the tangent to (i); and as every 

point on this polar will be conjugate to P, with respect to conic (ii), it 

follows that A and P are conjugate, with respect to (ii)—that is, J. and P 

are correspondents of a pair of screws at right angles. As the pitch of the 

screw, corresponding to A, is zero, we have thus obtained the solution of 

our problem.

311. Fundamental Problem with Free Body.

We now give the geometrical solution of the problem so fundamental 

in this present theory which may be thus stated :

A perfectly free body at rest is struck by an impulsive wrench upon a 

given screw. It is required to construct the instantaneous screw about which 

the body will commence to twist.

The rigid body being given, its three principal axes are to be drawn 

through its centre of gravity. The radii of gyration a, b, c about these 

axes are to be found. On the first principal axis two screws of pitches + a 

and — a respectively are to be placed. Similarly screws of pitches + b, —b, 

and + c, — c are to be placed on the other two principal axes. These are, of 

course, the six principal screws of inertia: call them Ao, Alt Aa, A3, Ait zl5. 

We then draw the five eylindroids

AuA2, -AøAgj A0A4, Aø A5.

It is always possible to find one screw on a cylindroid reciprocal to any 

given screw. In certain cases, however, of a special nature, more than a 

single screw can be so found. Under such circumstances the present 

process is inapplicable, but the exceptional instances will be dealt with 

presently.

Choose on the cylindroid A0A4 a screw 0t which is reciprocal to the 

given impulsive screw y, which is, of course, supposed to lie anywhere and 

be of any pitch.

In like manner, choose on the other four cylindroids screws 0.lt 03, 04, 05, 

respectively, all of which are also reciprocal to y.
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Let us now think  of 0, as an  instantaneous screw ; it lies on the cylindroid  

and  this cylindroid contains two principal screws of inertia. It follows 

from  § 309 that the corresponding impulsive screw  </>, lies on the same cylin­

droid. That screw </>, can be determined by the construction there given. 

In like manner we construct on the other four cylindroids the screws </>2, </>3 , 

(f>4, which are the impulsive screws coiresponding respectively to 02, 03, 

04, 03, as instantaneous screws.

Consider then the two pairs of corresponding impulsive screws and in­

stantaneous (screws (r/, «) and (</>,, 02). W e have arranged the construction  

so that 01 is reciprocal to r/. Hence, by the fundamental principle so often  

employed, a and  04 are conjugate screws of inertia, so that a must be reciprocal 

tO Øj.

In like manner it can be proved that the instantaneous screw a for which  

we are in search must be reciprocal to </>3 , </>4) </>5 . W e have thus dis­

covered five screws, fy4 , </>3 , </>5 , to each of which the required screw a

must be reciprocal. But it is a fundamental point in the theory that the 

single screw  reciprocal to five screws can be constructed geometrically (§ 25). 

Hence a is determined, and the geometrical solution of the problem is 

complete.

It remains to examine the failure in this construction which arises when  

any one or more of the five screws </>, ... </>6 becomes indeterminate. This 

happens when y is reciprocal to two screws on the cylindroid in question. 

In this case t) is reciprocal to every screw on the cylindroid. Any one of such  

screws might be taken as the corresponding </>, and, of course, 0 would have 

been also indefinite, and a could not have been found. In this case 17 would  

have been reciprocal to the two principal screws of inertia, suppose j 40 , A4 

which the cylindroid contained. Of course still more indeterminateness 

would arise if r/ had been also reciprocal to other screws of the series j40 , J.,, 

_A2> As , A4, As . N o  screw  could, however, be reciprocal to all of them. If 7/ 

had been reciprocal to five, namely, u41; A2, As, A4, As, then 77 could be no  

screw other than A, because the six principal screws of inertia are co­

reciprocal ; would then be its own instantaneous screw, and the problem  

would be solved.

W e may therefore, under the most unfavourable conditions, take y to be 

reciprocal to four of the principal screws of inertia Ao, A1: A2, As, but not to  

or A5. W e now  draw the five cylindroids, 710214 , A4A4, A2A4, A3A4, -40j45 . 

W e know that is reciprocal to no more than a single screw on each  

cylindroid. W e therefore proceed to the construction as before, first finding  

0, ... 05l one on each cylindroid ; then deducing <f>4 ... cf>5, and thus ultimately 

obtaining a.

Thus the general problem has been solved.

B. 22
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312. Freedom of the First or Second Order.

If the rigid body have only a single degree of freedom, then the only- 

movements of which it is capable are those of twisting to and fro on a 

single screw a. If the impulsive wrench i] which acted upon the body 

happened to be reciprocal to a, then no movement would result. The forces 

would be destroyed by the reactions of the constraints. In general, of course, 

the impulsive screw r] will not be reciprocal to a. A twisting motion about 

a will therefore be the result. All that can be said of the instantaneous screw 

is that it can be no possible screw but a.

In the next case the body has two degrees of freedom which, as usual, we 

consider to be of the most general type. It is required to obtain a con­

struction for the instantaneous screw a about which a body will commence 

to twist in consequence of an impulsive wrench

The peculiarity of the problem when the notion of constraint is introduced 

depends on the circumstance that, though the impulsive screw may be 

situated anywhere and be of any pitch, yet that as the body is restrained to 

only two degrees of freedom, it can only move by twisting about one of the 

screws on a certain cylindroid. We are, therefore, to search for the in­

stantaneous screw on the cylindroid expressing the freedom.

Let A be the given cylindroid. Let B be the system of screws of the 

fourth order reciprocal to that cylindroid. If the body had been free it would 

have been possible to determine, in the manner explained in the last section, 

the impulsive screw corresponding to each screw on the cylindroid A. Let 

us suppose that these impulsive screws are constructed. They will all lie on 

a cylindroid which we denote as P. In fact, if any two of such screws had 

been found, P would of course have been defined by drawing the cylindroid 

through those two screws.

Let Q be the system of screws of the fourth order which is reciprocal to 

P. Select from Q the system of the third order Qi which is reciprocal to rj. 

We can then find one screw which is reciprocal to the system of the fifth 

order formed from A and ft. It is plain that V1 must belong to B, as this 

contains every screw reciprocal to A.

Take also the one screw on the cylindroid A which is reciprocal to y, and 

find the one screw on the cylindroid P which is reciprocal to this screw 
on A.

Since y, and % are all reciprocal to the system of the fourth order 

formed by Aj and Qlt it follows that i), rfo, and must all lie on the same 

cylindroid. We can therefore resolve the original wrench on r) into two com­

ponent wrenches on and
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But it is of the essence of the theory that the reactions of the constraints 

by which the motion of the body is limited to twists about screws on the 

cylindroid A must be wrenches on the reciprocal system B. So far, therefore, 

as the body thus constrained is concerned, the reactions of the constraints 

will neutralize the wrench on i/j. Thus the wrench on % is the only part of 

the impulsive wrench which need be considered.

But we already know from the construction that an impulsive wrench on % 

will produce an instantaneous twist velocity about a determined screw a on 

A. Thus we have found the initial movement, and the investigation is geo­

metrically complete.

313. Freedom of the Third Order.

We next consider the case in which a rigid body has freedom of the third 

order. We require, as before, to find a geometrical construction for the in­

stantaneous screw a corresponding to a given impulsive screw t ).

Let A be the system of screws of the third order about which the body 

is free to twist. Let B be the system of screws of the third order reciprocal 

to A. We must first construct the system of the third order P which 

consists of the impulsive screws that would have made the body, if perfectly 

free, twist about the several screws of A.

As already explained (§ 307) we can, in one way, but only in one way, 

resolve the original wrench on t ) into wrenches on B, and on P. The 

former is destroyed by the reactions of the constants. The latter gives rise 

to a twist velocity about a determinate screw on A. Thus the problem has 

been solved.

314. General Case.

We can obviously extend a similar line of reasoning to the cases where 

the body had freedom of the remaining degrees. It will, however, be as simple 

to write the general case at once.

Let A be a system of screws of the nth order, about which a body is free 

to twist, any other movements being prevented by constraints. If the body 

receive au impulsive wrench, on any screw it is required to determine the 

instantaneous screw, of course belonging to A, about which the body will 

commence to twist.

Let B be the system of screws of the (6 — n)th order, reciprocal to A. 

The wrenches arising from the reaction of the constraints must, of course, be 

situated on the screws of the system B.

Let P be the system of screws of the nth order, which, in case the body
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had been free, would have been the impulsive screws, corresponding to the 
instantaneous screws belonging to A.

Let Q be the system of screw of the (6 — n)th order, which are reciprocal 
to P.

Take from A the system of the (m — l)th order, reciprocal to y, and call 
it A1.

Take from Q the system of the (5 — n)th order, reciprocal to y, and call 
it Qi.

As A is of the nth order, and Q1 of the (5 — n)th, they together define a 
system of the fifth order. Let be the single screw, reciprocal to this system 
of the fifth order.

As A2 is of the (n— l)th order, and Q is of the (6 —n)th order, they 
together define a system of the fifth order. Let % be the single screw, 
reciprocal to this system of the fifth order.

Th is reciprocal to of the (n — l)th order, because forms part of A. 
It is reciprocal to Qi of the (5 — n)th order, because it was so made by con­
struction. Thus 7/j is reciprocal to both Aa and that is to a system of the 
fourth order.

In like manner, it can also be shown that is reciprocal to both J., 
and Qj.

and ft were originally chosen so as to be reciprocal to It thus 
appears that the three screws, r/, 77 b 77,, are all reciprocal to the same system 
of the fourth order. They are, therefore, co-cylindroidal.

The initial wrench on t] can therefore be adequately replaced by two 
components on 771 and r;.2. The former of these is destroyed by the reaction 
of the constraints. The latter gives rise to an initial movement on a 
determined screw of A. Thus, the most general problem of the effect of 
an impulsive wrench on a constrained rigid body has been solved geo­
metrically.

315. Freedom of the Fifth Order.

The special case, where the rigid body has freedom of the fifth order, may 
be viewed as follows.

Let p be the screw reciprocal to the screw system of the fifth order, about 
which the body is free to twist.

Let Å. be the instantaneous screw, determined in the way already explained, 
about which the body, had it been free, would have commenced to twist in 
consequence of an impulsive wrench on p.
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Let r) be any screw on which an impulsive wrench is imparted, and let a 

be the corresponding instantaneous screw, about which the body would have 

begun to twist had it been free.

Draw the cylindroid through a and X, and choose on this cylindroid the 

screw p, which is reciprocal to p.

Then p is the instantaneous screw about which the body commences to 

twist, in consequence of the impulsive wrench on y.

For (-7, p) is a cylindroid of impulsive screws, and (a, X) are the corre­

sponding instantaneous screws. As p is reciprocal to p, it belongs to the 

system of the fifth order. The corresponding impulsive screw must lie on 

(?7, p). The actual instantaneous motion could therefore have been produced 

by impulsive wrenches on 17 and p. The latter would, however, be neutralized 

by the reactions of the constraints. We therefore find that 17 is the impulsive 

screw, corresponding to a as the instantaneous screw.

316. Principal Screws of Inertia of Constrained Body.

There is no more important theorem in this part of the Theory of Screws 

than that which affirms that for a rigid body, with n degrees of freedom, 

there are n screws, such that if the body when quiescent receives an 

impulsive wrench about one of such screws, it will immediately commence 

to move by twisting about the same screw.

We shall show how the principles, already explained, will enable us to 

construct these screws.

We commence with the case in which the body has two degrees of 

freedom. We take three screws, tj, %, %, arbitrarily selected on the 

cylindroid, which expresses the freedom of the body. We can then de­

termine, by the preceding investigation, the three instantaneous screws, 

a, ß, 7, on the same cylindroid, which correspond, respectively, to the 

impulsive screws. Of course, if p happened to coincide with a, or £ with ß, 

or £ with y, one of the principal screws of inertia would have been found. 

But, in general, such pairs will not coincide. We have to show how, from 

the knowledge of three such pairs, in general, the two principal screws of 

inertia can be found.

We employ the circular representation of the points on the cylindroid, 

as explained in § 50. The impulsive screws are represented by one system 

of points, the corresponding instantaneous screws are represented by another 

system of points. It is an essential principle, that the two systems of points, 

so related, are homographic. The discovery of the principal screws of inertia 

is thus reduced to the well-known problem of the discovery of the double 

points of two homographic systems on a circle.



342 THE THEORY OF SCREWS. [316,

The simplest method of solving this problem is that already given in 
§ 139, in which we regard the six points, suitably arranged, as the vertices 

of a hexagon; then the Pascal line of the hexagon intersects the circle in 
two points which are the points corresponding to the principal screws of 
inertia.

317. Third and Higher Systems.

We next investigate the principal screws of inertia of a body which has 
three degrees of freedom. We have first, by the principles already ex­
plained, to discover four pairs of correspondents. When four such pairs 
aie known, the principal screws of inertia can be constructed. Perhaps 
the best method of doing so is to utilize the plane correspondence, as 
explained in Chap. xv. The corresponding systems of impulsive screws 
and instantaneous screws, in the system of the third order, are then repre­
sented by the homographic systems of points in the plane. When four pairs 
of such correspondents are known, we can construct as many additional pairs 
as may be desired.

Let a, ß, y, <5 be four points in the plane, and let v, %, £ 0 be the 
points corresponding, so that represents the impulsive screw, and a the 
instantaneous screw, and similarly for the other pairs. Let it be required 
tu find the impulsive screw </>, which corresponds to any fifth instantaneous 
sciew e. Since anharmonic ratios are the same m two corresponding figures, 
we have

a(ß, y, 8, e)=v(£, 0, <£),

thus we get one ray which contains </>. We have also

ß («, 7, 8, e) = £ (v, £ 0,

which gives a second ray £</>, containing </>, and thus </> is known.

A construction for the double points of two homographic systems of 
points in the same plane is as follows:—

Let 0 and O' be a pair of corresponding points. Then each ray 
through 0 will have, as its correspondent, a ray through O'. The locus of 
the intersection of these rays will be a conic S. This conic S must pass 
through the three double points, and also through 0 and O'.

Diaw the conic »S' , which is the locus of the points in the second system 
corresponding to the points on S, regarded as in the first system. Then 
since 0 lies on S, we must have 0' on S'. But S' must also pass through 
the three double points. O’ is one of the four intersections of Ä and S', and 
the three others are the sought double points. Thus the double points are 
constructed. Aud in this manner we obtain the three principal screws of 
inertia in the case of the system of the third order.
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If a rigid body be free to move about screws of any system of the 

fourth order, we may determine its four principal screws of inertia as 

follows.

We correlate the several screws of the system of the fourth order with 

the points in space. The points representing impulsive screws will be 

a system homographic with the points representing the corresponding 

instantaneous screws. If we have five pairs of correspondents (a, 77), 

(ß, £)> (% (8> #)> (6> ^)>in such a tomography we can at once determine

the correspondent y/r to any other screw X.

Draw a pencil of four planes through a, ß, and the four points 7, S, e, X, 

respectively.

Draw also a pencil of four planes through 17, and the four points 

0, cf>, y/r, respectively. These two pencils will be equianharmonic. Ihus 

we discover one plane which contains i/r. In like manner we can diaw 

a pencil of planes through a, 7, and ß, 8, e, X, respectively, and the equi- 

anharmonic pencil through 77, and 3. <fr, respectively. Ihus we 

obtain a second plane which passes through i/r. A third plane may be 

found by drawing the pencil of four planes through a, 8, and the four points 

ß, y, e, X, respectively, and then constructing the equianharmonic pencil 

through y, 3, and £, £ </>, respectively. From the intersection of these 

three planes, is known.

In the case of two homographic systems in three dimensions, there are, 

of course, four double points. These may be determined as follows. 

Let 0 and O' be two corresponding rays. Then any plane through 0 will 

have, as its correspondent, a plane through O'. It is easily seen that these 

planes intersect on a ray which has for its locus a quadric surface 6, of which 

0 and O' are also generators. This quadric must pass through the four 

double points.

Let S' be the quadric surface which contains all the points in the 

second system corresponding to the points of S regarded as the first system. 

Then 0' will lie on S', and the rest of the intersection of S and S' will be 

a twisted cubic G, which passes through the four double points.

Take any point P on G, and draw any plane through P. Then every 

ray of the first system of the pencil through P in this plane will have 

as its correspondent in the second system the ray in some other plane 

pencil L. One, at least, of the rays in the pencil L will cut the cubic G. 

Call this ray X', and draw its correspondent X in the first system passing 

through P.

We thus have a pair of corresponding rays X and X', each of which 

intersects the twisted cubic C.
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Draw pairs of corresponding planes through X and X'. The locus of 

their intersection will be a quadric S", which also contains the four double 

points.

S' and C, being of the second and the third order respectively, will 

intersect in six points. Two of these are on X and X', and are thus dis­

tinguished. The four remaining intersections will be the required double 

points, and thus the problem has been solved.

These double points correspond to the principal screws of inertia, which 

are accordingly determined.

In the case of freedom of the fifth order, the geometrical analogies which 

have hitherto sufficed are not available. We have to fall back on the 

general fact that the impulsive screws and the corresponding instantaneous 

screws form two homographic systems. There are five double screws be­

longing to this hornography. These are the principal screws of inertia.

318. Correlation of Two Systems of the Third Order.

It being given that a certain system of screws of the third order, P, is 

the locus of impulsive screws corresponding to another given system of the 

third order, A, as instantaneous screws, it is required to correlate the corre­

sponding pairs on the two systems.

We have already had frequent occasion to use the result demonstrated 

in § 293, namely, that when two impulsive and instantaneous cylindroids 

were known, we could arrange the several screws in corresponding pairs 

without any further information as to the rigid body. We have now to 

demonstrate that when we are given an impulsive system of the third 

order, and the corresponding instantaneous system, there can also be a 

similar adjustment of the corresponding pairs.

It has first to be shown, that the proposed problem is a definite one. 

The data before us are sufficient to discriminate the several pairs of screws, 

that is to say, the data are sufficient to point out in one system the corre­

spondent to any specified screw in the other system. We have also to 

show that there is no ambiguity in the solution. There is only one rigid 

body (§ 293) which will comply with the condition, and it is not possible that 

there could be more than one arrangement of corresponding pairs.

Let a, S, 7 be three instantaneous screws from A, and let their corre­

sponding impulsive screws be y, %, %, in P. In the choice of a screw from 

a system of the third order there are two disposable quantities, so that, 

in the selection of three correspondents in P, to three given screws in A, 

there would be, in general, six disposable coordinates. But the fact that 

a, r) and ß, £ are two pairs of correspondents necessitates, as we know,
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the fulfilment of two identical conditions among their coordinates. As 

there are three pairs of correspondents, we see at once that there are six 

equations to be fulfilled. These are exactly the number required for the 

determination of y, %, %, in the system P.

To the same conclusion we might have been conducted by a different 

line of reasoning. It is known that, for the complete specification of a 

system of the third order, nine co-ordinates are necessary (§ 75). This is 

the same number as is required for the specification of a rigid body. If, 

therefore, we are given that P, a system of the third order, is the collection 

of impulsive screws, corresponding to the instantaneous screws in the 

system A.t we are given nine data towards the determination of a rigid 

body, for which A and P would possess the desired relation. It therefore 

follows that we have nine equations, while the rigid body involves nine 

unknowns. Thus we are led to expect that the number of bodies, for which 

the arrangement would be possible, is finite. When such a body is de­

termined, then of course the correlation of the screws on the two systems 

is immediately accomplished. It thus appears that the general problem 

of correlating the screws on any two given systems of the third order, 

A and P, into possible pairs of impulsive screws and instantaneous screws, 

ought not to admit of more than a finite number of solutions.

We are now to prove that this finite number of solutions cannot be 

different from unity.

For, let us suppose that a screw X, belonging to A, had two screws 

6 and <f>, as possible correspondents in P. This could, of course, in no case 

be possible with the same rigid body. We shall show that it could not 

even be possible with two rigid bodies, and M2. For, if two bodies could 

do what is suggested, then it can be shown that there are a singly infinite 

number of possible bodies, each of which would afford a different solution of 

the problem.

We could design a rigid body in the following manner

Increase the density of every element of in the ratio of : 1, and 

call the new mass M-[.

Increase the density of every element of M2 in the ratio of p2: 1, and 

call the new mass M2.

Let the two bodies, so altered, be conceived bound rigidly together by 

bonds which are regarded as imponderable.

Let be any screw lying on the cylindroid (0, </>), Then the impulsive 

wrench of intensity, -i//" on xjr, may be decomposed into components

on 0 and 011 *•
Y sm(0-</>) sin(0 — </>)
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If the former had been applied to J/,' it would have generated about a 

(§ 280) a twist velocity represented by

sin — <f>) 1 cos (0a.) 

sin(0 — </>) Mi pa

If the latter had been applied to the body Mf, it would have generated a 

twist velocity about the same screw, a, equal to

,„ sin (0 — \|r) 1 cos (fa)

* sin (0 — f) Mt' pa

Suppose that these two twist velocities are equal, it is plain that the original 

wrench on f would, if it had been applied to the composite rigid body, 

produce a twisting motion about a. The condition is

sin (i/r — </>)  sin (0 — i/r) 

Mf cos (fa) M2 c o s  (0d) ’

We thus obtain tan f in terms of Mf : M.f. As the structure of the 

composite body changes by alterations of the relative values of p, and p2, 
so will f move over the various screws of the cylindroid (0, </>).

This result shows that, if three screws, a, ß, y be given, then the possible 

impulsive screws, y, %, if which shall respectively correspond to a, ß, y in a 

given system of the third order P, are uniquely determined.

For, suppose that a second group of screws, y', g, If, could also be deter­

mined which fulfilled the same property. We have shown how another 

rigid body could be constructed so that another screw, could be found on 

the cylindroid (y, y'), such that an impulse thereon given would make the 

body twist about a. It is plain that, for this body also, the impulsive 

wrench, corresponding to ß, would be some screw on the cylindroid (£, £'). 

But all screws on this cylindroid belong to the system P. In like manner, 

the instantaneous screw y would correspond for the composite body to some 

screw on the cylindroid (f if). Hence it follows that, for each different 

value of the ratio p, : p.2, we would have a different set of impulsive screws 

for the instantaneous screws a, ß, y. We thus find that, if there were 

more than one set of such impulsive screws to be found in the system P, 

there would be an infinite number of such sets. But we have already 

shown that the number of sets must be finite. Hence there can only be 

one set of screws, y, if in the system P, which could be impulsive screws 

corresponding to the instantaneous screws, a, ß, y. We are thus led to the 

following important theorem, which will be otherwise proved in the next 

chapter.

Given any two systems of screws of the third order. It is generally pos­

sible, in one way, but only in one, to design, and place in a particular position a
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rigid body such that, if that body, while at rest and unconstrained, receive an 

impulsive wrench about any screw of the first system, the instantaneous move­

ment will be a twist about a screw of the second system.

The two systems of corresponding impulsive and instantaneous screws 

on the two systems of the third order, form two homographic systems. 

There are, of course, infinite varieties in the possible homographic cor­

respondences between the screws of two systems of the third order. The 

number of such correspondences is just so many as the number of possible 

homographic correspondences of points in two planes. There is, however, 

only one correspondence which will fulfil the peculiar requirements when 

one of the systems expresses the instantaneous screws, and the other the 

impulsive screws severally corresponding thereto.

If we are given one pair of corresponding impulsive and instantaneous 

screws, the body is not by such data fully determined. We are only given 

five coordinates, and four more remain, therefore, unknown. If we are 

given two con-esponding impulsive cylindroids and instantaneous cylindroids, 

the body is still not completely specified. We have seen how eight of its 

coordinates are determined, but there is still one remaining indeterminate. 

If we are given a system of the fourth order of impulsive screws, and the 

corresponding system of the fourth order of instantaneous screws, the body, 

as in the other cases, remaining perfectly free, there are also, as we shall see 

in the next section, a singly infinite number of rigid bodies which fulfil the 

necessary conditions. In like manner, it will appear that, if we are given a 

system of the fifth order consisting of impulsive screws, and a corresponding 

system of the fifth order consisting of instantaneous screws, the body has 

really as much indeterminateness as if we had only been given a single 

pair of corresponding screws.

But the case of two systems of the third order is exceptional, in that 

when it is known that one of these is the locus of the instantaneous screws, 

which correspond to the screws of the other system regarded as impulsive 

screws, the rigid body for which this state of things is possible is completely 

and uniquely specified as to each and every one of its nine coordinates.

319. A Property of Reciprocal Screw Systems.

Given a system of the fourth order A and another system of the fourth 

order P. If it be known that the latter is the locus of the screws on which 

must lie the impulsive wrenches which would, if applied to a free rigid 

body, cause instantaneous twist velocities about the several screws on A, 

let us consider what can be inferred as to the rigid body from this fact alone.

Let A' be the cylindroid which is composed of the screws reciprocal to A.
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Let P' be the cylindroid which is composed of the screws reciprocal to P. 

Let Plt P2, P-i, P4 be any four impulsive screws on P. Let j 41; A.,,, A3, At 

be the four corresponding instantaneous screws on A.

Take any screw a on the cylindroid P'. Let // be the corresponding 

impulsive screw. Since a is reciprocal to all the screws on P it must be 

reciprocal to Pj. It follows from the fundamental property of conjugate 

screws of inertia, that y must be reciprocal to A3. In like manner we can 

show that y is reciprocal to A.,, A:i, and A4. It follows that y is reciprocal 

to the whole system A, and therefore must be contained in the reciprocal 

cylindroid A'. Hence we obtain the following remarkable result, which is 

obviously generally true, though our proof has been enunciated for the 

system of the fourth order only.

Let P and A be any two systems of screws of the nth order, and P' and A' 

their respective reciprocal systems of the (f~n)th order. If P be the collec­

tion of impulsive screws corresponding severally to the screws of A as the 

instantaneous screws for a certain free rigid body; then, for the same free 

rigid body A' will be the collection of impulsive screws which correspond to 

the screws of P' as instantaneous screws.

320. Systems of the Fourth Order.

Thus we see that when we are given two systems of the fourth order P 

and A as correspondingly impulsive and instantaneous, we can immediately 

infer that, for the same rigid body, the screws on the cylindroid A' are 

the impulsive screws corresponding to the instantaneous screws on the 

cylindroid P'.

We can now make use of that instructive theorem (§ 293) which declares 

that when two given cylindroids are known to stand to each other in this 

peculiar relation, we are then able, without any further information, to mark 

out on the cylindroids the corresponding pairs of screws. We can then 

determine the centre of gravity of the rigid body on which the impulsive 

wrenches act. We can find a triad of conjugate diameters of the momental 

ellipsoid, and the radii of gyration about two of those diameters. Hence 

we have the following result:—

If it be given that a certain system of the fourth order is the locus of the 

impulsive screws corresponding to the instantaneous screws on another given 

system of the fourth order, the body being quite unconstrained, we can then 

determine the centre of gravity of the body, we can draw a triad of the 

conjugate diameters of its momental ellipsoid, and we can find the radii of 

gyration about two of those diameters.

There is still one undetermined element in the rigid body, namely, the
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radius of gyration about the remaining conjugate diameter. The data before 

us are not adequate to the removal of this indefiniteness. It must be 

remembered that the data in such a case are just so many but no more than 

suffice for the specification of the n-system A. The number of data neces­

sary to define an n-system is n (6 — n). If, as in the present case, n = 4, the 

number of data is 8. We are thus one short in the number of data necessary 

to specify a rigid body. Thus we confirm the result previously obtained. 

We can assert that for any one of the singly infinite number of rigid bodies 

which fulfil the necessary conditions, the system A will be the locus of the 

instantaneous screws which correspond to the screws of the system P as 

impulsive screws.

Though in the two cylindroids A' and P' we are able to establish the 

several pairs of correspondents quite definitely, yet we must not expect, with 

the data before us, to be able to correlate the pairs of screws in A and P 

definitely. If this could be done then the rigid body would be quite deter­

minate, which we know is not the case. There is, however, only a single 

indeterminate element left in the con-elation of the screws in A with the 

screws of P. This we prove as follows:—

Let if) be any screw of P on which an impulsive wrench is to act. Let 8 

be the instantaneous screw in A about which the movement commences. 

We shall now show that though 8 cannot be completely defined, in the 

absence of any further data, yet it can be shown to be limited to a certain 

cylindroid.

Let G be the centre of gravity. Then we know that an impulsive force 

directed through G will generate a movement of translation in a direction 

parallel to the force. Such a movement may, of course, be regarded as a 

twist about a screw of infinite pitch.

Draw through G a plane normal to </>. Any screws of infinite pitch in 

this plane will be reciprocal to </>. It follows from the laws of conjugate screws 

of inertia that the impulsive forces in this plane, by which translations could 

be produced, must lie on screws of zero pitch which are reciprocal to 8. 

Take any two of such screws: then we know that S is reciprocal to these two 

screws and also to P'. It follows that S is reciprocal to the screws of a 

determinate system of the fourth order, and therefore 8 must lie on a deter­

mined cylindroid.

We may commence to establish the correspondence between P and A by 

choosing some arbitrary screw </> on P, and then drawing the cylindroid on A, 

on which we know that the instantaneous screw corresponding to P must 

lie. Any screw on this cylindroid may be selected as the instantaneous 

screw which corresponds to </>. Once that screw 8 had been so chosen there
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can be no further ambiguity. The correspondent in A to every other screw 

in P is completely known. To show this it is only necessary to take two 

pairs from A' and P' and the pair just found. We have then three corre­

sponding pairs. It has been shown in § 307 how the correspondence is 

completely determined in this case.

Of course the fact that 8 may be any screw on a cylindroid is connected 

with the fact that in this case the rigid body had one indeterminate element. 

For each of the possible rigid bodies 6 would occupy a different position on 

its cylindroidal locus.

321. Systems of the Fifth Order.

It remains to consider the case where two screw systems of the fifth 

order are given, it being known that one of them P is the locus of the 

impulsive screws which correspond to the several screws of the other system 

A regarded as instantaneous screws.

Let P be the screw reciprocal to P, and A' the screw reciprocal to A. 

Then from the theorem of § 319 it follows that an impulsive wrench on A' 

would make the body commence to move by twisting about P'. We thus 

know five of the coordinates of the rigid body. There remain four inde­

terminate elements.

Hence we see that, when the only data are the two systems P and A, 

there is a fourfold infinity in the choice of the rigid body. There are conse­

quently four arbitrary elements in designing the correspondence between the 

several pairs of screws in the two systems.

We may choose any two screws y, %, on P, and assume as their two corre­

spondents in A any two arbitrary screws a and ß, provided of course that 

the three pairs A , B, y, a, and %, ß fulfil the six necessary geometrical 

conditions (§ 304). Two of these conditions are obviously already satisfied by 

the circumstance that A' and P' are the reciprocals to the systems A and P. 

This leaves four conditions to be fulfilled in the choice of a and ß. As each 

of these belongs to a system of the fifth order there will be four coordinates 

required for its complete specification. Therefore there will be eight disposable 

quantities in the choice of a and ß. Four of these will be utilized in making 

them fulfil the geometrical conditions, so that four others may be arbitrarily 

selected. When these are chosen we have four coordinates of the rigid 

body which, added to the five data provided by A' and P', completely define 

the rigid body.

322. Summary.

We may state the results of this discussion in the following manner :—

If we are given two systems of the first, or the second, or the third order
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of corresponding impulsive screws and instantaneous screws, all the corre­

sponding pairs are determined. There is no arbitrary element in the 

correspondence. There is no possible rigid body which would give any 

different correspondence.

If we are given two systems of the fourth order of corresponding 

impulsive screws and instantaneous screws then the essential geometrical 

conditions (§ 281), not here making any restriction necessary, we can select 

one pair of correspondents arbitrarily in the two systems, and find one rigid 

body to fulfil the requirements.

If we are given two systems of the fifth order of corresponding impulsive 

screws and instantaneous screws then subject to the observance of the geo­

metrical conditions we can select two pairs of correspondents arbitrarily in 

the two systems, and find one rigid body to fulfil the requirements.

If we are given two systems of the sixth order of corresponding impul­

sive screws and instantaneous screws then subject to the observance of 

the geometrical conditions we can select three pairs of correspondents 

arbitrarily in the two systems, and find one rigid body to fulfil the 

requirements.

The last paragraph is, of course, only a different way of stating the results 

of § 307.

323. Two Rigid Bodies.

We shall now examine the circumstances under which pairs of impulsive 

and instantaneous screws are common to two, or more, rigid bodies. The 

problem before us may, perhaps, be most clearly stated as follows

Let there be two rigid bodies, M and M'. If M be struck by an impulsive 

wrench on a screw 0, it will commence to twist about some screw X. If M' 

had been struck by an impulsive wrench on the same screw 0, the body would 

have commenced to twist about some screw which would of course be 

generally different from X. If 0 be supposed to occupy different positions 

in space (the bodies remaining unaltered), so will X and /z move into corre­

spondingly various positions. It is proposed to inquire whether, under 

any circumstances, 0 could be so placed that X and /x should coincide. In 

other words, whether both of the bodies, M and M', when struck with an 

impulsive wrench on 0, will respond by twisting about the same instantaneous 

screw.

It is obvious, that there is at least one position in which 0 fulfils the 

required condition. Let G1 G2 be the centres of gravity of M and M'. Then 

a force along the ray Gx G.,, if applied either to M or to M‘, will do no more 

than produce a linear velocity of translation parallel thereto. Hence it
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follows, that a wrench on the screw of zero pitch, which lies on the ray 

Gj G2, will have the same instantaneous screw whether that wrench be 

applied to M or to M

We have now to examine whether there can be any other pair of im­

pulsive and instantaneous screws in the same circumstances. Let us suppose 

that when 6 assumes a certain position y, we have X and p coalescing into the 

single screw a.

We know that the centre of gravity lies in a plane through a, and the 

shortest distance between a and We know, also, that da =pa tan (a?;), 

where is the distance of the centre of gravity from a. It therefore follows 

that a must be parallel to Gfl.,. We have, however, already had occasion 

(§ 303) to prove that, if be the radius of gyration of a body about a ray 

through its centre of gravity, parallel to a,

Hence it appears that, for the required condition to be satisfied, each of the 

two bodies must have the same radius of gyration about the axis through its 

centre of gravity, which is parallel to a. Of course this will not generally be 

the case. It follows that, in general, there cannot be any such pair of 

impulsive screws and instantaneous screws, as has been supposed. Hence we 

have the following result:—

Two rigid bodies, with different centres of gravity, have, in general, no other 

common pair of impulsive screws and instantaneous screws than the screw, of 

zero pitch, on the ray joining the centres of gravity, and the screw of infinite 

pitch parallel thereto.

We shall now consider what happens when the exceptional condition, just 

referred to, is fulfilled, that is, when the radius of gyration of the ray G\G., is 

the same for each of the bodies.

In each of the momental ellipsoids about the centres of gravity of the 

two bodies, draw the plane conjugate to the ray Gfff. Let these planes 

intersect in a ray T. Suppose that an impulsive force, directed along T, be 

made to act on the body whose centre of gravity is Gx. It is plain, from 

Poinsot’s well-known theory, that the rotation produced by such an impulse 

will be about a ray parallel to Gff. If this impulsive wrench had been 

applied to the body whose centre of gravity is Ga, the instantaneous screw 

would also be parallel to GAG2. If we now introduce the condition that the 

radius of gyration of each of the bodies, about G1G2, is the same, it can be 

easily deduced that the two instantaneous screws are identical. Hence we 

see that T, regarded as an impulsive screw of zero pitch, will have the same 

instantaneous screw for each of the two bodies.
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If we regard T and G^G^ as two screws of zero pitch, and draw the 

cylindroid through these two screws, then any impulsive wrench about a 

screw on this cylindroid will have the same instantaneous screw for either 

of the two bodies to which it is applied.

For such a wrench may be decomposed into forces on T and on G!16r2; 

these will produce, in either body, a twist about a, and a translation parallel 

to a, respectively. We therefore obtain the following theorem:—

If two rigid bodies have different centres of gravity, Cq and G2, and if 

their radii of gyration about the ray GAG2 are equal, there is then a 

cylindroid of screws such that an impulsive wrench on any one of these 

screws will make either of the rigid bodies begin to twist about the same 

screw, and the instantaneous screws which correspond to the several screws 

on this cylindroid, all lie on the same ray G^G^, but with infinitely varied 

pitch.

It is to be remarked that under no other circumstances can any im­

pulsive screw, except the ray Gjöa, with zero pitch, have the same instan­

taneous screw for each of the two bodies, so long as their centres of gravity 

are distinct.

We might have demonstrated the theorem, above given, from the results 

of § 303. We have there shown that, when an impulsive screw and the 

corresponding instantaneous screw are given, the rigid body must fulfil five 

conditions, the nature of which is fully explained. If we take two bodies 

which comply with these conditions, it appears that the ray through their 

centre of gravity is parallel to the instantaneous screw, and we also find 

that their radii of gyration must be equal about the straight line through 

their centres of gravity.

If two rigid bodies have the same centre of gravity, then, of course, any 

ray through this point will be the seat of an impulsive wrench on a screw of 

zero pitch such that it generates a twist velocity on a screw of infinite pitch, 

parallel to the impulsive screw. This will be the case to whichever of the 

two bodies the force be applied. We have therefore a system of the third 

order (much specialized no doubt) of impulsive screws, each of which has the 

same instantaneous screw for each of the two bodies. In general there will 

be no other pairs of common impulsive and instantaneous screws beyond 

those indicated.

Under certain circumstances, however, there will be other screws possess­

ing the same relation.

We may suppose the two momental ellipsoids to be drawn about the 

common centre of gravity. These ellipsoids will, by a well-known property, 

possess one triad of common conjugate diameters. In general, of course, the 

b . 23
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radii of gyration of the two bodies, around any one of these three diameters, 

will not be equal. If, however, it should happen that the radius of gyration 

of one body be equal to that of the other body about one OX of these three 

common conjugate diameters, it can be shown that any screw, parallel to OX, 

whatever be its pitch regarded as an instantaneous screw, will have the same 

impulsive screw for either of the two bodies.

If the radii of gyration about two of the common conjugate diameters 

were equal for the two bodies, it will then appear that any instantaneous 

screw which is parallel to the plane of the common conjugate diameters, will 

have the same impulsive screw for each of the two bodies. The corresponding 

impulsive screws belong to the system of the fifth order, which is defined by 

being reciprocal to a screw of zero pitch on the third of the three common 

conjugate diameters.

Of course, if the radii of gyration coincide on this third diameter, then 

the two rigid bodies, regarded from our present point of view, would be 
identical.



CHAPTER XXIII.

VARIOUS EXERCISES.

324. The Co-ordinates of a Rigid Body.

We have already explained (§ 302) how nine co-ordinates define a rigid 

body sufficiently for the present theory. One set of such co-ordinates with 

respect to any three rectangular axes may be obtained as follows.

Let the element dm have the co-ordinates x, y, z, then causing the 

integrals to extend over the whole mass, we compute the nine quantities

fa dm = Mxa ; fa dm = My,;. fa d m. = Mz0;

fazdm = Ml2 ; fazdm = fay dm = Mlfa;

fay'2 + z'2) dm = Mp2; fax'2 + z2) dm = Mp.2; fax2 + y2)dm = Mp.2.

The nine quantities x„, y„, z0, I2, I2, ls2, p2, p2, p2 constitute an adequate 

system of co-ordinates of the rigid body.

If 0lt 02,... 0e be the canonical co-ordinates of a screw about which twists 

a rigid body whose co-ordinates are x0, y0, z0, I2, fa, fa, pi2, p2, p2 with respect 

to the associated Cartesian axes, then the kinetic energy is Mue202, where M 

is the mass, 0 the twist velocity, and where

vfa = a8#/ + a202 + b2032 + b‘202 + c2052 + c2062

+ bx0 (6>s - 04) (05 + 06) - cx0 (06 - 0e) (0S + 04)

+ cy0 (0„ - 06) (0! + 02) - ay0 (fa - 02) (0, + 0e)

+ az„ (0t — 02) (03 + 04) - bz0 (Øg - 04) (0X + 02)

+ i (P12 - a2) (0, + Ø.fa + I (p22 - b2) (03 + Øfa + I (p32 - c2) (0, + 0fa

- (2 (03 + 04) (05 + Øg) - k2 (Øg + 0g) (0! + 02) - ls2 (0, + 02) (03 + fa).
23—2
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325. A Differential Equation satisfied by the Kinetic Energy.

If the pitch p of the screw 0 about which a body is twisting receive a 

small increment tip while the twist velocity 0 is unaltered the change in 
kinetic energy is

MpSpØ2.

But the addition of bp to p has the effect (§ 264) of changing each canonical 
co-ordinate 04 into

*+$

The variation thus arising in the kinetic energy equated to that already 

found gives the following differential equation which must be satisfied by w/,

a - 0f + b (0S* - 0/) + c - 0f

— _ duf , &3 + &4 Cdue2 _ duf 0&+ 06 (due2 duf
2« W6»! døj 2b \d03 døj+~2i \d05~døj'

If we assume that ue2 must be a rational homogeneous function of the 

second order in 0,,... 06 we can, by solution of this equation, obtain the 

value of wa2 given in the last Article.

326. Co-ordinates of Impulsive Screw in terms of the Instan­

taneous Screw.

If a3 be the canonical co-ordinates of an instantaneous screw and 

Vi> ■■■ Vi> the corresponding co-ordinates of the impulsive screw, then we have 
(§ 99),

1 duf eV1 = -
a da4

and we obtain the following:

+ eap = (+ pi2 + a2)

1 duf 0 
ep2 =------ , &c.,

a da2

a2) a2 + (az,, - bz0 - If a3
+ («z0 + bz0 — If a4 + (— ay3 + cya - If a5 + (— ay0 — cy0 - If a6

- eay2 = (+ pf - of a4 (+ pf + a2) a2 + (- az0 — bz0 - If a3

(- az0 + bz0 — If a4 + (+ ay0 + cy„ — If a5 + (+ ay0 — cy0 — If a,;

(+ p22 + b2) a3+ ebr/3 = (+ az0 - bz0 - If + (- az0

(+ P? ~ &2) a4 + (+ bæa — cxl} — If as + (bx0 + rø0 — If ae 

~ eby4 = (+ az„ + bz„ - If + (- az<1 + bzQ - If a2 (+ p.2 - b2) a3

(+ P22 ■+ &2) a4 + (- bæ0 — cæ0 — If a6 + (- bæ0 + cx0 — If «6 

+ ecy5 = (— ay0 + cy0 — If a4 + (+ ay3 + cy0 — If a2 + (+ bæ0 — cx0 — If a3 

(— bx0 — cx0 — If a4 + (+ p32 4- c2) a5 (+ p32 — f a6

— ecpg — (— ay3 — cy0 — If a4 + (a,y0 — cy0 — If a2 + (+ bæ3 + cæa — If a3 

(— bx0 + c«0 — If a4 + (4- p32 — c2) as _|_ (pt
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327. Another proof of article 303.

A s an illustration  of the form ulae just given w e m ay verify  a theorem  of 

§ 303 show ing that w hen w e know  the instantaneous screw  corresponding to  

a given im pulsive screw , then a ray along w hich the centre of gravity m ust 

lie is determ ined.

For subtracting the second equation from the first and repeating the  

process w ith each of the other pairs, w e have

e (vi + Vz) = (a i -  «2) +  2^> (“a +  «4) -  2y 0 (a 5 +  a„),

e (Vs + Vt) = (a 3 —  a4) +  2a?0 (a 5 +  a«) —  2^ 0 (a, +  a 2),

e + Vs) =  2c (a6 -  a„) +  2y0 (a x +  a 2) -  2« 0 (a 3 +  a4).

Elim inating e w e have tw o linear equations in  thus proving the

theorem .

If w e m ultiply these equations by ai +  a2 , a3 +  a4 , a6 +  a6 respectively  

and add, w e obtain

e cos (ay) = 2pa, 

thus giving a value for e.

328. A more general Theorem.

If an instantaneous screw be given w hile nothing further is know n as to  

the rigid body except that the im pulsive screw is parallel to a given plane  

A , then the locus of the centre of gravity is a determ inate plane.

Let X , p, v be the direction cosines of a norm al to A, then

X  (vi + Vn) + P‘ (Vs + Vt) + v (Vs + Vs) = 0,

w hence by substitution from the equations of the last A rticle w e have a  

linear equation for x0, y„, z0.

329. Two Three-Systems.

W e give here another dem onstration of the im portant theorem  of § 318, 

w hich states that w hen tw o arbitrary three-system s Ü and V are given, it is 

in general possible to design and place a rigid body in one w ay but only in  

one w ay, such that an im pulsive  w rench delivered on any screw  y of V shall 

m ake the body com m ence to m ove by tw isting about som e screw  a of U.

Let the three principal screw s of the system U have pitches a, b, c and  

take on the sam e three axes screw s w ith the  pitches — a, — b, — c respectively. 

These six screw s lying in pairs w ith equal and opposite pitches form the  

canonical co-reciprocals to be used.
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As y belongs to the three-system V we must have the six co-ordinates of 

y connected by three linear equations (§ 77); solving these equations we have

% = + By 3 + Gys,

yi = A'y1 +B'ys + C'y6, 

ye = A'f + B"y, + C”ys.

The nine coefficients A, B, C, A', B', G', A'', B", G" are essentially the co­

ordinates of the three-system I7. We now seek the co-ordinates of the rigid 

body in terms of these quantities.

Take the particular screw of U which has co-ordinates

1, 0, 0, 0, 0, 0.

Then the co-ordinates of the corresponding impulsive screw are ylt y2< ... 
where

- en.yl = p,2 — a2; + eby, = az, — bz, — ; + ecy, = — ay, + cy, — li ;

- eay, = pi- a2; - ebVi = az, + bz, - Z2a; - ecy, = - ay, - cy, - Z22.

Since by hypothesis this is to belong to V, the following equations must 

be satisfied:

°? ~ P" = A a"±pi + B az» ~bz,-lj cy,- ay, -li
a a b c ’

- az, - bz, + lj = A, a2 + pi + ß, az, - bz, -If cy, - ay, - I2
b a b c ’

aV<> + cy, + lj =A„ a2 + p,2 + ß„ az, - bz, - I2 c„ cy, - ay, - I2 
cab c

In like manner by taking successively for a the screws with co-ordinates

0, 0, 1, 0, 0, 0

and 0, 0, 0, 0, 1, 0,

we obtain six more equations of a similar kind. As these equations are 

linear they give but a single system of co-ordinates x,, y„ z,, l2, I2, I2, 
pi, pi, pi for the rigid body. The theorem has thus been proved, for of course 

if three screws of U correspond to three screws of V then every screw in U 

must have its correspondent restricted to V.

330. Construction of Homographic Correspondents.

If the screws in a certain three-system U be the instantaneous screws 

whose respective impulsive screws form the three-system V, then when three 

pairs of correspondents are known the determination of every other pair of 

correspondents may be conveniently effected as follows.
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We know (§ 279) that to generate the unit twist velocity on an instan­

taneous screw a an impulsive wrench on the screw y is required, of which 

the intensity is

cos (a,;) ’

the mass being for convenience taken as unity.

Let a, ß, 7 be three of the instantaneous screws in U, and'let y, %, £ be 

their respective impulsive screws in V.

Let ä, ß, y be the component twist velocities on a, ß, y of a twist velocity 

p on any other screw p, belonging to the system U.

Then the impulsive wrench on V, which has p as its instantaneous screw 

will have as its components on £ the respective quantities

P* Pß ö Py
cos (ay) ’ cos (ß£) ’ cos (y£) Z'

These are accordingly the co-ordinates of the required impulsive wrench.

331. Geometrical Solution of the same Problem.

When three pairs of correspondents in the two impulsive and instan­

taneous systems of the third order V and U are known we can, in general, 

obtain the impulsive screw in V corresponding to any instantaneous screw p 

in Ü as follows.

Choose any screw other than p in the three-system II and draw the 

cylindroid II through that screw and p. Every screw on a cylindroid 

thus obtained must of course belong to U. Then H must have a screw in 

common with the cylindroid (aß) drawn through a and ß, for this is 

necessarily true of any two’ cylindroids which lie in the same three-system. 

In like manner H must also have a screw in common with the cylindroid 

(ay) drawn through a and y. But by the principle of § 292 the several pairs 

of correspondents on the instantaneous cylindroid (aß) and the impulsive 

cylindroid (y%) are determined. Hence the impulsive screw corresponding 

to one of the screws in H is known. In like manner the known pairs on the 

two cylindroids (ay) and (yl?) will discover the impulsive screw corresponding 

to another instantaneous screw on II. As therefore we know the impulsive 

screws corresponding to two oi the screws on H we know the cylindroid II 

which contains all the impulsive screws severally corresponding to instan­

taneous screws on II, of which of course p is one. But by § 293 we can now 

correlate the pairs on H and H', and thus the required correspondent 

to p is obtained.
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332. Co-reciprocal Correspondents in two Three-systems.

If U be an instantaneous three-system and V the corresponding im­

pulsive three-system it is in general possible to select one set of three 

co-reciprocal screws in U whose correspondents in V are also co-reciprocal.

As a preliminary to the formal demonstration we may note that the 

number of available constants is just so many as to suggest that some finite 

number of triads in Ü ought to fulfil the required condition.

In the choice of a screw a in Ü we have, of course, two disposable 

quantities. In the choice of ß which while belonging to U is further 

reciprocal to a there is only one quantity disposable. The screw belonging 

to U, which is reciprocal both to a and ß, must be unique. It is in fact 

reciprocal to five independent screws, i.e. to three of the screws of the system 

reciprocal to U, and to a and ß in addition.

We have thus, in general, neither more nor fewer than three disposable 

elements in the choice of a set of three co-reciprocal screws a, ß, 7 in U. 

This is just the number of disposables required for the adjustment of the 

three correspondents v, £ f in 7 to a co-reciprocal system. We might, 

therefore, expect to have the number of solutions to our problem finite. We 

are now to show that this number is unity.

Taking the six principal screws of inertia of the rigid body as the screws 

of reference, we have as the co-ordinates of any screw in U

X«! + pß1 + vp, 

b-O-2 + nßz + vy.2,

Xa6 + pß,. 4- vy6, 

where X, /a , v  are numerical parameters.

The co-ordinates of the corresponding screw in V are

Pi (A.ax + pß2 + i/y,),

P2 (Xa2 + pß.t +

Ph + pßts + vy^), 

where for symmetry plt ... are written instead of + a, - a, + b, - b, &c.

Three screws in U are specified by the parameters

x; p', v'- x", p.", v"- X"', v"\

If these screws are reciprocal, we have

0 = (X'a, + p'ßx + (x"ai +

or 0 = X'X"pa + p 'p 'pp + v'v"py + +

. . _ + (XV'+ XV) + (^V'+
and two similar equations.
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If the corresponding impulsive screws are reciprocal, then

0 = X'X'^p^2 + pp’lp^ßy2 + vVl/pM + (X>" + X"/)

+ (XV' + X'V) + p'/z ") S^V/31711
and two similar equations.

Take the two conics whose equations are

0 = pax2 + p?y2 +pyz2 + 2tzapa>y + Z-^yXZ + 2^ßyyz,

0 = a^X^i3«!2 + y2^.p^ß2 + z^p^y2 + 2xytp13a1ß1 + 2æzXp1sa.1y1

+

these conics will generally have a single common conjugate triangle. If the 

co-ordinates of the vertices of this triangle be X', p!, v ; X", p", v"; X"', p"', v"; 

then the equations just given in these quantities will be satisfied; and as there 

is only one such triangle, the required theorem has been proved.

It can be easily proved that a similar theorem holds good for a pair 

of impulsive and instantaneous cylindroids.

333. Impulsive and Instantaneous Cylindroids.

If a given cylindroid U be the locus of the screws about which 

a free rigid body would commence to twist if it had received an impulsive 

wrench about any screw on another given cylindroid V, it is required to 

calculate so far as practicable the co-ordinates of the rigid body.

Let us take our canonical screws of reference so that the two principal 

screws of the cylindroid U have as co-ordinates

1, 0, 0, 0, 0, 0,

0, 0, 1, 0, 0, 0.

The co-ordinates of any other screw on U will be

«i, 0, as, 0, 0, 0.

The cylindroid V will be determined by four linear equations in the 

co-ordinates of y. These equations may with perfect generality be written 

thus (§ 77),

Vs = -4’71 + By2; V-i = A'yy + B'y2; y5 + A"yA + B"y2; y6 = A"'y1 + B'"y2, 

where A, B, A', B', A", B", A"', B'" are equivalent to the eight co-ordinates 

defining the cylin droid V.

The screw on Ü with co-ordinates

1, 0, 0, 0, 0, 0
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will have 

(§ 326)

its corresponding impulsive screw defined by the equations

+ eary = p2 + a2 ; — eay2 =

+ ebys = azn - bz3 - (2; - ebyt =

+ ec% = cy0 - ay0 - l22; - ecye = - ay0- cy3 -122.

By substituting these in the equations just given, we obtain

pi ~ a2;

az3 + bz3 -l32;

az0 - bza -I» a2 - pi2 

ab a

2

— az0 - bz0 + l32 al±Pl+B’ 
a

a2 - Pi3 
a

cy0 - ay0 - l-2 a1 ~ Pi 
a

aP + pi2 , B„ 
ac

ay^ + cy„ -4-I? aa - Pi 
aac

In like manner from the screw on U 

0, 0, 1, 0, 0, 0

we obtain

+ a-j/j = az0 - bz0 - l32;

+ bys = pi + ;

- cry = bx„ - cx0 — I2;

- ay2 = — az3 — bz0 - l3;

- byt = p2 - b2;

- c-rf = bx0 + C«o — I2.

for ->), weIntroducing these into the equations 

azy-bzy-ls2 B

have

&+ps_A 
b ~A

az0 + bz3 4-12 

a

b‘‘~P2--A' 
b ~A

(iz q • bzü l32 

a

„ az0 + bz0 + li2 

a

— cx0

c

aza — bz0 —ls2
+ B‘ 

a

az,, + bz0 + ls2 

a

a

— bx„ — cXf, + (2

c

(iZq bz0 l32 (iz q  4- bZfi -f~ l3 

a a

Thus we have eight equations while there are nine co-ordinates of the 

rigid body. This ambiguity was, however, to be expected because, as proved 

in § 306, there is a singly infinite number of rigid bodies which stand to the 

two cylindroids in the desired relation.

The equations, however, contain one short of the total number of co­

ordinates ; æ0, y0, zQ, (2, I.2, l32, p2, p2 are all present but p2 is absent.
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Hence from knowing the two cylindroids eight of the co-ordinates of 

the rigid body are uniquely fixed while the ninth remains quite indeter­

minate. Every value for p32 will give one of the family of rigid bodies for 

which the desired condition is fulfilled.

We have already deduced geometrically (§ 306) the relations of these 

rigid bodies. We now obtain the same results otherwise.

The rnomental ellipsoid around the centre of gravity has as its 

equation

- ®0)2 p/ + (y - y„)2 p2 + (z - ^0)2 p32 - 2 (y - y0) (z - z„) I2

- 2 (z - z0) (« - «„) l22 - 2 (a; - «„) (y - y0~) la2 - (yxa - xy0)2

- (zy„ - yztl)2 - (a:z0 - zxtf = k1.

This may be written in the form

where p32 does not enter into R.

As p32 varies this equation represents a family of quadrics which have 

contact along the section of R = 0 by the plane z — z„ - 0. This proves 

that a plane through the common centre of gravity and parallel to the 

principal plane of the cylindroid U passes through the conic along which 

the rnomental ellipsoids of all the different possible bodies have contact. All 

these quadrics touch a common cylinder along this conic. The infinite point 

on the axis of this cylinder is the pole of the plane z — z3 = 0 for each quadric. 

Every chord parallel to the axis of the cylinder passes through this pole 

and is divided harmonically by the pole and the plane z — z3 = 0. As the 

pole is at infinity it follows that in every quadric of the system a chord 

parallel to the axis of the cylinder is bisected by z — z3. Hence a diameter 

parallel to the axis of the cylinder is conjugate to the plane z — ztt in every 

one of the quadrics. Thus by a different method we arrive at the theorems 

of § 306.

334. The Double Correspondents on Two Cylindroids.

Referring to the remarkable homography between the impulsive screws 

on one cylindroid V and the corresponding instantaneous screws on another 

cylindroid R we have now another point to notice.

If the screws on U were the impulsive screws, while those on V were the 

instantaneous screws, there would also have been a unique homography, the 

rigid bodies involved being generally distinct.

But of course these homographies are in general quite different, that is to 

say, if J. be a screw in U the instantaneous cylindroid, and B be its corre­

spondent in V the impulsive cylindroid, it will not in general be true that if
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A be a screw in U the impulsive cylindroid, then B will be its instantaneous 

screw in V the instantaneous cylindroid.

It is however to be now shown that there are two screws H1 and 011 U, 
and their correspondents Æj and K2 on V, which possess the remarkable 

characteristic that whether V be the impulsive cylindroid and U the instan­

taneous cylindroid or vice versa, in either case ll\ and K, are a pair of corre­

spondents, and so are II2 and K2.

Let B2, B2, B3, &c . be the screws on Ü corresponding severally to the 

screws Alt A2, A3, &c., on V when V is the impulsive cylindroid and U the 

instantaneous cylindroid.

Let Cj, C2, C3, &c., be the screws on U corresponding severally to the 

screws A2, A2, A3, &c., on V when U is now the impulsive cylindroid, and V 

the instantaneous cylindroid.

The systems Alt A2, A3, &c., and Blt B2, B3, &c., are homographic.

The systems C1; C2, C3, &c., and Alt A2, A3, &c., are homographic.

Hence also,

The systems B,, B2, B3, &c., and Cj, C2, Cs, &c. are homographic.

Let H3, H2 be the two double screws on Ü belonging to this last homo- 

graphy, then their correspondents Klt K2 on V will be the same whether U 

be the impulsive cylindroid and V the instantaneous cylindroid or vice versa.

There can be no other pairs of screws on the two cylindroids possessing 

the same property.

335. A Property of Co-reciprocals.

Let a, ß, 7 be any three co-reciprocal screws. If £ £ are the three 

screws on which impulsive wrenches would cause a free rigid body to twist 

about a, ß, y respectively, then

cos (a£) cos (/Si?) c o s  (?£) + cos (a£) cos ßg) cos (7^) = 0.

We have from § 281 the general formula

- sfe) °“ <*’+“s
but as a and ß are reciprocal each side of this equation must be zero. We 

thus have

—cos (ßß =------ -/3p- cos (a£),
cos (aß x 7 cos (ßß
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a n d  s i m i l a r l y ,
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— c o s  ( y £ )  = - - - - - c o s  (ßt;),
c o s ( 8 £ )  c o s ( y f ) W b / ’

- ,1 c o s  ( a £ )  = - - - - - - c o s  ( y j ? ) ,
c o s ( y ø  v c o s  ( a ? ; )  v / ’

w h e n c e  w e  o b t a i n

c o s  ( a f )  c o s  ( / S ^ )  c o s  ( 7 ^ )  +  c o s  ( a f )  c o s  ( / 3 f )  c o s  ( y ? ; )  =  0 ,  

f o r  i t  i s  s h o w n  i n  §  2 8 3  t h a t  p^ c o s  (ap) o r  t h e  o t h e r  s i m i l a r  e x p r e s s io n s  c a n  

n e v e r  b e  z e r o .

336. Instantaneous Screw of Zero Pitch.

L e t  a  b e  a n  i n s t a n t a n e o u s  s c r e w  o f  z e r o  p i t c h . L e t  t w o  o f  t h e  c a n o n i c a l  

c o - r e c i p r o c a l s  l i e  o n  a ,  t h e n  t h e  c o - o r d in a t e s  o f  a a r e

I , 1  0 , 0 , 0 , 0 .

T h e  c o - o r d i n a t e s  o f  t h e  i m p u l s i v e  s c r e w  y a r e  g i v e n  b y  t h e  f o r m u la e  o f  

§  3 2 6  w h i c h  s h o w  t h a t

n  2 ^ 0  2 w „
Vi +  %  =  0 ; % + y4 =----------- ; + % = + .

6  6

W e  t h u s  h a v e

( « 1  +  a 2 )  (ph +  % )  +  ( a 3  +  « 4 )  ( %  +  Tji) +  ( a 5  +  a 6 )  ( %  +  = 0,

w h i c h  p r o v e s  w h a t  w e  a l r e a d y  k n e w ,  n a m e l y ,  t h a t  a  a n d  y a r e  a t  r i g h t  a n g l e s  

( §  2 9 3 ) .

W e  a l s o  h a v e

y» (% + %) + z„ ( i ? 5  +  -  0 ,

w h i c h  p r o v e s  t h e  f o l l o w i n g  t h e o r e m  :

I f  t h e  i n s t a n t a n e o u s  s c r e w  h a v e  z e r o - p i t c h  t h e n  t h e  c e n t r e  o f  g r a v i t y  o f  

t h e  b o d y  l i e s  i n  t h e  p l a n e  t h r o u g h  t h e  i n s t a n t a n e o u s  s c r e w  a n d  p e r p e n d i c u l a r  

t o  t h e  i m p u l s i v e  s c r e w .

337. Calculation of a Pitch Quadric.

I f  a, ß, y b e  t h r e e  i n s t a n t a n e o u s  s c r e w s  i t  i s  r e q u i r e d  t o  f i n d  w i t h  r e s p e c t  

t o  t h e  p r i n c i p a l  a x e s  t h r o u g h  t h e  c e n t r e  o f  g r a v i t y ,  t h e  e q u a t i o n  t o  t h e  p i t c h  

q u a d r i c  o f  t h e  t h r e e - s y s t e m  w h i c h  c o n t a i n s  t h e  t h r e e  i m p u l s i v e  s c r e w s  c o r r e ­

s p o n d in g  r e s p e c t i v e l y  t o  a, ß, y. T h e  c o - o r d i n a t e s o f t h e s e  s c r e w s  a r e  

e x p r e s s e d  w i t h  r e f e r e n c e  t o  t h e  s i x  p r i n c ip a l s c r e w s  o f  i n e r t i a .

W e  m a k e  t h e  f o l l o w i n g  a b b r e v i a t i o n s :

A = a3 ( a , 2  -  a 2 2 )  +  b3 ( a 3 2  -  a , 2 )  +  c 3  ( a 5 2  -  a 6 2 ) ,

B = a3 (ß^-ß.ß) + b3 (ß^ - ß*) + c3 (ß* - ßß

C=a3 ( 7 ?  -  7 / )  +  b3 (y33 - 7 ? )  +  c s  ( 7 . ,2  -  7 ( j 2 ) ;



[337366 THE THEORY OF SCREWS.

The required equation is then as follows:

0 =

C

Q + LyaA, 

R + Laß, 

Q + Lay i

— R + Lßa, 

B, 

P + Lßy,

P = + bcx ((& - /%) (ys - 74) - (ß3 - ßß (7u - y6)), 

+ ((?5 - 7s) (Ä - ßß - (?1 - 7s) (Æi - Ä))>

+ abz «7, - y2) (/3S - ßß - (ft - ßß (y3 - y4));

Q = + box ((a3 - a4) (y5 - 76) - (as - a6) (y3 - ?4)), 

+ acy ((7x - y2) (a6 - a6) - («> - a2) (<y6 - y6)), 

+ abz ((otj - a2) (y3 - 74) - (a3 - a4) (71 - y2)) ;

R = + bcx ((a5 - a6) (ßs - ft) - (a3 - a4) (& - ßß\ 

+ acy ((«! - a2) (ß5- ßß - (ß, - ßß (a5 - a6)), 

+ abz ((& - ßß (a3 - a4) - (a, - a2) (ß3 - ßß);

= a3 (ax + a2) (ft - ßß + bs (a3 + aj (ß3 - ßß + cs (a6 + a6) (ß5 - ßt), 

Lßa = a3 (Ä + ßz) (aj - a2) + b3 (ß3 + ß4) (a3 - a4) + c3 (ß5 + ß«) (a5 - a6);

Lay = a3 (a, + a2) (yj - y2) + b3 (a3 + a4) (y3 - y4) + c3 (a5 + a6) (<yä - y6), 

Lya = a3 <7i + 72) («j - a2) + b3 (ys + 7,) (a3 - a4) + c3 (y5 + ys) (a6 - a6);

Lßy = a3 (ß4 + ß2~) (71 - y2) + b3 (ß3 + ßß (y3 - yß + c3 (ß, + ßß (y5 - yß, 

Lyß = a3 (y4 + yß (ß4 - ßß + b3 (y3 + yß (ß3 - ßß + c3 (y5 + y6) (ß, - ßß.



CHAPTER XXIV.

THE THEORY OF SCREW-CHAINS*.

338. Introduction.

In the previous investigations of this volume the Theory of Screws has 

been applied to certain problems in the dynamics of one rigid body. I 

propose to show in the present chapter to what extent the conceptions 

and methods of the Theory of Screws may be employed to elucidate certain 

problems in the dynamics of any material system whatever.

By such a system I mean an arbitrary arrangement of /z rigid bodies 

of any form or construction, each body being either entirely free or con­

strained in any manner by relations to fixed obstacles or by connexions 

of any kind with one or more of the remaining — 1 pieces.

For convenience we may refer to the various bodies in the system by 

the respective numerals 1,2,.../,. This numbering may be quite arbitrary, 

and need imply no reference whatever to the mechanical connexions of 

the pieces. Die entire set of material parts I call for brevity a mass-chain, 

and the number of the bodies in a mass-chain may be anything from unity 

to infinity.

I write, as before, of only small movements, but even with this limitation 

problems of equilibrium, of small oscillations and of impulsive movements 

are included. By the order of the freedom of the mass-chain, I mean the 

number of generalized co-ordinates which would bo required to specify a 

position which that mass-chain was capable of assuming. The order cannot 

be less than one (if the mass-chain be not absolutely fixed), while if each 

element of the mass-chain be absolutely free, the order will be as much 

as 6/z.

Starting from any arbitrary position of the mass-chain, let it receive a 

small displacement. Each element will be displaced from its original 

position to an adjacent position, compatible of course with the conditions

Transactions Royal Irish Acad. Vol. xxvm. p. 99 (1881).
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imposed by the constraints. The displacement of each element could, 

however, have been effected by a twist of appropriate amplitude about a 

screw specially correlated to that element. The total effect of the displace­

ment could, therefore, have been produced by giving each element a certain 

twist about a certain screw.

339. The Graphic and Metric Elements.

In the lowest type of freedom which the mass-chain can possess (short 

of absolute fixity) the freedom is of the first order, and any position of 

the mass-chain admits of specification by a single co-ordinate. In such a 

case the screw appropriate to each element is unique, and is completely 

determined by the constraints both in position and in pitch. The ratio 

of the amplitude of each twist to the amplitudes of all the other twists is 

also prescribed by the constraints. The one co-ordinate which is arbitrary 

may be conveniently taken to be the amplitude of the twist about the 

first screw. To each value of this co-ordinate will correspond a possible 

position of the mass-chain. As the ratios of the amplitudes are all known, 

and as the first amplitude is given, then all the other amplitudes are known, 

and consequently the position assumed by every element of the mass-chain 

is known.

The whole series of screws and the ratios of the amplitudes thus embody 

a complete description of the particular route along which the mass-chain 

admits of displacement. The actual position of the mass-chain is found 

by adding to the purely graphic element which describes the route a metric 

element, to indicate the amplitude through which the mass-chain has 

travelled along that route. This amplitude is the arbitrary co-ordinate.

340. The Intermediate Screw.

It will greatly facilitate our further progress to introduce a conventional 

process, which will clearly exhibit the determinate character of the ratios 

of the amplitudes in the screw series. Consider the two first screws, ax and a2 

of the series. Draw the cylindroid (a,, a2) which contains these two screws. 

Since ctj and a2 are appropriated to two different elements of the mass-chain, 

no kinematical significance can be attached to the composition of the two 

twists on a, and a2. If, however, the two twists on «1 and a2, having the 

proper ratio of amplitudes, had been applied to a single rigid body, the dis­

placement produced is one which could have been effected by a single 

twist about a single screw on the cylindroid (a1: a2). If this inter­

mediate screw be given, the ratio of the amplitudes of the twists on 

the given screws is determined. It is in fact equal to the ratio of the 

sines of the angles into which the intermediate screw divides the angle 

between the two given screws. With a similar significance we may conceive an 

intermediate screw inserted between every consecutive pair of the p original 

screws.
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341. The definition of a Screw-chain.

It will be convenient to have a name which shall concisely express the 

entire senes of p original screws with the p - 1 intermediate screws whose 

function in determining the amplitudes has just been explained. We may 

call it a screw-chain. A twist about a screw-chain will denote a displace­

ment of a mass-chain, produced by twisting each element about the 

corresponding screw, through an amplitude whose ratio to the amplitudes 

on the two adjacent screws is indicated by the intermediate screws. The 

amplitude of the entire twist will, as already mentioned, be most conveniently 

expressed by the twist about the first screw of the chain. We hence have 

the following statement:—■

The most general displacement of which a mass-chain is capable can be 

produced by a twist about a screw-chain.

342. Freedom of the first order.

Given a material system of p elements more or less connected inter se, 

or related to fixed points or supports : let it be required to ascertain the 

freedom which this material system or mass-chain enjoys. The freedom is to be 

tested by the capacity for displacement which the mass-chain possesses. As 

each such displacement is a twist about a screw-chain, a complete examina­

tion of the freedom of the mass-chain will require that a trial be made to 

twist the mass-chain about every screw-chain in space which contains the 

right number of elements p. If in the course of these trials it be found that 

the mass-chain cannot be twisted about any screw-chain, then the system 

is absolutely rigid, and has no freedom whatever. If after all trials have 

been made, one screw-chain, and only one, has been discovered, then the 

mass-chain has freedom of the first order, and we have the result thus 
stated:—

When a mass-chain is so limited by constraints, that its position can be 

expressed by a single co-ordinate, then the mass-chain is said to have freedom 

of the first order, and its possible movements are solely those which could be 

accomplished by twisting about one definite screw-chain.

By this method of viewing the question we secure the advantage of 

eliminating, as it were, the special characters of the constraints. The 

essential moving parts of a steam-engine, for example, have but one degree 

of freedom. Each angular position of the fly-wheel necessarily involves a 

definite position of all the other parts. A small angular motion of the fly­

wheel necessarily involves a definite small displacement of each of the 

other parts. Complicated as the mechanism may be, it is yet always possible 

to construct a screw-chain, a twist about which would carry each element 

from its original position into the position it assumes after the displacement 

has been effected.

b . 24
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343. Freedom of the second order.

Suppose that after one screw-chain has been discovered, about which the 

mass-chain can be twisted, the search is continued until another screw-chain 

is detected of which the same can be asserted. We are now able to show, 

without any further trials whatever, that there must be an infinite number 

of other screw-chains similarly circumstanced. For, compound a twist of 

amplitude a on one chain, a, with the twist of amplitude ß' on the other, ß. 

The position thus attained could have been attained by a twist about some 

single chain 7. As a and ß' are arbitrary, it is plain that 7 can be only one 

of a system of screw-chains at least singly infinite in number about which 

twisting must be possible.

The problem to be considered may be enunciated in a somewhat more 

symmetrical manner, as follows:—

To determine the relations of three screw-chains, a, ß, y, such that if 

a mass-chain be twisted with amplitudes a', ß', y, about each of these screw­

chains in succession, the mass-chain will regain the same position after the 

last twist which it had before the first.

This problem can be solved by the aid of principles already laid down 

(Chap. 11.). Each element of the mass-chain receives two twists about 

a and ß; these two twists can be compounded into a single twist about 

a screw lying on the cylindroid defined by the two original screws. We 

thus have for each element a third screw and amplitude by which the required 

screw-chain y and its amplitude y' can be completely determined.

A mass-chain free to twist to and fro on the chains a and ß will therefore 

be free to twist to and fro on the chain y. These three chains being known, 

we can now construct an infinite number of other screw-chains about which 

the mass-chain must be also able to twist.

Let 8 be a further screw-chain of the system, then the screws ßlt ylt 

which are the four first screws of the four screw-chains must be co- 

cylindroidal; so must a2) ß2, y.2, 82 and each similar set. We thus have 

cylindroids determined by the two first chains, and each screw of every chain 

derived from this original pair will lie upon tho corresponding cylindroid. 

We have explained (§ 125) that by the anharmonic ratio of four screws on 

a cylindroid we mean the anharmonic ratio of a pencil of four lines parallel 

to these screws. If we denote the anharmonic ratio of four screws such as 

«i, ßi, 7i, S, by the symbol

[“1, ßi, y1; 8J, 

now demonstrated is that

7a, SJ = &c. = [aM, ß», yM,

then the first theorem to be 

[ai> ßi> Yi, SJ = [s2,

or that the anharmonic ratio of each group is the same.
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This important proposition can be easily demonstrated by the aid of 

fundamental principles.

The two first chains, a and ß, will be sufficient to determine the entire 

series of cylindroids. When the third chain, 7, is also given, the construction 

of additional chains can proceed by the anharmonic equality without any 

further reference to the ratios of the amplitudes.

When any screw, 8j, is chosen arbitrarily on the first cylindroid, then 

82, 831 &c ., ... are all determined uniquely; for a twist about can be 

decomposed into twists about a, and ß^. The amplitudes of the twists on 

ctj and ß-i determine the amplitudes on a2 and ßs by the property of the 

intermediate screws which go to make up the screw-chains, and by com­

pounding the twists on a2 and /32 we obtain 82. If any other screw of the 

series, for example, X,, had been given, then it is easy to see that 8, and 

all the rest, 83,... 8^, are likewise determined. Thus for the two first 

cylindroids, we see that to any one screw on either corresponds one screw 

on the other.

If one screw moves over the first cylindroid then its correspondent will 

move over the second and it will now be shown that these two screws trace 

out two homographic systems. Let us suppose that each screw is specified 

by the tangent of the angle which it makes with one of the principal screws 

of its cylindroid. Let 0lt fa be the angles for two corresponding screws 

on the first and second cylindroids, then we must have some relation which 

connects tan and tan^. But this relation is to be consistent with the 

condition that in every case one value of tan 0, is to correspond to one 

value of tan<£x, and one value of tan fa to one value of tan öj.

If for brevity we denote tan 01 by x and tan fa by x then the geometrical 

conditions of the system will give a certain relation between x and x. The 

one-to-one condition requires that this relation must be capable of being 

expressed in either of the forms

x=U'x' — Ü, 

where U' is some function of x' and where Ü is a function of x. From the 

nature of the problem it is easily seen that these functions are algebraical 

and as they must be one valued they must be rational. If we solve the first 

of these equations for x the result that we obtain cannot be different from 

the second equation. The first equation must therefore contain x' only in the 

first degree in the form (see Appendix, Note 7)

The relation between tan 0, and tan fa will therefore have the form which 

may generally be thus expressed,

a tan (9, tan fa + b tan + c tan fa + d = 0.

24—2
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Let 02, 02, 0t be the angles of four screws on the first cylindroid, then the 

anharmonic ratio will be

sin (04 — 02) sin (03 — 0ß 

sin (04 — 03) sin (02 — 0ß '

From the relation just given between tan 0lt tan </>,, which applies of course 

to the other corresponding pair, it will be easily seen that this anharmonic 

ratio is unaltered when the angles cj>2, &c., are substituted for 0lt 02, &c.

We have, therefore, shown that the anharmonic ratio of four screws on 

the first cylindroid is equal to that of the four corresponding screws on the 

second cylindroid, and so on to the last of the cylindroids.

As soon, therefore, as any arbitrary screw has been chosen on the first 

cylindroid, we can step from one cylindroid to the next, merely guided in 

choosing 32, 83, &c., by giving a constant value to the anharmonic ratio of 

the screw chosen and the three other collateral screws on the same cylindroid. 

Any number of screw-chains belonging to the system may be thus readily 

constructed.

This process, however, does not indicate the amplitudes of the twists 

appropriate to 8,, 82, &c. One of these amplitudes may no doubt be

chosen arbitrarily, but the rest must be all then determined from the 

geometrical relations. We proceed to show how the relative values of these 

amplitudes may be clearly exhibited.

The first theorem to be proved is that in the three screw-chains a, ß, y 

the screws intermediate to a2 and a.,, to ßT and ß2, to y, and y2 are co- 

cylindroidal. This important step in the theory of screw-chains can be 

easily inferred from the fundamental property that three twists can be 

given on the screw-chains a, ß, y, which neutralize, and that consequently 

the three twists on the screws alt ß1} y3 will neutralize, as will also those 

on a2, ß2, y2. These six twists must neutralize when compounded in any 

way whatever. We shall accordingly compound and a2 into one twist 

on their intermediate screw, and similarly for ß2 and ß2, and for and y2. 

We hence see that the three twists about the three intermediate screws 

must neutralize, and consequently the three intermediate screws must be 

co-cylindroidal.

We thus learn that in addition to the several cylindroids containing the 

primary screws of each of the system of screw-chains about which a mass­

chain with two degrees of freedom can twist, there are also a series of 

secondary cylindroids, on which will lie the several intermediate screws of 

the system of screw-chains.

If 8, be given, then it is plain that the intermediate screw between S, 

and 82, as well as all the other screws of the chain and their intermediate
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screws, can be uniquely determined. If, however, the intermediate screw 

between 8, and 82 be given, the entire chain 3 is also determined, yet it is 

not immediately obvious that that determination is unique. We can, however, 

show as follows that this is generally the case.

Let 812 denote the given intermediate screw, and let this belong, not 

only to the chain 81; S3, &c., but to another chain 8/, 8/, &c. We then 

have 8lt S12, 8., co-cylindroidal, and also 8/, 312, &/ co-cylindroidal. Decom­

pose any arbitrary twist of amplitude 6 on S12 into twists on 3, and 82, and a 

twist of amplitude — Ö on the same S12 into twists on and ö2. Then the 

four twists must neutralize; but the two twists on and compound into 

a twist on a screw on the first cylindroid of the system; and 32 and o2 into 

a twist on the second cylindroid of the system; and as these two resultant 

twists must be equal and opposite, it follows that they must be on the same 

screw, and that, therefore, the cylindroids belonging to the first and second 

elements of the system must have a common screw. It is, however, not 

generally the case that two cylindroids have a common screw. It is only true 

when the two cylindroids are themselves included in a three-system, this 

could only arise under special circumstances, which need not be further con­

sidered in a discussion of the general theory.

It follows from the unique nature of the correspondence between the 

intermediate cylindroids and the primary cyl indroids that one screw on any 

cylindroid corresponds uniquely to one screw on each of the other cylindroids; 

the correspondence is, therefore, homographic.

We have now obtained a-picture of the freedom of the second order of the 

most general type both as to the material arrangement and the character of 

the constraints: stating summarily the results at which we have arrived, 

they are as follows:—

A mass-chain of any kind whatever receives a small displacement. This 

displacement is under all circumstances a twist about a screw-chain. If 

the mass-chain admits of a displacement by a twist about a second screw­

chain, then twists about an infinite number of other screw-chains must also 

be possible. To find, in the first place, a third screw-chain, give the mass­

chain a small twist about the first chain; this is to be followed by a small 

twist about the second chain: the position of the mass-chain thus attained 

could have been reached by a twist about a third screw-chain. Lhe system 

must, therefore, be capable of twisting about this third screw-chain. When 

three of the chains have been constructed, the process of finding the re­

mainder is greatly simplified. Each element of the mass-chain is, in each 

of the three displacements just referred to, twisted about a screw. Ihese 

three screws lie on one cylindroid appropriate to the element, and there are 

just so many of these cylindroids as there are elements in the mass-chain.
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Between each two screws of a chain lies an intermediate screw, introduced 

for the purpose of defining the ratio of the amplitudes of the two screws of 

the chain on each side of it. In the three chains two consecutive elements 

will thus have three intermediate screws. These screws are co-cylindroidal. 

We thus have two series of cylindroids: the first of these is equal in number 

to the elements of the mass-chain (^u.), each cylindroid corresponding to one 

element. The second series of cylindroids consists of one less than the 

entire number of elements (u. - 1). Each of these latter cylindroids corre­

sponds to the intermediate screw between two consecutive elements. An 

entire screw-chain will consist of /z primary screws, and /x—1 intermediate 

screws. To form such a screw-chain it is only necessary to inscribe on each 

of the 2/z, — 1 cylindroids a screw which, with the other three screws on that 

cylindroid, shall have a constant anharmonic ratio. Any one screw on any 

one of the 2/z — 1 cyliudroids may be chosen arbitrarily; but then all the 

other screws of that chain are absolutely determined, as the anharmonic 

ratio is known. The mass-chain which is capable of twisting about two 

screw-chains cannot refuse to be twisted about any other screw-chain con­

structed in the manner just described. It may, however, refuse to be 

twisted about any screw-chains not so constructed; and if so, then the 

mass-chain has freedom of the second order.

344. Homography of Screw-systems.

Before extending the conception of screw-chains to the examination of 

the higher orders of freedom, it will be necessary to notice some extensions 

of the notions of homography to the higher orders of screw systems. On 

the cylindroid the matter is quite simple. As we have already had occasion 

to explain, we can conceive the screws on two cylindroids to be homo- 

graphically related, just as easily as we can conceive the rays of two plane 

pencils. Ihe same ideas can, however, be adapted to the higher systems 

of screws the 3rd, the 4th, the 5th—while a case of remarkable interest 

is presented in the homography of two systems of the 6th order.

Ihe homography of two three-systems is completely established when to 

each screw on one system corresponds one screw on the other system, and 

conversely. We can represent the screws in a three-system by the points 

in a plane (see Chap. XV.). We therefore choose two planes, one for each 

of the three-systems, and the screw correspondence of which we are in 

search is identical with the homographic point-correspondence between the 
two planes.

We have already had to make use in § 317 of the fundamental property 

that when four pairs of correspondents in the two planes are given then 

the correspondence between every other pair of points is determined by
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rigorous construction. Any fifth point in one plane being indicated, the 

fifth point corresponding thereto in the other plane can be determined. 

It therefore follows that when four given screws on one three-system are 

the correspondents of four indicated screws on the other system, then the 

correspondence is completely established, and any fifth screw on one system 

being given, its correspondent on the other is determined.

345. Freedom of the third order.

We are now enabled to study the small movements of any mass-chain 

which has freedom of the third order. Let such a mass-chain receive 

any three displacements by twists about three screw-chains. It will, of 

course, be understood that these three screw-chains are not connected in 

the specialized manner we have previously discussed in freedom of the 

second order. In such a case the freedom of the mass-chain would be of 

the second order only and not of the third. The three screw-chains now 

under consideration are perfectly arbitrary; they may differ in every con­

ceivable way, all that can be affirmed with regard to them is that the 

number of primary screws in each chain must of course be equal to /x, 

i.e. to the number of material elements of which the mass-chain consists.

It may be convenient to speak of the screws in the different chains which 

relate to the same element (or in the case of the intermediate screws, the 

same pair of elements) as homologous screws. Each set of three homologous 

screws will define a three-system. Compounding together any three twists 

on tile screw-chains, we have a resultant displacement which could hav© 

been effected by a single twist about a fourth screw-chain. The first theorem 

to be proved is, that each screw in this fourth screw-chain must belong to the 

three-system which is defined by its three homologous screws.

So far as the primary screws are concerned this is immediately seen. 

Each element having been displaced by three twists about three screws, the 

resultant twist must belong to the same three-system, this being the im­

mediate consequence of the definition of such a system. Nor do the inter­

mediate screws present much difficulty. It must be possible for appropriate 

twists on the four screw-chains to neutralize. The four twists which the 

first element receives must neutralize: so must also the four twists imparted 

to the second element. These eight twists must therefore neutralize, 

however they may be compounded. laking each chain separately, these 

eight twists will reduce to four twists about the four intermediate screws: 

these four twists must neutralize; but this is only possible if the four 

intermediate screws belong to a three-system.

On each of g primary three-systems, and on each of g -1 intermediate 

three-systems four screws are now supposed to be inscribed. We are to
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determine a fifth screw about which the system even though it has only 

freedom of the third order, must still be permitted to twist.

To begin with we may choose an arbitrary screw in any one of the three- 

systems. In the exercise of this choice we have two degrees of latitude; 

but once the choice has been made, the remainder of the screw-chain is 

fixed by the following theorem :—

If each set of five homologous screws of five screw-chains lies on a three- 

system, and if a mass-chain be free to twist about four of these screw-chains, 

it will also be free to twist about the fifth, provided each set of homologous 

screws is homographic with every other set.

Let 3 denote the fifth screw-chain. If be chosen arbitrarily on the 

three-system which included the first element, then a twist about 8, can 

be decomposed into three twists on a,, ßlt yv By the intermediate screws 

these three twists will give the amplitudes of the twists on all the other 

screws of the chains a, ß, y, and each group of three homologous twists 

being compounded, will give the corresponding screws on the chain 8. We 

thus see that when is given, 82, &c., are all determinate. It is also

obvious that if S2, or any other primary screw of the chain, were given, then 

all the other screws of the chain would be determined uniquely.

If, however, an intermediate screw, S12, had been given, then, although 

the conditions are, so far as number goes, adequate to the determination of 

the screw-chain, it will be necessary to prove that the determination is 

unique. This is proved in the same manner as for freedom of the second 

order (§ 343). If there were two screw-chains which had the same inter­

mediate screw, then it must follow that the two primary three-systems must 

have a common screw, which is not generally the case.

We have thus shown that when any one screw of the chain 8, whether 

primary or intermediate, is given, then all the rest of the screws of the 

chain are uniquely determinate. Each group of five homologous screws must 

therefore be homographic.

It is thus easy to construct as many screw-chains as may be desired, 

about which a mass-chain which has freedom of the third order must be 

capable of twisting. It is only necessary, after four chains have been 

found, to inscribe an arbitrary screw on one of the three-systems, and then 

to construct the corresponding screw on each of the other homologous 
systems.

In choosing one screw of the chain we have two degrees of latitude: we 

may, for example, move the screw chosen over the surface of any cylindroid 

embraced in the three-system: the remaining screws of the screw-chain, 

primary and intermediate, will each and all move over the surface of corre­

sponding cylindroids.
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If the mass-chain cannot be twisted about any screw-chain except those 
we have now been considering, then the mass-chain is said to have freedom 
of the third order. If, however, a fourth screw-chain can be found, about 
which the system can twist, and if that screw-chain does not belong to the 
doubly infinite system just described, then the mass-chain must have freedom 
of at least the fourth order.

346. Freedom of the fourth order.

The homologous screws in the four screw-chains about which the mass­
chain can twist form each a four-system. All the other chains which can 
belong to the system must consist of screws, one of which lies on each of the 
four-systems.

It will facilitate the study of the homography of two four-systems to 
make use of the analogy between the homography of two spaces and the 
homography of two four-systems as already we had occasion to do in § 317. 
A screw in a four-system is defined by four homogeneous co-ordinates 
whereof only the ratios are significant. Each screw of such a system can 
therefore be represented by one point in space. The homography of two 
spaces will be completely determined if five points, a, b, c, d, e in one space, 
and the five corresponding points in the other space, a, b', c', d', e are 
given.

From the four original screw-chains we can construct a fifth by com­
pounding any arbitrary twists about two or more of the given chains. When 
five chains have been determined, then, by the aid of the principle of homo­
graphy, we can construct any number.

That each set of six homologous screws is homographic with every other 
set can be proved, as in the other systems already discussed. With respect 
to the intermediate screws a different proof is, however, needed to show 
that when one of these screws is given the rest of the chain is uniquely de­
termined. The proof we now give is perhaps simpler than that previously 
used, while it has the advantage of applying to the other cases as well. Let 
a, ß, 7, 8 be four screw-chains, and let ej«, an intermediate screw of the 
chain e, be given. We can decompose a twist on e]2 into components of 
definite amplitude on a12, ß12, y12, 8]2. The first of these can be decomposed 
into twists on a, and a2; the second on ß2 and ß2, &c. Finally, the four 
twists on alt Ä, ylr can be compounded into one twist, e,, and those on 
a2, ß2, y2, compounded into a twist on e2. In this way it is obvious that 
when e12 is given, then ex and e2 are uniquely determined, and of course the 
same reasoning applies to the whole of the chain. We thus see that when 
any screw of the chain is known, then all the rest are uniquely determined, 
and therefore the principle of homography is applicable.
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In the choice of a screw-chain about which a mass-chain with four 

degrees of freedom can twist there are three arbitrary elements. We may 

choose as the first screw of the chain any screw from a given four-system.

If one screw of the chain be moved over a two-system, or a three-system 

included in the given four-system, then every other screw of the chain will 

also describe a corresponding two-system or three-system.

347. Freedom of the fifth order.

In discussing the movements of a system which has freedom of the fifth 

order, the analogies which have hitherto guided us appear to fail. Homo­

graphic pencils, planes, and spaces have exhibited graphically the relations 

of the lower degrees of freedom; but for freedom of the fifth degree these 

illustrations are inadequate. No real difficulty can, however, attend the 

extension of the principles we have been considering to the freedom of the 

fifth order. We can conceive that two five-systems are homographically 

related, such that to each screw on the one corresponds one screw on the 

other, and conversely. To establish the homography of the two systems it 

will be necessary to know the six screws on one system which correspond to 

six given screws on the other: the screw in either system corresponding to 

any seventh screw in the other is then completely determined.

In place of the methods peculiar to the lower degrees of freedom, we 

shall here state the general analytical process which is of course available in 

the lower degrees of freedom as well,

A screw 9 in a five-system is to be specified by five co-ordinates dlt d2, da, 

di, d6. These co-ordinates are homogeneous; but their ratios only are con­

cerned, so they are equivalent to four data. The five screws of reference 

may be any five screws of the system. Let </> be the screw of the second 

system which is to correspond to d in the first system. The co-ordinates of 

may be referred to any five screws chosen in the second system. It will 

thus be seen that the five screws of reference for are quite different from 

those of d.

The geometrical conditions expressing the connection between </> and d 

will give certain equations of the type

cf>2= U2-, ^>5=US,

where Ult U5 are homogeneous functions of d2, 0S. These equations

express that one d determines one <p. As however one <[> is to determine one 

d we must have also equations of the type

di=U'- 02=U2’-, ds=U5,

where Ux', Us' are functions of </>,,

From the nature of the problem these functions are algebraical and as 

they must be one valued they must be rational functions. We have therefore
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a  c a s e  o f  “ R a t i o n a l T r a n s f o r m a t i o n ”  ( s e e  S a l m o n ’ s  Higher Plane Curves, 

C h a p . V I I I . ) . T h e  t h e o r y  i s  h o w e v e r h e r e  m u c h  s i m p l i f i e d . I n  t h i s  c a s e  

n o n e  o f  t h e  s p e c i a l  s o l u t i o n s  a r e  a d m i s s i b l e  w h i c h  p r o d u c e  t h e  c r i t i c a l  c a s e s .  

C o n s i d e r  t h e  e q u a t i o n s  U2=0, P5 = 0. T h e y  w i l l g i v e  a  n u m b e r o f  

s y s t e m s  o f  v a l u e s  f o r 0lr 0B e q u a l t o  t h e  p r o d u c t o f  t h e  d e g r e e s  o f  

U2, UB. E a c h  o f  t h e s e  0 s c r e w s  w o u l d  b e  a  c o r r e s p o n d e n t  t o  t h e  s a m e  

< / >  s c r e w  1 ,  0 ,  0 ,  0 ,  0 . B u t  i n  t h e  p r o b l e m s  b e f o r e  u s  t h i s  < £ a s  e v e r y  o t h e r  < / >  

c a n  h a v e  o n l y  o n e  c o r r e s p o n d e n t . H e n c e  a l l t h e  f u n c t i o n s  U\, U2, e t c .  

t f / , U2', e t c .  m u s t  b e  l i n e a r . W e  m a y  e x p r e s s  t h e  f i r s t  s e t  o f  e q u a t i o n s  t h u s :

=  ( 1 1 )  0, +  ( 1 2 )  0, +  ( 1 3 )  03 +  ( 1 4 )  0t +  ( 1 5 )  05,

<  / > 3  =  ( 2 1 )  0, +  ( 2 2 )  03 +  ( 2 3 )  03 +  ( 2 4 )  0t +  ( 2 5 )  0B,

<  / > 3  =  ( 3 1 )  0. +  ( 3 2 )  02 +  ( 3 3 )  03 +  ( 3 4 )  04 +  ( 3 5 )  0B,

&  =  ( 4 1 )  0, +  ( 4 2 )  02 +  ( 4 3 )  03 +  ( 4 4 )  0t +  ( 4 5 )  0B,

=  ( 5 1 )  0, +  ( 5 2 )  02 +  ( 5 3 )  03 +  ( 5 4 )  0, +  ( 5 5 )  0B.

F o r  t h e  s c r e w  < / >  t o  b e  k n o w n  w h e n e v e r  0 i s  g i v e n , i t  w i l l  b e  n e c e s s a r y  t o  

d e t e r m i n e  t h e  v a r i o u s  c o e f f i c i e n t s  ( 1 1 ) ,  ( 1 2 ) ,  & c . T h e s e  a r e  t o  b e  d e t e r m i n e d  

f r o m  a  s u f f i c i e n t  n u m b e r  o f  g i v e n  p a i r s  o f  c o r r e s p o n d i n g  s c r e w s . O f  t h e s e  c o ­

e f f i c i e n t s  t h e r e  a r e  i n  a l l  t w e n t y - f i v e . I f  w e  s u b s t i t u t e  t h e  c o - o r d i n a t e s  o f  o n e  

g i v e n  s c r e w  0, w e  h a v e  f i v e  l i n e a r  e q u a t i o n s  b e t w e e n  t h e  c o - o r d i n a t e s . O f  

t h e s e  e q u a t i o n s , h o w e v e r , w e  c a n  o n l y  t a k e  t h e  r a t i o s , f o r  e a c h  o f  t h e  c o ­

o r d i n a t e s  m a y  b e  a f f e c t e d  b y  a n  a r b i t r a r y  f a c t o r . E a c h  o f  t h e  g i v e n  p a i r s  

o f  s c r e w s  w i l l t h u s  p r o v i d e  f o u r e q u a t i o n s  t o  a i d  i n  d e t e r m i n i n g  t h e  c o ­

e f f i c i e n t s . S i x  p a i r s  o f  s c r e w s  b e i n g  g i v e n ,  w e  h a v e  t w e n t y - f o u r  e q u a t i o n s  

b e t w e e n  t h e  t w e n t y - f i v e  c o e f f i c i e n t s . T h e s e  w i l l b e  s u f f i c i e n t  t o  d e t e r m i n e  

t h e  r a t i o s  o f  t h e  c o e f f i c i e n t s . W e  t h u s  s e e  t h a t  b y  s i x  p a i r s  o f  s c r e w s  t h e  

h o m o g r a p h y  o f  t w o  f i v e - s y s t e m s  i s  t o  b e  c o m p l e t e l y  d e f i n e d . T o  a n y  s e v e n t h  

s c r e w  o n  o n e  s y s t e m  c o r r e s p o n d s  a  s e v e n t h  s c r e w  o n  t h e  o t h e r  s y s t e m ,  w h i c h  

c a n  b e  c o n s t r u c t e d  a c c o r d i n g l y .

348. Application of Parallel Projections.

I t w i l l , h o w e v e r , b e  d e s i r a b l e  a t t h i s  p o i n t t o  i n t r o d u c e  a  s o m e w h a t  

d i f f e r e n t p r o c e d u r e . W e  c a n  p r e s e n t t h e  s u b j e c t o f  h o m o g r a p h y  f r o m  

a n o t h e r  p o i n t  o f  v i e w ,  w h i c h  i s  s p e c i a l l y  a p p r o p r i a t e  f o r  t h e  p r e s e n t  t h e o r y .  

T h e  n o t i o n s  n o w  t o  b e  d i s c u s s e d  m i g h t  h a v e  b e e n  i n t r o d u c e d  a t  t h e  o u t s e t .  

I t w a s , h o w e v e r , t h o u g h t a d v a n t a g e o u s  t o  c o n c e n t r a t e  a l l t h e  l i g h t t h a t  

c o u l d  b e  o b t a i n e d  o n  t h e  s u b j e c t ; w e  t h e r e f o r e  u s e d  t h e  p o i n t - h o m o g r a p h y  

o f  l i n e s ,  o f  p l a n e s ,  a n d  o f  s p a c e s ,  s o  l o n g  a s  t h e y  w e r e  a p p l i c a b l e .

T h e  m e t h o d  w h i c h  w e  s h a l l  n o w  a d o p t i s  f o u n d e d  o n  a n  e x t e n s i o n  o f  

w h a t a r e  k n o w n  a s  “ p a r a l l e l  p r o j e c t i o n s ”  i n  S t a t i c s . W e  m a y  h e r e  r e c a l l
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the outlines of this theory, with the view of generalizing it into one adequate 

for our purpose.

We can easily conceive of two systems of corresponding forces in two 

planes. To each force in one plane will correspond one force in the other 

plane, and vice versa. To any system of forces in one plane will correspond 

a system of forces in the other plane. We are also to add the condition that 

if one force x vanishes, the corresponding force x will also vanish.

The fundamental theorem which renders this correspondence of im­

portance is thus stated :—

If a group of forces in one of the planes would equilibrate when applied 

to a rigid body, then the corresponding group of forces in the other plane 

would also equilibrate when applied to a rigid body.

Draw any triangle in each of these planes, then any force can be de­

composed into three components on the three sides of the triangle. Let 

x, y, z be the components of such a force in the first plane, and let x', yz' 

be the components of the corresponding force in the second plane; we must 

then have equations of the form

x' = ax + by + cz,

y' = a'x + b'y + c'z, 

z' = d'x + b"y + d'z,

where a, b, c, &c., are constants. These equations do not contain any terms 

independent of the forces, because x', y', z must vanish when x, y, z vanish. 

They are linear in the components of the forces, because otherwise one force 

in one plane will not correspond uniquely with one force in the other.

Let xlt ylt zx; x.2, y2, z2, ... xn, yn, zn be the components of forces in the 

first plane.

Let a?/, y{, z(\ x2, y2, z2\ ... x^, yü, z^ be the components of the corre­

sponding forces in the second plane. Then we must have

xk=axk +byk + czk , 

yk=a'®k +b'yk +c'zk, 

Zk = + b"yk + c"zk,

where k has every value from 1 to n. If therefore we write

2« = + x2 + ... + xn,

and Sx' = x2 + x2 + ... + xn',
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with similar values for Sy, Sy', Sø, X/ then the above equations give

2a/ = a 'tæ + b Xy + c 'Zz,

S,y' = a S« + b’ Xy + c Xz,

1z = a"Xv + b"ty + c"1z.

If the system of forces in the first plane equilibrate, the following con­

ditions must be satisfied:

S® = 0, 1y = 0, = 0,

and from the equations just written, these, involve

XX =0, Xy'=0, 0,

whence the corresponding system in the other plane must also equilibrate.

To determine the correspondence it will be necessary to know only 

the three forces in the second plane which correspond to three given forces 

in the first plane. We shall then have the nine equations which will be 

sufficient to determine the nine quantities a, b, c, &c.

It appears, from the form of the equations, that the ratio of the intensity 

of a force to the intensity of the corresponding force is independent of those 

intensities, i.e. it depends solely upon the situation of the lines in which the 

forces act.

Take any four straight lines in one system, and let four forces, 

Xlt Xit Xs, Xlt on these four straight lines equilibrate. It is then well 

known that each of these forces must be proportional to certain functions 

of the positions of these straight lines. We express these functions by 

t Ij , j42, A3, At. The four corresponding forces will be Xi, X2\ X-i, Xi, 

and as they must equilibrate, they must also be in the ratio of certain 

functions Ai, Ai, Ai, Ai of the positions.

We thus have the equations

Z1=^2=X3=X 

Ai A. A3 Ai ’

-41 A2 A3 Ai

We can select the ratio of to Xi arbitrarily : for example, let this ratio 

be p\ then

Xi Ai

whence the ratio of X,2 to Xi is known. Similarly the ratio of the other 

intensities X3 : Xi, and X4 : Xi is known. And generally the ratio of every 

pair of corresponding forces will be determined.
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It thus appears that four straight lines in one system may be chosen  

arbitrarily to correspond respectively with four straight lines in the other 

system ; and that one force being chosen on one of these straight lines in  

one system, the corresponding force may be chosen arbitrarily on the corre­

sponding straight line in the other system. This having been done, the 

relation  between the two systems is completely defined.

From the case of parallel projections in two planes it is easy to pass to  

the case which will serve our present purpose. Instead of the straight lines 

in the two planes we shall take screws in two »-systems. Instead of the 

forces on the lines we may take either twists or wrenches on the screws. 

M ore generally it will be better to use Plucker’s word “ Dyname,” which we 

have previously had occasion to employ (§ 260) in the sense either of a twist 

or a wrench, or even a twist velocity. W e shall thus have a Dyname in one 

system corresponding to a Dyname in the other.

Let us suppose that a Dyname on a screw of one n-system  corresponds  

uniquely to a different Dyname on a screw of another n-system. The two 

n-systems may be coincident but we shall treat of the general case.

In the first place it can be shown that if any number of Dynames in  

the first system neutralize, their corresponding Dynames in the second  

system must also neutralize. Take n screws of reference in one system, 

and also n screws of reference in the corresponding system. Let 0 be the 

Dyname in one system which corresponds to </> in the other ; 0 can be 

completely resolved into component Dynames of intensities ... 0n on the 

n screws of reference in the first system  and in like manner can  be resolved 

into n components of intensities <f>1, ... <fjn on the screws of reference in the 

second system  (n =  < 6).

From the fact that the relation between 0 and <[> is of the one-to-one 

type the several components are derived from  0lt... 0n by  n equations

which may be written

$1=(ll)01 + (12)02...+(ln)0n,

ij>n =  (ml) 0} +  (n2) 02... + (nn) 0n,

in which (11), (12), &c. must be independent of both 0 and <j>, for otherwise  

the correspondence would not be unique.

If there be a number of Dynames in the first system  the sums of the 

intensities of their components on the n screws of reference may be expressed  

as ... 30,j respectively. In like manner the sums of the intensities of 

the components of their correspondents on the screws of reference of the 

second system  may be represented by ,... respectively. W e therefore
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o b ta in  th e  f o l lo w in g  e q u a t io n s  b y  s im p ly  a d d in g  th e  e q u a t io n s  ju s t  w r i tte n  

f o r e a c h  s e p a r a te  s c re w

2 ^  =  ( 1 1 )  2 0 ,+ ( 1 2 )  +

=  ( n l )  2 Ö ,  +  ( w .2 )  S 0 2 . . . +  ( n n )  2 0 } l .

I f  th e  B y n a m e s in  th e  f i r s t s y s te m  n e u tr a liz e  th e n  th e i r  c o m p o n e n ts  o n  

th e  s c re w s  o f  r e fe r e n c e  m u s t v a n is h  o r

2 0 ,=  0 , . . . 2 0 »  =  0 .

B u t  i t  i s  o b v io u s  f ro m  th e  e q u a t io n s  ju s t  w r i tte n  th a t in  th is  c a s e

S ^  =  0 , . . .2 < /> „  =  0 ,

a n d  th e r e fo r e  th e  c o r re s p o n d in g  D y n a m e s  w il l a ls o  n e u tr a liz e .

G iv e n  n p a i r s  o f c o r re s p o n d in g  D y n a m e s in  th e  tw o  s y s te m s , w e  o b ta in  

n? l in e a r e q u a t io n s w h ic h  w il l b e a d e q u a te to  d e te rm in e u n iq u e ly  th e  n2 

c o n s ta n ts o f  th e  ty p e  ( 1 1 ) , ( 1 2 ) , & c . I t i s th u s  m a n ife s t th a t n g iv e n  p a i r s  

o f  D y n a m e s  s u f f ic e  to  d e te rm in e  th e  D y n a m e  in  e i th e r  s y s te m , c o r r e s p o n d in g  

to  a  g iv e n  D y n a m e  in  th e  o th e r . I t i s o f  c o u rs e  a s s u m e d  th a t  in  th is  c a s e  

th e  in te n s i t ie s  o f th e  tw o  c o r r e s p o n d in g  D y n a m e s  in  e a c h  o f  th e  « - p a ir s  a r e  

g iv e n  a s  w e ll a s  th e  s c re w s  o n  w h ic h  th e y  l ie .

349. Properties of this correspondence.

T o  i l lu s t ra te  th e  d is tin c tio n  b e tw e e n  th is D y n a m e  c o r r e s p o n d e n c e a n d  

th e  s c re w  c o r re s p o n d e n c e  p r e v io u s ly  d is c u s s e d , le t u s ta k e  th e  c a s e  o f tw o  

c y l in d r o id s . W e h a v e a l r e a d y s e e n  th a t , g iv e n  a n y  three p a i r s o f c o r r e ­

s p o n d in g  s c r e w s , th e c o r re s p o n d e n c e i s th e n  c o m p le te ly  d e f in e d  ( § 3 4 3 ) .  

A n y  f o u r th  s c r e w  o n  o n e o f th e  c y l in d r o id s w il l h a v e  i t s c o r re s p o n d e n t  o n  

th e  o th e r  im m e d ia te ly  p o in te d  o u t b y  th e  e q u a l i ty  o f  tw o  a n h a r m o m c  r a tio s .  

T h e  c a s e o f th e  D y n a m e  c o r re s p o n d e n c e  i s , h o w e v e r , d if f e r e n t in a s m u c h  a s  

w e r e q u i r e m o r e th a n  two p a i r s o f c o r r e s p o n d in g  D y n a m e s o n th e tw o  

c y l in d r o id s , in  o r d e r to  c o m p le te ly  d e f in e th e c o r r e s p o n d e n c e . F o r a n y  

th i r d  D y n a m e  0 o n  o n e  o f th e  c y l in d ro id s  c a n  b e  r e s o lv e d  in to  tw o  D y n a m e s  

a n d  0.2 o n  th e  tw o  s c re w s c o n ta in in g  th e  g iv e n  D y n a m e s . T h e s e c o m ­

p o n e n ts  w il l d e te r m in e  th e  c o m p o n e n ts o n  th e  c o r r e s p o n d in g  c y l in d ro id ,  

w h ic h  b e in g  c o m p o u n d e d , w il l g iv e  < /> th e  D y n a m e  c o r r e s p o n d in g  to  d.

I t i s r e m a r k a b le  th a t two p a i r s  o f D y n a m e s s h o u ld  e s ta b l i s h  th e  c o r r e ­

s p o n d e n c e a s c o m p le te ly  a s three p a i r s o f  s c re w s . B u t i t w il l b e  o b s e r v e d  

th a t to  b e  g iv e n  a  p a i r o f c o r re s p o n d in g  s c r e w s o n  th e  tw o  c y l in d ro id s  i s  

in  r e a l i ty  o n ly  to b e g iv e n  o n e  d a tu m . F o r o n e  o f th e  s c r e w s m a y  b e  

c h o s e n  a r b i tr a r i ly ; a n d  a s th e  o th e r o n ly  r e q u i r e s o n e p a r a m e te r to  f ix  i t
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on the cylindroid to which it is confined its specification merely gives a 

single datum. To be given a pair of corresponding Dynames is, however, 

to be given really two data—-one of these is for the screws themselves as 

before, while the other is derived from the ratio of the amplitudes. Thus 

while three pairs of corresponding screws amount to three data, two pairs 

of corresponding Dynames amount to no less than four data; the additional 

datum in this case enabling us to indicate the intensity of each correspondent 

as well as the screw on which it is situated.

It can further be shown in the roost general case of the correspondence 

of the Dynames in two «-systems that the number of pairs of Dynames 

required to define the correspondence is one less than the number of pairs 

of screws which would be required to define merely a screw correspondence 

in the same two n-systems. In an n-system a screw has n — 1 disposable 

co-ordinates. To define the correspondence we require n +1 pairs of screws. 

Of course those on the first system may have been chosen arbitrarily, so 

that the number of data required for the correspondence is

(n — 1) (n + 1) = n2 — 1.

A Dyname in an «-system has n arbitrary data, viz., n — 1 for the screw, 

and one for the intensity: hence when we are given n pairs of corresponding 

Dynames we have altogether n2 data. We thus see that the n pairs of 

corresponding Dynames really contribute one more datum to the problem 

than do the n + 1 pairs of corresponding screws. The additional datum is 

applied in allotting the appropriate intensity to the sought Dyname.

We can then use either the n pair of Dyname correspondents or the 

(n +1) pairs of screw correspondents. In previous articles we have used the 

latter; we shall now use the former.

350. Freedom of the fifth order.

In the higher orders of freedom the screw correspondence does not indeed 

afford quite so simple a means of constructing the several pairs of corre­

sponding screws as we obtain by the Dyname correspondence. In two 

five-systems the correspondence is complete when we are given five Dynames 

in one and the corresponding five Dynames in the other. To find the 

Dyname X in the second system, corresponding to any given Dyname A 

in the first system, we proceed as followsDecompose A into Dynames 

on the five screws which contain the five given Dynames on the first system. 

This is always possible, and the solution is unique. These components will 

correspond to determinate Dynames on the five corresponding screws: these 

Dynames compounded together will give the required Dyname X both in 

intensity and position.

In the general case where a mass-chain possesses freedom of the fifth
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order we may, by trial, determine five screw-chains about which the system 

can be twisted. Each set of five homologous screws will determine a 

five-system. In this method of proceeding we need not pay any attention 

to the intermediate screws: it will only be necessary to inscribe one Dyname 

(in this case a twist) in each of the homologous five-systems so that 

the group of six shall be homographic. The set of twists so found will form 

a displacement which the system must be capable of receiving. This is 

perhaps the simplest geometrical presentment of which the question 

admits.

One more illustration may be given. Suppose we have a series of planes, 

and three arbitrary forces in each plane. We insert in one of the planes 

any arbitrary force, and its parallel projection can then be placed in all 

the other planes. Suppose a mechanical system, containing as many distinct 

elements as there are planes, be so circumstanced that each element 

is free to accept a rotation about each of the three lines of force in the 

plane, and that the amplitude of the rotation is proportional to the intensity 

of the force; it must then follow that the system will be also free to accept 

rotations about any other chain formed by an arbitrary force in one plane and 

its parallel projections in the rest.

We may, however, also examine the case of a mass-chain with freedom 

of the fifth order by the aid of the screw correspondence without intro­

duction of the Dyname. We find, as before, five independent screw-chains 

which will completely define all the other movements which the system 

can accept. To construct the subsequent screw-chains, which are quadruply 

infinite in variety, we begin by first finding any sixth screw-chain of the 

system by actual composition of any two or more twists about two or more 

of the five screw-chains. When a sixth chain has been ascertained the 

construction of the rest is greatly simplified. Each set of six homologous 

screws lie in a five-system. Place in each of these five-systems another 

screw which, with the remaining six, form a set which is homographic with 

the corresponding set in each of the other five-systems. These screws 

so determined then form another screw-chain about which the system must 

be free to twist.

In the choice of the first screw with which to commence the formation 

of any further screw-chains of the five-system we have only a single condition 

to comply with: the screw chosen must belong to a given tive-system. 

This implies that the chosen screw must be reciprocal merely to one given 

screw. On any arbitrary cylindroid a screw can be chosen which is reciprocal 

to this screw, and consequently on any cylindroid one screw can always be 

selected wherewith to commence a screw-chain about which a mass-chain 

with freedom of the fifth order must be free to twist.

b . 25
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351. Freedom of the sixth order.

In freedom of the sixth order we select at random six displacements of 

which the mass-chain admits, and then construct the six corresponding screw­

chains. The homologous screws in this case lie on six-systems, but a six- 

system means of course every conceivable screw. It is easily shown (§ 248) 

that if to one screw in space corresponds another screw, and conversely, then 

the homography is completely established when we are given seven screws 

in one system, and the corresponding seven screws in the other. Any eighth 

screw in the one system will then have its correspondent in the other imme­

diately determined.

It is of special importance in the present theory to dwell on the type of 

homography with which we are here concerned. If on the one hand it 

seems embarrassing, from the large number of screws concerned, on the 

other hand we are to recollect that the question is free from the complication 

of regarding the screws as residing on particular «-systems. Seven screws 

may be drawn anywhere, and of any pitch; seven other screws may also be 

chosen anywhere, and of any pitch. If these two groups be made to corre­

spond in pairs, then any other screw being given, its corresponding screw will 

be completely determined. Nor is there in this correspondence any other 

condition, save the simple one, that to one screw of one system one screw 

of the other shall correspond linearly.

Six screw-chains having been found, a seventh is to be constructed. 

This being done, the construction of as many screw-chains as may be desired 

is immediately feasible. From the homographic relations just referred to 

we have appropriate to each element of the system seven homologous screws, 

and also appropriate to each consecutive pair of elements we have the seven 

homologous intermediate screws. An eighth screw, appropriate to any 

element, may be drawn arbitrarily, and the corresponding screw being con­

structed on each of the other systems gives at once another screw-chain about 

which the system must be free to twist.

When a mass-chain has freedom of the sixth order we see that any one 

element may be twisted about any arbitrary chosen screw, but that the 

screw about which every other element twists is then determined, and so 

are also the ratios of the amplitudes of the twists, by the aid of the inter­
mediate screws.

352. Freedom of the seventh order.

Passing from the case of six degrees of freedom to the case of seven 

degrees, we have a somewhat remarkable departure from the phenomena 

shown by the lower degrees of freedom. Give to the mass-chain any seven 

arbitrary displacements, and construct the seven screw-chains, a, /3, y, 8, e,
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%, i) by twists about which those displacements could have been effected. 

In the construction of an eighth chain, 0, we may proceed as follows:— 

Choose any arbitrary screw 61. Decompose a twist on into components 

on «J, ßlt ylt 8lt e-i, This must be possible, because a twist about any 

screw can be decomposed into twists about six arbitrary screws, for we 

shall not discuss the special exception when the six screws belong to a system 

of lower order.

The twists on alt ... &c., determine the twists on the screw-chains

a, ... %, and therefore the twists on the screws a2, ... which compound 

into a twist on 62, similarly for ffs, &c.; consequently a screw-chain of which 

is the first screw, and which belongs to the system, has been constructed. 

This is, however, only one of a number of screw-chains belonging to the 

system which have for their first screw. The twist on might have been 

decomposed on the six screws, ß2, y2, 8l; e1; and then the screws 02, &c., 

might have been found as before. These will of course not be identical with 

the corresponding screws found previously. Or if we take the whole seven 

screws, a1(... T)lt we can decompose a twist on in an infinite number of 

ways on these seven screws. We may, in fact, choose the amplitude of the 

twist on any one of the screws of reference, alt for example, arbitrarily, and 

then the amplitudes on all the rest will be determined. It thus appears 

that where is given, the screw is not determined in the case of freedom 

of the seventh order; it is only indicated to be any screw whatever of a 

singly infinite number. The locus of 3., is therefore a ruled surface; so will 

be the locus of 3S, &c. and we have, in the first place, to prove that all these 

ruled surfaces are cylindroids.

Take three twists on 01, such that the arithmetic sum of their amplitudes 

is zero, and which consequently neutralize. Decompose the first of these 

into twists on «i, /Si, 7i, Si, 77i> the second on a1( ßlt ylt e1( and the 

third on alt ß2, ylt 8lt e1; It is still open to make another supposition 

about the twists on let us suppose that they are such as to make the two 

components on % vanish. It must then follow that the total twists on each 

of the remaining six screws, viz. alt ßlt ylt 81; elt & shall vanish, for their 

resultant cannot otherwise be zero. All the amplitudes of the twists about 

the screw-chains of reference must vanish, and so must also the amplitudes 

of the resultant twists when compounded. We should have three different 

screws for 3.2 corresponding to the three different twists on and as the 

twists on these screws must neutralize, the three screws must be co- 

cylindroidal.

We can, therefore, in constructing a screw-chain of this system, not only 

choose 3, arbitrarily, but we can then take for 3,2 any screw on a certain 

cylindroid: this being done, the rest of the screw-chain is fixed, including 

the intermediate screws.
25—2
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353. Freedom of the eighth and higher orders.

If the freedom be of the eighth order, then it is easily shown that the 

first screw of any other chain may be taken arbitrarily, and that even the 

second screw may be chosen arbitrarily from a three-system. Passing on to 

the twelfth order of freedom, the two first screws of the chain, as well as the 

amplitudes of their twists, may be chosen quite arbitrarily, and the rest of 

the chain is fixed. In the thirteenth order of freedom we can take the 

two first twists arbitrarily, while the third may be chosen anywhere on a 

cylindroid. It will not now be difficult to trace the progress of the chain 

to that unrestrained freedom it will enjoy when the mass-chain has 6/x 

degrees of freedom, when it is able to accept any displacement whatever. In 

the last stage, prior to that of absolute freedom, the system will have its 

position defined by 6/x — 1 co-ordinates. A screw-chain can then be chosen 

which is perfectly arbitrary in every respect, save that one of its screws must 

be reciprocal to a given screw.

354. Reciprocal Screw-Chains.

We have hitherto been engaged with the discussion of the geometrical 

or kinematical relations of a mass-chain of y elements : we now proceed to 

the dynamical considerations which arise when the action of forces is 

considered.

Each element of the mass-chain may be acted upon by one or more 

external forces, in addition to the internal forces which arise from the reaction 

of constraints. This group of forces must constitute a wrench appropriated 

to the particular element. For each element we thus have a certain wrench, 

and the entire action of the forces on the mass-chain is to be represented by 

a series of y wrenches. Recalling our definition of a screw-chain, it will be 

easy to assign a meaning to the expression, wrench on a screw-chain. By this 

we denote a series of wrenches on the screws of the chain, and the ratio of 

two consecutive intensities is given by the intermediate screw, as before. 

We thus have the general statement:—

The action of any system of forces on a mass-chain may be represented 

by a wrench on a screw-chain.

Two or more wrenches on screw-chains will compound into one wreuch 

on a screw-chain, and the laws of the composition are exactly the same as 

for the composition of twists, already discussed.

Take, for example, any four wrenches on four screw-chains. Each set of 

four homologous screws will determine a four-system; the resulting wrench­

chain will consist of a series of wrenches on these four-systems, each being 

the "parallel projection” of the other.
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Let a and ß be two screw-chains, each consisting of /z screws, appro­
priated one by one to the g elements of the mass-chain. If the system 
receive a twist about the screw-chain ß, while a wrench acts on the screw­
chain a, some work will usually be lost or gained; if, however, no work be 
lost or gained, then the same will be true of a twist around a acting on 
a wrench on ß. In this case the screw-chains are said to be reciprocal. The 
relation, may be expressed somewhat differently, as follows:—

If a mass-chain, only free to twist about the screw-chain a, be in equilibrium, 
notwithstanding the presence of a wrench on the screw-chain ß, then, conversely, 
a mass-chain only free to twist about the screw-chain ß will be in equilibrium, 
notwithstanding the presence of a wrench on the screw-chain a.

This remarkable property of two screw-chains is very readily proved 
from the property of two reciprocal screws, of which property, indeed, it 

is only an extension.

Let a, ... be the screws of one screw-chain, and ß, ... ßp those of the 
other. Let a/, of, ... a/ denote amplitudes of twists on «1; a2, &c., and let 
af, of, &c., denote the intensities of wrenches on a,, a.,, &c. Then, from 
the nature of the screw-chain, we must have

= ai : «2" = a/ : a3", &c.,

Ä' ■ ßf = ßj -ß"^ ■ ßs', &c.;

for as twists and wrenches are compounded by the same rules, the inter­
mediate screws of the chain require that the ratio of two consecutive 
amplitudes of the twists about the chain shall coincide with the ratio of the 
intensities of the two corresponding wrenches. Denoting the virtual 
coefficient of ax and ßt by the symbol va,ß„ we have for the work done by 

a twist about a, against the screw-chain ß,

2a1'ß1"'sraiß1 + 2afßfis aA + &c.,

while for the work done by a twist about ß against thø screw-chain a we 

have the expression
Zafßf^ß, + 2a2"/3i'«-a^3> &c.

If the first of these expressions vanishes, then the second will vanish also.

It will now be obvious that a great part of the Theory of Screws may be 
applied to the more general conceptions of screw-chains. The following 
theorem can be proved by the same argument used in the case when only a 

single pair of screws are involved.

If a screw-chain 0 be reciprocal to two screw-chains a and ß, then 0 will 
be reciprocal to every screw-chain of the system obtained by compounding 

twists on a and ß.
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A screw-chain is defined by 6/z. — 1 data (§ 353). It follows that a finite 

number of screw-chains can be determined, which sball be reciprocal to 

6/z -1 given screw-chains. It is, however, easy to prove that that number 

must be one. If two chains could be found to fulfil this condition, then 

every chain formed from the system by composition of two twists thereon 

would fulfil the same condition. Hence we have the important result—

One screw-chain can always be determined which is reciprocal to 6/z -1 

given screw-chains.

Ihis is of course only the generalization of the fundamental proposition 

with respect to a single rigid body, that one screw can always be found 

which is reciprocal to five given screws (§ 25).

355. Twists on 6/x 4-1 screw-chains.

Given 6/z +1 screw-chains, it is always possible to determine the ampli­

tudes of certain twists about those chains, such that if those twists be 

applied in succession to a mass-chain of /z elements, the mass-chain shall, 

after the last twist, have resumed the same position which it had before the 

first. To prove this it is first necessary to show that from the system formed 

by composition of twists about two screw-chains, one screw-chain can always 

be found which is reciprocal to any given screw-chain. This is indeed the 

generalization of the statement that one screw can always be found on a 

cylindroid which is reciprocal to a given screw. The proof of the more 

general, theorem is equally easy. The number of screw-chains produced by 

composition of twists about the screw-chains a and ß is singly infinite. 

There can, therefore, be a finite number of screw-chains of this system 

reciprocal to a given screw-chain 3. But that number must be one; for if 

even two screw-chains of the system were reciprocal to 3, then every screw­

chain of the system must also be reciprocal to 3. The solution of the original 

problem is then as follows Let a and ß be two of the given 6>+1 chains, 

and let 9 be the one screw-chain which is reciprocal to the remaining 

6/z - 1 chains. Since the 6/z + 1 twists are to neutralize, the total quantity 

of work done against any wrench-chain must be zero. Take, then, any 

wrench-chain on 3. Since this is reciprocal to 6/z - I of the screw-chains, the 

twists about these screw-chains can do no work against a twist on 9 It 

follows that the amplitudes of the twists about a and ß must be such that 

the total amount of work done must be zero. For this to be the case, the 

two twists on a and ß must compound into one twist on the screw-chain v, 

which belongs to the system (aß), and is also reciprocal to 3. This defines 

the ratio of the amplitudes of the two twists on a and ß. We may in fact 

draw any cylmdroid containing three homologous screws of a, ß, and y then 

the ratio of the sines of the angles into which y divides tbe angle between 

a and ß is the ratio of the amplitudes of the twists on a and ß. In a
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similar manner the ratio of the amplitudes of any other pair of twists can 

be found, and thus the whole problem has been solved.

We are now able to decompose any given twist or wrench on a screw­

chain into Gp, components on any arbitrary chains. The amplitudes or 

the intensities of these Gp, components may be termed the 6/z co-ordinates 

of the given twist or wrench. If the amplitude or the intensity be regarded 

as unity, then the 6/x quantities may be taken to represent the co-ordinates 

of the screw-chain. In this case only the ratios of the co-ordinates are of 

consequence.

If the mass-chain have only n degrees of freedom where n is less than 6/z, 

then all the screw-chains about which the mass-chain can be twisted are so 

connected together, that if any n + 1 of these chains be taken arbitrarily, the 

system can receive twists about these n +• 1 chains of such a kind, that after 

the last twist the system has resumed the same position which it had before 

the first. In this case n co-ordinates will be sufficient to express the twist 

or wrench which the system can receive, and n co-ordinates, whereof only the 

ratios are concerned, will be sufficient to define any screw-chain about which 

the system can be twisted.

6p, — n screw-chains are taken, each of which is reciprocal to n screw- 

chains about which a mass-chain with freedom of the nth order can twist. 

The two groups of n screw-chains on the one hand, and 6/x — n on the other, 

may each be made the basis of a system of chains about which, a mechanism 

could twist with freedom of the wth order, or of the (6^i —?i)th older, re­

spectively. These two systems are so related that each screw-chain in the 

one system is reciprocal to all the screw-chains in the other. 1 hey may thus 

be called two reciprocal systems of screw-chains.

Whatever be the constraints by which the freedom is hampered, the 

reaction of the constraints upon the elements must constitute a wrench on 

a screw-chain. It is a fundamental point of the present theory that this 

screw-chain belongs to the reciprocal system. For, as no work is done 

against the constraints by any displacement which is compatible with the 

freedom of the mass-chain, it must follow, from the definition, that the 

wrench-chain which represents the reactions must be reciprocal to all 

possible displacement chains, and must therefore belong to the reciprocal 

system.

For a wrench-chain applied to the mass-chain to be in equilibrium it 

must, if not counteracted by some other external wrench-chain, be counter­

acted by the reaction of the constraints. Thus we learn that
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Of two reciprocal screw-chain systems, each expresses the collection of 

wrench-chains of which each one will equilibrate when applied to a mass-chain 

only free to twist about all the chains of the other system.

This is, perhaps, one of the most comprehensive theorems on Equilibrium 

which could be enunciated.

356. Impulsive screw-chains and instantaneous screw-chains.

Up to the present we have been occupied with considerations involving 

kinematics and statics: we now show how the principles of kinetics can be 

illustrated by the theory sketched in this chapter.

We shall suppose, as before, that the mechanical arrangement which we 

call the mass-chain consists of y, elements, and that those elements are so 

connected together that the mass-chain has n degrees of freedom. We shall 

also suppose that the mass-chain is acted upon by a wrench about any screw- 

chain whatever. The first step to be taken is to show that the given 

wrench-chain may be replaced by another more conveniently circumstanced, 

fake any n chains of the given system, and Qy — n chains of the reciprocal 

system, then the given wrench-chain can be generally decomposed into 

components on the n + (ßy-n) chains here specified. The latter, being all 

capable of neutralization by the reaction of the constraints, may be omitted, 

while the former n wrench-chains admit of being compounded into a single 

wrench-chain. We hence have the following important proposition:—

Whatever be the forces which act on a mass-chain, their effect is in general 

equivalent to that of a wrench on a screw-chain which belongs to the system of 

screw-chains expressing the freedom of the mass-chain.

The application of this theorem is found in the fact that, while we still 

retain the most perfect generality, it is only necessary, either for twists or 

wrenches, to consider the system, defined by n chains, about which the mass­
chain can be twisted.

Let us consider the mass-chain at rest in a specified position, and suppose 

it leceives the impulsive action of any set of forces, it is required to determine 

the instantaneous motion which the system will acquire. The first operation 

is to combine all the forces into a wrench-chain, and then to transform that 

wrench-chain, in the manner just explained, into an equivalent wrench­

chain on one of the screws of the system. Let 0 be the screw-chain of the 

system so found. In consequence of this impulsive action the mass-chain, 

previously supposed to be at rest, will commence to move; that motion can, 

however, be nothing else than an instantaneous twist velocity about a screw- 

cham a. We thus have an impulsive screw-chain 0 corresponding to an 

instantaneous screw-chain a. In the same way we shall have the impulsive 

screw-chains </>, f, &c., correlated to the instantaneous chains, ß, y, &c.
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The first point to be noticed is, that the correspondence is unique. To 

the instantaneous chain a one impulsive screw-chain 0 will correspond. There 

could not be two screw-chains 0 and 0' which correspond to the same instan­

taneous screw-chain a. For, suppose this were the ease, then the twist 

velocity imparted by the impulsive wrench on 0 could be neutralized by the 

impulsive wrench on 0'. We thus have the mass-chain remaining at rest 

in spite of the impulsive wrenches on 0 and 0'. These two wrenches must 

therefore neutralize, and as, by hypothesis, they are on different screw­

chains, this can only be accomplished by the aid of the reactions of the 

constraints. We therefore find that 0 and 0' must compound into a 

wrench-chain which is neutralized by the reactions of the constraints. 

This is, however, impossible, for 0 and 0' can only compound into a wrench 

on a screw-chain of the original system, while all the reactions of the 

constraints form wrenches on the chains of the wholly distinct reciprocal 

system.

We therefore see that to each instantaneous screw-chain a only one 

impulsive screw-chain 0 will correspond. It is still easier to show that to 

each impulsive screw-chain 0 only one instantaneous screw-chain a will 

correspond. Suppose that there were two screw-chains, a and a', either of 

which would correspond to an impulsive wrench on 0. We could then give 

the mass-chain, first, an impulsive wrench on 0 of intensity X, and make 

the mass-chain twist about a, and we could simultaneously give it an im­

pulsive wrench on the same screw-chain 0 of intensity — X, and make the 

mass-chain twist about a'. The two impulses would neutralize, so that as 

a matter of fact the mass-chain received no impulse whatever, but the 

two twist velocities could not destroy, as they are on different screw-chains. 

We would thus have a twist velocity produced without any expenditure of 

energy.

We have thus shown that in the n-system of screw-chains expressing the 

freedom of the mass-chain, one screw-chain, regarded as an instantaneous 

screw-chain, will correspond to one screw-chain, regarded as an impulsive 

screw-chain, and conversely, and therefore linear relations between the 

co-ordinates are immediately suggested. That there are such relations can be 

easily proved directly from the laws of motion (see Appendix, note 7). We 

therefore have established a case of screw-chain homography between the 

two systems, so that if 0x,...0n denote the co-ordinates of the impulsive 

screw-chain, and if a,, ... an denote the co-ordinates of the corresponding 

instantaneous screw-chain, we must have n equations of the type

01 = (ll)a1 + (12)a2 + (13)a3... +(1 n) an, 

0n = (n 1) otj + (n 2) a2 + + (nn) an>
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where (11), (12), &c., are ri2 coefficients depending on the distribution of the 

masses, and the other circumstances of the mass-chain and its constraints. 

The equations having this form, the necessary one-to-one correspondence is 

manifestly observed.

357. The principal screw-chains of Inertia.

We are now in a position to obtain a result of no little interest. Just as 

we have two double points in two homographic rows on a line, so we have n 

double chains in the two homographic chain systems. If we make, in the 

foregoing equations,

— P^l J ^2 “ P^2>

we obtain, by elimination of alt ... an, an equation of the nth degree in p. 

The roots of this equation are n in number, and each root substituted in the 

equations will enable the co-ordinates of each of the n double screw-chains 

to be discovered. The mechanical property of these double chains is to be 

found in the following statement:—

If any mass-chain have n degrees of freedom, then in general n screw­

chains can always be found (but not more than n), such that if the mass-chain 

receive an impulsive wrench from any one of these screw-chains, it will 

immediately commence to move by twisting about the same screw-chain.

In the case where the mass-chain reduces to a single rigid body, free or 

constrained, the n screw-chains to which we have just been conducted reduce 

to what we have called the n principal screws of inertia. In the case, still 

more specialized, of a rigid body only free to rotate around a point, the 

theorem degenerates to the well-known property of the principal axes. We 

may thus regard the n principal chains now found as the generalization of 

the familiar property of the principal axes for any system anyhow con­

strained.

Considerable simplification is introduced into the equations when, instead 

of choosing the chains of reference arbitrarily, we select the n principal 

screw-chains for this purpose; we then have the very simple results,

^=(11) a,; 02 = (22) a2; ... 0n = (nn) an.

This gives a method of finding the impulsive screw-chain corresponding to 

any instantaneous screw-chain. It is only necessary to multiply the co­

ordinates of the instantaneous screw-chain a1( a2 by the constant factors (11), 

(12), &c., in order to find the co-ordinates of the impulsive screw-chain.

The general type of homography here indicated has to be somewhat 

specialized for the case of impulsive screw-chains and instantaneous screw­

chains. The n double screw-chains are generally quite unconnected—we 

might, indeed, have exhibited the relation between the two homographic
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systems of screw-chains by choosing n screws quite arbitrarily as the double 

screws of the two systems, and then appropriating to them n factors (11), 

(22), (33), &c., also chosen arbitrarily. In the case of impulsive and instant­

aneous chains, the n double chains are connected together by the relation 

that each pair of them are reciprocal, so that the whole group of n chains 

form what may be called a set of co-reciprocals.

To establish this we may employ some methods other than those 

previously used. Let us take a set of n-co-reciprocal chains, and let the 

co-ordinates of any other two chains, 3 and of the same system, be (f, ... 0n 

and </>!, ...fan. Let 2pn 2p2, &c., 2pn be certain constant parameters 

appropriated to the screws of reference. 2pt is, for example, the work done 

by a twist of unit amplitude on the first screw-chain of reference against a 

wrench of unit intensity on the same chain. The work done by a twist 

against a wrench fa on this chain is 2p101fa. As the chains of reference are 

co-reciprocal, the twist on f does no work against the wrenches fa,, <fa,... &c.; 

hence the total work done by a twist on 0 against the wrench on is

2p101fa+ ... + 2pn6nfan ■,

and hence if 3 and <£ be reciprocal,

pl </>i + • • • + pn 0n fan, = 0-

The quantities p2, ...pn are linear magnitudes, and they bear to screw-chains 

the same relation which the pitches bear to screws. If we use the word 

pitch to signify half the work done by a unit twist on a screw-chain against 

the unit wrench on the screw-chain, then we have for the pitch pe of the 

chain 6 the expression

Pi öi + p20* + ... + pn 0f.

The kinetic energy of the mass-chain, when animated by a twist velocity of 

given amount, depends on the instantaneous screw-chain about which the 

system is twisting. It is proportional to a certain quadratic function of the n 

co-ordinates of the instantaneous screw. By suitable choice of the screw­

chains of reference it is possible, in an infinite number of ways, to exhibit 

this function as the sum of n squares. It follows from the theory of 

linear transformations that it is generally possible to make one selection of 

the screw-chains of reference which, besides giving the energy function the 

required form, will also exhibit p6 as the sum of n squares. This latter 

condition means that the screw-chains of reference are co-reciprocal. It only 

remains to show that the n screw-chains of reference thus ascertained must 

be the n principal screw-chains to which we were previously conducted.

We may show this most conveniently by the aid of Lagrange’s equations 

of motion in generalized co-ordinates (§ 86).
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Let Øi,... 0n represent the co-ordinates of the impulsive screw-chain, and 

let «i,... an be the co-ordinates of the corresponding instantaneous screw­

chain, reference being made to the screw-chains of reference just found.

Lagrange’s equations have the form

d (dT\ dT p 
dt \ddj da^~ 11

where T is the kinetic energy, and where -PjSaj denotes the work done 

against the forces by a twist of amplitude 8^.

If 0"' denote the intensity of the impulsive wrench, then its component 

on the first screw of reference is 0"’0lt and the work done is 2p10'" 

while, since the chains are co-reciprocal, the work done by öal against the 

components of 0"' on the other chains of reference is zero, we therefore have

A = 2p10"'01.
We have also

L = M (?Zj2åi2 + ... + Itn2««3), 

when ult ...un are certain constants.

We have, therefore, from Lagrange’s equation,

whence, integrating during the small time t, during which the impulsive 
force acts,

Mu^aax = - 0xpj0"'dt,

in which å is the actual twist velocity about the screw-chain, so that d1 = da1, 

each being merely the expression for the component of that twist velocity 
about the screw-chain.

We hence obtain 01(... 0n, proportional respectively to

Wi2«i Un«n

Pi Pn

U-l
If we make ^- = (11), &c., we have the previous result, 

6>1 = (ii) a15

0n = (raw) an.

358. Conjugate screw-chains of Inertia.

From the results just obtained, which relate of course only to the chains of 

reference, we can deduce a very remarkable property connecting instantaneous 

chains, and impulsive chains in general. Let a and ß be two instantaneous 

chains, and let 0 and <p be the two corresponding impulsive chains, then when a
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is reciprocal to <f>, ß will be reciprocal to 6. This, it will be observed, is a 

generalization of a property of which much use has been previously made 

(§ 81). The proof is as follows.

The co-ordinates of the instantaneous chains are

Otj, ... Ä72,,

ßi,...ßn-

The co-ordinates of the corresponding impulsive chains are

Wj2ai un2an

pl Pn
and

Ui2ßi ™nßn

Pi ’ ’" Pn

If the chain a be reciprocal to the impulsive chain which produces ß, then 

we have

UiO-ißi + ... + un2anßn = 0 ;

but this being symmetrical in a and ß is precisely the same as the condition 

that the impulsive chain corresponding to a shall be reciprocal to ß. Following 

the analogy of our previous language we may describe two screw-chains so 

related as conjugate screw-chains of Inertia.

359. Harmonic screw-chains.

We make one more application of the theory of screw-chains to the 

discussion of a kinetical problem. Let us suppose that we have any material 

system with n degrees of freedom in a position of stable equilibrium under 

the action of a conservative system of forces. If the system receive a small 

displacement, the forces will no longer equilibrate, but the system will be 

exposed to the action of a wrench on a screw-chain. We thus have two 

corresponding sets of screw-chains, one set being the chains about which the 

system is displaced, the other set for the wrenches which are evoked in 

consequence of the displacements.

By similar reasoning to that which we have already used, it can be shown 

that these two corresponding chain systems are homographic. We can 

therefore find n screw-chains about which, if the system be displaced, a 

wrench will be evoked on the same screw-chain, and (the forces having a 

potential) it can be shown that this set of n screw-chains are co-reciprocal.

If after displacement the system be released it will continue to make 

small oscillations. The nature of these oscillations can be completely 

exhibited by the screw-chains. To a chain a, regarded as an instantaneous 

screw-chain, will correspond the screw 0 as an impulsive screw-chain. To the 

chain a, regarded as the seat of a displacing twist, will correspond a wrench
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<f> which is evoked by the action of the forces. It will, of course, generally 

happen that the chain 0 is different from the chain </>. It can however be 

shown that 0 and </> are not in every case distinct. There are n different 

screw-chains, each of which regarded as a will have the two corresponding 

screws 0 and </> identical. Nor is it difficult to see what the effect of such a 

displacement must be on the small oscillations which follow. A wrench is 

evoked by the displacement, and since 0 and <f> coincide, that wrench is 

undistinguishable from an infinitely small impulsive wrench which will 

make the system commence to twist about a. We are thus led to the 

result that—

There are n screw-chains such that if the system be displaced by a twist 

about one of these screw-chains, and then released, it will continue for ever to 

twist to and fro on the same screw-chain.

Following the language previously used, we may speak of these as 

harmonic screw-chains, and it can be shown that whatever be the small 

displacement of the system, and whatever be the small initial velocities with 

which it is started, the small oscillations are merely compounded of twist 

vibrations about the n harmonic screw-chains.



CHAPTER XXV .

THE THEORY OF PERMANENT SCREWS*.

360. Introduction.

In commencing this chapter it will be convenient to recite a well-known 

dynamical proposition, and then to enlarge its enunciation by successive 

abandonment of restrictions.

Suppose a rigid body free to rotate around a fixed point. There are, as 

is well known, three rectangular axes about any one of which the body 

when once set in rotation will continue to rotate uniformly so long as the 

application of force is withheld. These axes are known as permanent axes. 

The freedom of the body in this case is of a particular nature, included in 

the more general type known as Freedom of the Third Order. The Freedom 

of the Third Order is itself merely one subdivision of the class which, 

including the six orders of freedom, embraces every conceivable form of 

constraint that can be applied to a rigid body. We propose to investigate 

what may be called the theory of permanent screws for a body constrained 

in the most general manner.

The movement of the body at each moment must be a twist velocity 

about some one screw 0 belonging to the system of screws prescribed by 

the character of the constraints. In the absence of forces external to those 

arising from the reactions of the constraints, the movement will not, in 

general, persist as a twist about the same sci-ew 0. The instantaneous screw 

will usually shift its position so as to occupy a series of consecutive positions 

in the system. It must, however, be always possible to compel the body to 

remain twisting about 0. For this purpose a wrench of suitable intensity 

on an appropriate screw y may have to be applied. Without sacrifice of 

generality we can in general arrange that y is one of the system of screws

* Trans. Roy. Irish Acad., Vol. xxix. p. 613 (1890).
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which expresses the freedom of the body (§ 96). It may sometimes appear 

that the intensity of the necessary wrench on p vanishes. The body in 

such a case requires no coercion beyond that of the original constraints to 

preserve 6 as the screw about which it twists, and when this is the case we 

shall describe 6 as a permanent screw. This use of the word permanent 

does not imply that the body could remain for ever twisting about this 

screw, for the movement of the body to an appreciable distance will in 

general entail some change in its relation to the constraints. The character­

istic of the permanent screw is the absence of any acceleration in the body 

twisting about it, using the word acceleration in its widest sense.

In the earlier parts of the chapter we shall discard the restrictions 

involved in the assumption that the material arrangement is only a single 

rigid body. The doctrine of screw-chains (Chap. XXIV.) enables us to extend 

a considerable portion of the present theory to any mass-chain whatever. 

Any number of material parts connected in any manner must still conform 

to the general law, that the instantaneous movements can always be repre­

sented by a twist about a certain screw-chain. In general the mass-chain 

will have a tendency to wander from twisting about the original screw-chain. 

In such cases the position of the instantaneous screw-chain cannot be 

maintained without the imposition of further coercion than that which the 

constraints supply. This additional set of forces may be applied by a 

restraining wrench-chain, the relation of which to the instantaneous screw­

chain we shall have to consider. Sometimes it may appear that no restraining 

wrench-chain is necessary beyond one of those provided by the reaction of 

the constraints. The instantaneous screw-chain is then to be described as 

permanent.

361. Different properties of a Principal Axis.

Another preliminary matter should be also noticed, because it exhibits 

the relation of the subject discussed in this chapter to some other parts of 

the Theory of Screws. In the ordinary theory of the rigid body there are, 

as is well known, two distinct properties of a principal axis which possess 

dynamical significance. We may think of a principal axis as the axis of a 

couple which, when applied impulsively to the body, will set it rotating 

about this axis. We may also think of the principal axis as a direction 

about which, if a body be once set in rotation, it will continue to rotate. 

The first of these properties by suitable generalization opens up the theory 

of principal screw-chains of inertia, which we have already explained in 

previous chapters. It is from the other property of the principal axis that 

the present investigation takes its rise. It is important to note that two 

quite different departments in the Theory of Screws happen to coalesce in 

the very special case of a rigid body rotating around a point.
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362. A Property of the Kinetic Energy of a System.

It is obvious that the mere alteration of the azimuth about a fixed axis 

from which a rigid body is set into rotation will not affect its kinetic energy, 

provided the position of the axis and the angular velocity both remain un­

altered.

A moment’s reflection will show that this principle may be extended to 

any movement whatever of a rigid body. At each instant the body is 

twisting about some instantaneous screw a with a twist velocity «. Let 

the body be stopped in a position which we call A. Let it receive a dis­

placement by a twist of any amplitude about a and thus be brought to a 

position which we call B*. Finally, let the body be started from its new 

position B so as to twist again about a with the original twist velocity å, 

then it is plain that the kinetic energy of the body just before being stopped 

at the position A is the same as its kinetic energy just after it is started 

from the position B.

Enunciated in a still more general form the same principle is as 

follows:—

Any mass-chain in movement is necessarily twisting about some screw- 

chain. If we arrest the movement, displace the mass-chain to an adjacent 

position on the same screw-chain, and then start the mass-chain to twist 

again on the same screw-chain, with its original twist velocity, the kinetic 

energy must remain the same as it was before the interruption.

This principle requires that whatever be the symbols employed, the 

function T, which denotes the kinetic energy, must satisfy a certain identical 

equation. I propose to investigate this equation, and its character will 

perhaps be best understood by first discussing the question with co-ordinates 

of a perfectly general type. We shall suppose the mass-chain has n degrees 

of freedom.

Let the co-ordinates xlt...xn represent the position of the mass-chain, 

and let its instantaneous motion be indicated by x^,... xn. Let 0 be the 

initial position of the mass-chain, then in the time 8t it has reached the 

position O', whereof the co-ordinates are

Xi + XiSt, ... xn + xn8t.

The movement from 0 to O' must, like every possible movement of a 

system, consist of a twist about a screw-chain. This is a kinematical fact, 

wholly apart from whatever particular system of co-ordinates may have

* We have supposed that the pitch of this displacement is the same as the pitch of a. This 

restriction is only introduced here because the constraints will generally forbid the body to make 

any other twist about the axis of a. If the body were quite free we might discard the restriction 

altogether as is in fact done later on (§ 376).

h . 26
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.. xn,

these circumstances T has obviously not altered, so that we

Let us

Under 
have also

—f l (#1 > • • • xn >

Let the mass-chain be stopped in the position A. Let it then be dis­
placed to an adjacent position B defined by the following variations of the 
co-ordinates

dT * □ . dT s ^dT dT v n
■f Ö«! + •.. j OXn + -jr + • • • jV" OXn = 0.

dx1 dx± dx^i

[362,

been adopted. We call this screw-chain 9, and 0 denotes the twist velocity 
with which the system moves round 0.

d/f . + < 8xn + < &Z, + ... ^4 8xn = 0,

assume, for brevity, the symbol A, such that

. . d . d
A = XA y- + ... + Xny— . 

dx^ docfi

^8x,...+ + +... dk =o.
dx-^ dxn dd-y doc^i

Choose any n independent screw-chains, about each one of which the 
mass-chain is capable of twisting. Then 6 can be decomposed into n com­
ponents which have twist velocities 0n about the several screw-chains 
of reference (§ 355).

Since everything pertaining to the position or the movement of the 
mass-chain must necessarily admit of being expressed in terms of the co­
ordinates of the mass-chain, and since the quantities ... f)tl are definitely 
determined by the position and movements of the mass-chain, it follows 
that these quantities must be given by a group of formulae which may be 
written 

8x^ — xf^, ... 8x% — XfiSs)

where 8e is a small quantity. From this new position B let the mass-chain 
be started into motion so that it shall have the same twist velocity as it 
had just before being stopped in A and about the same screw-chain. This 
condition requires that each of the quantities 01,... 9n shall resume its original 
value unaltered by the stoppage and subsequent restarting of the mass­
chain from a new position. There must accordingly be an adjustment of

... 8xn to satisfy the equations
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Then we obtain, by elimination of ... and 8e,

A T,
dT 

df ’

dT 

dxn
= 0.

A/.,
dfi 
df ’

dfi 

dxn

AA,
dfn dfn

df ’ ’ " dxn

Such is the general condition which must be satisfied by the kinetic energy 

of any material arrangement whatever. But the equation is so complicated 

when expressed in ordinary rectangular co-ordinates that there is but little 

inducement to discuss it.

363. The Identical Equation in Screw-chain Co-ordinates.

The Theory of Screw-chains exhibits this equation in a form of special 

simplicity. For, suppose that

0/ = «i, =

On —■ Xn > 0n — >

then the equation of the last article reduces to 

A7’=0.

We thus have the following theorem:—

If the co-ordinates, 0,, ... Of, of a mass-chain be n twists about n screw­

chains, belonging to the system of screw-chains which express the freedom of 

the mass-chain, and if 0lt... 0n be the twist velocities of the mass-chain about 

these same screw-chains, then the kinetic energy T satisfies the equation

å dT >dT 
eidoi- + dndof-Q-

I have thought it instructive to exhibit the origin of this equation as 

a special deduction from the case of co-ordinates of the general type. For 

a brief demonstration the following simple argument suffices:—

If the mass-chain be displaced through SOf... 80f while the velocities 

are unaltered, the change of kinetic energy is

^^'4. 4.dT 
def91 +- +dofWn-

If the change of the position be due to a small twist 3e around the screw­

chain with co-ordinates 0u ... 0n, then

Ofe — 80 f 

0n8e = 80„',

26—2
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whence

404 [363- 

but from the physical property of the kinetic energy already cited, it appears 

that this kind of displacement cannot change the kinetic energy, whence

ödT + 0 
01 dø,' - + øn døn'~°-

364. The Converse Theorem.

Let us take the general case where the co-ordinates are and

... xn. Suppose that x2,... xn are all zero, then x, is the velocity of the 

mass-chain. We shall also take x2,... xn to be zero, so that we only consider 

the position of the inass-chain defined by x,. Think now of the two positions 

for which x, — 0 and x, = x,' respectively. Whatever be the character of the 

constraints it must be possible for the mass-chain to pass from the position 

«i = 0 to the position x, = x^ by a twist about a screw-chain. The magnitude 

x, is thus correlated to the position of the mass-chain on a screw-chain about 
which it twists.

If the co-ordinates are of such a kind that the identical equation which T 

must necessarily satisfy has the form

. dT . dT n 
X1dxr"+Xndx,;~Q’

then for the particular displacement corresponding to the first co-ordinate, 

x2, ... xn are all zero, and

^=o; 
dx1

and as T must involve x, in the second degree, we have

T = Hx,* 

where H is independent of x,'.

Let 0, be the twist velocity about the screw-chain corresponding to the 

first co-ordinate, then, of course, A being a constant,

T = A0,\ 

A0,2=Hx^, 

JÄ0, = ^Hx„ 

and by integration and adjustment of units and origins 

0i -x,.

We thus see that while the displacement corresponding to the first co-ordinate 

must always be a twist about a screw-chain, whatever be the actual nature of 

the metric element chosen for the co-ordinate, yet that when the identical 

equation assumes the form

0dI dT -A 
Ø1do'--+Øndø,'-^
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t h e  m e t r i c  e l e m e n t  m u s t  b e  e s s e n t i a l l y  t h e  amplitude of the twist a b o u t  t h e  

s c r e w - c h a i n . W e  h a v e  t h u s  p r o v e d  t h e  f o l l o w i n g  t h e o r e m  : —

The co-ordinates must be twists about n screw-chains of reference whenever 

the identical equation, satisfied by T, assumes the form

a dT + . dT
01 dør 0,1 døf ~ °’

365. Transformation of the Vanishing Emanant.

S u p p o s e  t h a t  t h e  p o s i t i o n  a n d  m o v e m e n t  o f  a  m a s s - c h a i n  w e r e  r e p r e s e n t e d  

b y  t h e  c o - o r d i n a t e s  0,', 02', ... 0f; 0lt 02, ... 0n w h e n  r e f e r r e d  t o  o n e  s e t  o f  

n s c r e w s  o f  r e f e r e n c e ,  a n d  b y  <b,', <p2, ... cj>f; 4>ls <jx,, . . .  < / > „  w h e n  r e f e r r e d  t o  

a n o t h e r  s e t  o f  s c r e w s  o f  r e f e r e n c e . T h e n  o f  c o u r s e  t h e s e  s e t s  o f  c o - o r d i n a t e s  

m u s t  b e  l i n e a r l y  c o n n e c t e d .

W e  m a y  w r i t e

0r ( 1 1 )  ^  . . .  +  ( l n ) K .

0f = (nl)^... + (uni) (j>f.

T h e n ,  b y  d i f f e r e n t i a t i o n

^  =  ( 1 1 ) ^  . . . + ( l n ) ^ t .

T h u s  t h e  t w o  s e t s  o f  v a r i a b l e s  a r e  c o - g r e d i e n t s ,  a n d  b y  t h e  t h e o r y  o f  

l i n e a r  t r a n s f o r m a t i o n s  w e  m u s t  h a v e

0
dT 4 dT g dT 

W '  +  nd0f d^'
; dT

• + <Pn 1, 7 

d<j>n

T h e  e x p r e s s i o n  o n  e i t h e r  s i d e  o f  t h e  e q u a t i o n  i s  o f  c o u r s e  k n o w n  i n  a l g e b r a  

a s  a n  emanant ( §  2 6 1 ) .

W e  c o u l d  h a v e  f o r e s e e n  t h i s  r e s u l t  f r o m  t h e  f a c t  t h a t  w h a t e v e r  s e t  o f  

n i n d e p e n d e n t  s c r e w - c h a i n s  b e l o n g i n g  t o  t h e  s y s t e m  w a s  c h o s e n ,  t h e  i d e n t i c a l  

e q u a t i o n  m u s t  i n  e a c h  c a s e  a s s u m e  t h e  s t a n d a r d  f o r m .

366. The General Equations of Motion with Screw chain 

Co-ordinates.

T h e  s c r e w - c h a i n  c o - o r d i n a t e s  o f  a  m a s s - c h a i n  w i t h  n d e g r e e s  o f  f r e e d o m  

a r e  0fi ... Øf-, t h e  c o - o r d i n a t e s  o f  t h e  v e l o c i t i e s  a r e  0lt ... 0n. L e t  y b e  t h e  

w r e n c h - c h a i n  w h i c h  a c t s  o n  t h e  s y s t e m . L e t  t h e  c o m p o n e n t s  o f  t h e  w r e n c h ­

c h a i n ,  w h e n  r e s o l v e d  o n  t h e  s c r e w - c h a i n s  o f  r e f e r e n c e ,  h a v e  f o r  i n t e n s i t i e s  

V1", vf'- L e t  pi> ••• pn b e  t h e  p i t c h e s  o f  t h e  c h a i n s  o f  r e f e r e n c e ,  b y  w h i c h  

i s  m e a n t  t h a t  2 p ,  i s  t h e  w o r k  d o n e  o n  t h a t  s c r e w - c h a i n  b y  a  t w i s t  o f  u n i t  

a m p l i t u d e  a g a i n s t  a  w r e n c h  o f  u n i t  i n t e n s i t y  o n  t h e  s a m e  s c r e w - c h a i n . T h e n  

t h e  s c r e w - c h a i n s  o f  r e f e r e n c e  b e i n g  s u p p o s e d  t o  b e  c o - r e c i p r o c a l ,  w e  h a v e ,
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from Lagrange’s equations,

d (dT\ dT _ „
dt \dej ~ de; " P1V1 ’

d (dT\ dT 

dt \df)J den'

These equations admit of a transformation by the aid of the identity

01
dT 

de.'
dT

+ 0nde,;

Differentiating this equation by 0., we find

dT . d-T A d2T 

de.' de.de.' de.dø,; 

but

d (dT\ a d2T a d-T d2T A d2T • d2T

dt'déj de.2 de.de. dø.dén de.de. dé.dø,;

whence, by substitution

d fdT\ A d?T a d2T dT

dt\dej de.2 de.den de;

Hence when screw-chain co-ordinates are employed Lagrange’s equations 

may be written in the form

a d2T -a d*T .a d2T „ / „ 1 dT \
de; de.de. de.den pv P.de;r

0 der + d2T 0 d^ 

dé.dén dé2dén n dén

■ „ 1 dT
Vn + —Pn de,.

367. Generalization of the Eulerian Equations.

The equations just written can be further simplified by appropriate 

choice of the screw-chains of reference. We have already assumed the 

screw-chains of reference to be co-reciprocal. If, however, we select that 

particular group which forms the principal screw-chains of inertia 357), 

then every pair are conjugate screw-chains of inertia besides being reciprocal. 

In this case T takes the form

T=M{u;e; + ... e,v + e;^-,+ ... e,; 1e;* + &c.
(tvy CLÜQi cLu 2
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Neglecting the small quantities 0/ ... &c. we have

JuT dPP
~=2Mu1i, ... ^4 = 2Mun\ 
døl døn
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-- ;-----  = 0, &C. 
dØydØ-i

Introducing these values we obtain

Mui &i — Pi \Vi" + 
1 dT\ 

pi d0i) ’

,, x / „ 1 dT\ 
MUnØn — PniVn + in / J • 

\ pn ^un /

These may be regarded as the generalization for any material arrangement 

whatever of th© well-known Eulerian equations for the rotation of a rigid 

body around a fixed point. If there are no externa] forces then 

are all zero, and the equations of movement assume the simple form

„X dT
MU1-0i - ;

ng _dT 
1U lln Un — ^0 , .

368. The Restraining Wrench-chain.

If a mass-chain be twisting about an instantaneous screw-chain 0, the 

mass-chain will, in general, presently forsake 0 and gradually adopt one 

instantaneous screw-chain after another. It is however possible, by the 

application of a suitable wrench-chain, to compel the mass-chain to continue 

twisting about the same screw 0 with unchanged twist velocity. We now 

proceed to the discovery of this restraining wrench-chain when no other 

external forces act on the mass-chain.

As all the accelerations of 0 must vanish, the co-ordinates of the wrench­

chain required are obtained by imposing the conditions

01 = O; 02 = O,... 0n = O.

We therefore infer from the general equations of §366, that if ?/",... t ?,," 

are the co-ordinates of the restraining wrench-chain we must have

„ 1 dT
Vi 4---- j/i / =

Pi d0!

"4-1 dT =0Vn +pnd0n'
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whence we deduce the following theorem:—

If the position of a mass-chain be referred to co-reciprocal screw-chains 

of reference, then

 1 dT 1 dT

Pi ddi pn ddf

are the co-ordinates of the restraining wrench-chain which would coerce the 

mass-chain into continuing to twist about the same screw-chain 6*.

369. Physical meaning of the Vanishing Emanant.

We may verify this theorem by the following method of viewing the 

subject. It must be possible to coerce the system to twist about 0 by the 

imposition of special constraints. The reactions of these constraints will 

constitute, in fact, the restraining wrench-chain. It is, however, a character­

istic feature that, as the system is, ex hypothesi, still at liberty to twist 

about 6, the reaction of any constraints which are consistent with this 

freedom must lie on a screw-chain reciprocal to 0.

The condition that two screw-chains, 6 and v, shall be reciprocal (§ 354) 
is

4" PidiPi, .,. + pn0nyn — 0, 

but this is clearly satisfied if for t /j , ... we substitute

1 dT  J. dT .

pn d0nPi dOf 

for the equation then becomes

0dT + ø dT -n
91 dør ••• + øndøn'-°’

which, when multiplied by 0, reduces to the known identity

g a dT _ .
91 dør'" + endef~Q-

We thus obtain a physical meaning of this equation. It is no more than an 

expression of the fact that the restraining wrench-chain must be reciprocal 

to the instantaneous screw-chain.

370. A displacement without change of Energy.

It should also be noticed that provided the twist velocities remain un­

altered the kinetic energy will be unchanged by any small displacement 

of the mass-chain arising from a twist on any screw-chain reciprocal to the 

restraining screw-chain.

" A particular case of this, or what is equivalent thereto, is given in Williamson and Tarleton’s 
Dynamics, 2nd ed., p. 432.
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T is

For, if #/,... 0f be the co-ordinates of the displacement, the change in

0i
,dT
-d-^+ - + d0->,

which may be written

z,, 1 dT , /> / 1 df
Pi 01 — + • • • + pn dn ~ ^7) >

‘ p1 d0i r pn d0n

but this will be zero if, and only if, the screw-chain 0/, ... 0n' bo reciprocal 

to the screw-chain

1 dT 1 dT

Pl 00, Pn d0n

371. The Accelerating Screw-chain.

When the mass-chain has forsaken the instantaneous screw-chain 0, and 

is twisting about another instantaneous screw-chain </>, there must be a 

twist velocity about some screw-chain p, which, when compounded with the 

twist velocity about 0, gives the twist velocity about f When </> and 0 are 

indefinitely close, then p is the accelerating screw-chain.

Taking the n principal screw-chains of inertia as the screws of reference 

and assuming that external forces are absent, we have

,, .n dT
MU1 01 “ døl' ’

20 
1V1 Un Un — !

It is plain that the co-ordinates of the accelerating screw-chain are 0lt... 0H 

whence we have the following theorem:—

If a mass-chain be twisting around a screw-chain 0, and if external forces 

are absent, the co-ordinates of the corresponding accelerating screw-chain are

proportional to
1 dT 1 dT

Ui døl ’ ” ’ Un d0f ’

372. Another Proof.

It is known from the theory of screw-chains (§ 357) that if a quiescent 

mass-chain receive an impulsive wrench-chain with co-ordinates

Wi2 uf
— pl, ••• --- Pn,
Pl Pn r

the mass-chain commences to twist about the screw-chain, of which the 

co-ordinates are
Pi, ••• Pn-
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If, by imposition of a restraining wrench-chain, the mass-chain continues 

to twist about the same screw-chain 6, the restraining wrench-chain has 

neutralized the acceleration. It follows that the restraining wrench-chain, 

regarded as impulsive, must have generated an instantaneous twist velocity 

on the accelerating screw-chain, equal and opposite to the acceleration that 

would otherwise have taken place. The co-ordinates of this impulsive 

wrench-chain are proportional to

fdT 1 dT 

Pi d0f" pn d0n"

The corresponding instantaneous screw-chain is 

these expressions severally by

£1 PJL
Un ’

and thus we find, as before, for the co-ordinates of the accelerating screw­
chain

Id?' 1 dT
uj d0j ’ Un2 ddn

373. Accelerating Screw-chain and instantaneous Screw-chain.

We have, from the expressions already given,

M(uj0Ä + ... + uMn) = 0, + ... 0n .
(lui (Lu lti

But the right-hand side is the emanant which we know to be zero, whence 

u20f1 + ... + un20n0n == 0.

This shows that 0lt... 0n, and ... 0n are on conjugate screw-chains of 

inertia, and hence we deduce the following theorem:—

Whenever a mass-chain is moving without the action of external forces, 
other than from constraints restricting the freedom, the instantaneous screw­
chain and the accelerating screw-chain are conjugate screw-chains of inertia.

374. Permanent Screw-chains.

Reverting to the general system of equations (§ 366) we shall now in­

vestigate the condition that 0 may be a permanent screw-chain. It is obvious 

that if Øj, ... 0n are all zero, then

dT dT 

døj’ døn

must each be zero. If, conversely, the differential coefficients just written 

are all zero, then the quantities 0lt ... 0n must each also vanish.
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T h i s  i s  o b v io u s ly  t r u e  u n le s s  i t  w e r e  p o s s ib l e  f o r  t h e  d e te r m in a n t

(PT PT PT 

di)2’ dÖtdöi’ ’ dØ,dØn 

d2T PT

d01dÖ2 ’ d0.2dén

d2T d2T

dØ,dØn døn2

t o  b e c o m e  z e r o . R e m e m b e r in g  t h a t T i s  a  h o m o g e n e o u s  f u n c t io n  o f  t h e  

q u a n t i t i e s  0„... 0n i n  t h e  s e c o n d  d e g r e e , t h e  e v a n e s c e n c e  o f  t h e  d e te r m in a n t  

j u s t  w r i t t e n  w o u ld  i n d i c a t e  t h a t  T a d m i t t e d  o f  e x p r e s s io n  b y  m e a n s  o f  n — 1  

s q u a r e  t e r m s , s u c h  a s

i -Li + IP ... + L\

T h i s v a n i s h e s i f

Zi = 0; L2 = 0, & c . ; Z „ _ x  =  0 ;

e a c h  o f  t h e s e  i s  a  l i n e a r  e q u a t io n  i n  0„... 0n, a n d  c o n s e q u e n t ly  a  r e a l  s y s te m  

o f  v a lu e s  f o r ... 0n m u s t s a t i s f y  t h e s e  e q u a t io n s ,  a n d  r e n d e r  T z e r o . I t  

w o u ld  t h u s  a p p e a r t h a t a  r e a l m o t io n  o f  t h e  m a s s - c h a in  w o u ld  h a v e  t o  b e  

c o m p a t ib l e w i th  a  s t a t e  o f z e r o  k in e t i c  e n e r g y . T h i s i s , o f c o u r s e , im ­

p o s s ib l e  ; i t t h e r e f o r e f o l l o w s t h a t t h e  d e te r m in a n t m u s t n o t v a n i s h , a n d  

c o n s e q u e n t ly  w e  h a v e  t h e  f o l lo w in g  t h e o r e m

If the screw-chains of reference be co-reciprocal, then the necessary and 

the sufficient conditions for 0 to be a permanent screw are that its co-ordinates 

0„02,... 0n shall satisfy the equations

dT = = 0
d0' døn'

T h e r e  a r e  n o f  t h e s e  e q u a t io n s , b u t  t h e y  a r e  n o t  i n d e p e n d e n t . T h e  e m a n a n t  

i d e n t i t y  s h o w s  t h a t i f  n - 1  o f  t h e m  b e  s a t i s f i e d , t h e  c o - o r d in a t e s  s o  f o u n d  

m u s t ,  i n  g e n e r a l , s a t i s f y  t h e  l a s t e q u a t io n  a l s o .

375. Conditions of a permanent Screw-chain.

A s t h e  q u a n t i t i e s 0f...0f a r e  s m a l l , w e  m a y  g e n e r a l ly  e x p a n d  T i n  

p o w e r s , a s  f o l lo w s :—

t  0 i  ±  i  - r  •  •  • *'n n

+ 0ffTa + ... + 201'0.'T12 + ... .

T h e  e q u a t io n  

dT = 0 

d0,'
t h e r e f o r e  b e c o m e s

'1\ + 20,'Tn + 20.'TVi+ ... =  0 ,



4 1 2
[ 3 7 5 ,T H E  T H E O R Y  O F  S C R E W S .

a n d  a s  0/, 02', & c . ,  a r e  i n d e f i n i t e l y  s m a l l ,  t h i s  r e d u c e s  t o

^  =  0 ,

w h e r e  T 7 , i s  a  h o m o g e n e o u s  f u n c t i o n  o f  0lt 02, ... 0n i n  t h e  s e c o n d  d e g r e e .

F o r  t h e  s t u d y  o f  t h e  p e r m a n e n t  s c r e w s  w e  h a v e ,  t h e r e f o r e ,  n e q u a t i o n s  

o f  t h e  s e c o n d  d e g r e e  i n  t h e  c o - o r d i n a t e s  o f  t h e  i n s t a n t a n e o u s  s c r e w - c h a i n ,  

a n d  a n y  s c r e w - c h a i n  w i l l  b e  p e r m a n e n t  i f  i t s  c o - o r d i n a t e s  r e n d e r  t h e  s e v e r a l  

d i f f e r e n t i a l  c o e f f i c i e n t s  z e r o . W e  m a y  w r i t e  t h e  n e c e s s a r y  c o n d i t i o n s  t h a t  

h a v e  t o  b e  f u l f i l l e d ,  a s  f o l l o w s : —

L e t  u s  d e n o t e  t h e  s e v e r a l  d i f f e r e n t i a l  c o e f f i c i e n t s  o f  T w i t h  r e s p e c t  t o  t h e  

v a r i a b l e s  b y  I ,  I I ,  I I I ,  & c . T h e n  t h e  e m a n a n t  i d e n t i t y  i s

Ø J  +  Ø J I + 0 3 1 1 1 + . . ^ O ,

a n d  w e  m a y  d e v e l o p  a n y  s i n g l e  e x p r e s s i o n ,  s u c h  a s  I I I ,  i n  t h e  f o l l o w i n g  

f o r m  : —

i n  =  i n n f c  +  i i i 2 2 ^  +  +  a i u . M  + . . .  2 1 1 M A

A s  t h ©  c n i a n a n t i s  t o  v a n i s h  i d e n t i c a l l y , w o  m u s t  h a v e  t h e  c o e f f i c i e n t s  o f  

0 i 2 0 2 ) ØiØ-203, & c „  a l l z e r o , t h e  r e s u l t  b e i n gt h e  s e v e r a l t e r m s , s u c h  a s  0^, 

t h r e e  t y p e s  o f  e q u a t i o n —

=  0 ,I n  =  0 , I 2 2  +  I I 1 2  =  0 , i 2 3 + i i i s + i i i 1 2

I I 2 2  =  0 , 1 1 1 1  +  1 1 2  =  0 , & c . ,

i n 3 3  =  o , U s  +  I U 2 3  =  0 , & c . ,

I V «  =  0 , & c . , & c .

& c .

O f  t h e  f i r s t  o f  t h e s e

t h e r e  a r e  n(n —  1 ) , a n d  o f  t h e  t h i r d ,  n ^ n  , - n  a j ^

1 . 2 . 3

c l a s s e s  o f  e q u a t i o n s ,  I u  =  0 ,  t h e r e  a r e  n, o f  t h e  s e c o n d  

n ( n  + l ) ( n + 2 )

1 . 2 . 3  ‘

376. Another identical equation.

L e t  T b e  t h e  k i n e t i c  e n e r g y  o f  a  p e r f e c t l y  f r e e  r i g i d  b o d y  t w i s t i n g  f o r  

t h e  m o m e n t  a r o u n d  a  s c r e w  0. I t  i s  o b v i o u s  t h a t  T w i l l  b e  a  f u n c t i o n  o f  

t h e  s i x  c o - o r d i n a t e s ,  0 / , . . .  0e', w h i c h  e x p r e s s  t h e  p o s i t i o n  o f  t h e  b o d y ,  a n d  

a l s o  o f  0 1 ; . . .  0e, t h e  c o - o r d i n a t e s  o f  t h e  t w i s t  v e l o c i t y ,

T=f(01',...06/, 0 1 ) . . . 0 6 ) .

\ \  e  m a y  n o w  m a k e  a  f u r t h e r  a p p l i c a t i o n  o f  t h e  p r i n c i p l e  e m p l o y e d  i n  

§  3 6 2 . T h e  k i n e t i c  e n e r g y  w i l l  b e  u n a l t e r e d  i f  t h e  m o t i o n  o f  t h e  b o d y  b e  

a r r e s t e d ,  a n d  i f ,  a f t e r  h a v i n g  r e c e i v e d  a  d i s p l a c e m e n t b y  a  t w i s t  o f  a m p l i t u d e  

e  a b o u t  a  s c r e w  o f  any p i t c h  o n  t h e  s a m e  a x i s  a s  t h e  i n s t a n t a n e o u s  s c r e w ,  

t h e  b o d y  b e  a g a i n  s e t  i n  m o t i o n  a b o u t  t h e  o r i g i n a l  s c r e w  w i t h  t h e  o r i g i n a l  

t w i s t  v e l o c i t y . T h i s  o b v i o u s  p r o p e r t y  i s  n o w  t o  b e  s t a t e d  a n a l y t i c a l l y .
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It has been shown in § 265 that if 0lt 02, ... 06 are the co-ordinates of 
a screw of zero pitch, then the co-ordinates of a screw of pitch px on the 
same axis are respectively

a . Px dR a px dR a px dR 
“T — ■—r > t/2 H * • , • • • "I ~ •

4pj d0x " 4p2 d02 4p6 d06

In these expressions px denotes an arbitrary pitch, while R is the 
function

0* + 022... + 082 + 2 (12) ØÅ + 2 (23) ØÅ, &C„

where (12) is the cosine of the angle between the first and second screws of 
reference, and similarly for (23), &c.

The principle just stated asserts that T must remain unchanged if we 
substitute for 0J 02, &c. the expressions

0 / + (0i + & e, 0' + (02 + e, &c.
c 4P1 døj \ 4p2 d0.J

We thus obtain the formula

(å , P* dR\ dT /a p^dBxdT _

\ 4j Pj  døj dØi V 4epe døj dø,'

As this must be true for every value of px, we must have, besides the 
vanishing emanant, the condition

1 dR dT , 1 dR dT _n 

px dØi dØi pe d06 dØs

It is plain that this is equivalent to the statement that the. screw whose 
co-ordinates are

1 dR fdR l^dR

Pi dØi P'a d02 Ps dØs

must be reciprocal to the screw defined by the co-ordinates

i £ dT 1 dT 
p2 dØi ’ p2 d02 ’ ’ ’ ’ ps dØs '

The former denotes a screw of infinite pitch parallel to 0 and hence it 
follows that the restraining screw must be perpendicular to 0. Remember­
ing also that the restraining screw is reciprocal to 0, it follows that the 
restraining screw must intersect 0. We thus obtain the following result:

If 0 be the screw about which a free rigid body is twisting, then to check 
the tendency of the body to depart from twisting about 0 a restraining wrench 
on a screw which intersects 0 at right angles must in general be applied.



4 1 4 T H E  T H E O R Y  O F  S C R E W S . [ 3 7 7 ,

377. Different Screws on the same axis.

L e t  t h e  b o d y  b e  d i s p l a c e d  f r o m  a  s t a n d a r d  p o s i t i o n  t o  a n o t h e r  p o s i t i o n  

d e f i n e d  b y  t h e  c o - o r d i n a t e s  0 / ,  ( ? . / , . . .  ( 9 / ,  a n d  l e t  i t  t h e n  b e  s e t  i n  r o t a t i o n  

a b o u t  a  s c r e w  o f  z e r o  p i t c h  w i t h  a  t w i s t  v e l o c i t y  w h o s e  c o - o r d i n a t e s  a r e  

0 i ,  0 2 , . . . L e t  t h e  k i n e t i c  e n e r g y  o f  t h e  b o d y  i n  t h i s  c o n d i t i o n  b e  T.

S u p p o s e  t h a t  i n  a d d i t i o n  t o  t h e  r o t a t i o n  a b o u t  0 t h e  b o d y  o f  m a s s  M 

a l s o  r e c e i v e d  a  v e l o c i t y  v o f  t r a n s l a t i o n  p a r a l l e l  t o  0. T h e n  t h e  k i n e t i c  

e n e r g y  o f  t h e  b o d y  w o u l d  b e  T', w h e r e

T'=T + ^Mv\

I t  i s  o b v i o u s  t h a t  t h e  p o s i t i o n  o f  t h e  b o d y ,  i . e .  t h e  c o - o r d i n a t e s  0 / ,  0.t,... 0e', 

c a n  h a v e  n o  c o n c e r n  i n  ^Mv'2, w h e n c e

dT' dT
d0’ ~ d0' ’ a n d  s ™ ^ a r  e q u a t i o n s .

B u t  a  b o d y  r o t a t i n g  a b o u t  0 w i t h  a n  a n g u l a r  v e l o c i t y  0 a n d  t r a n s l a t e d  

p a r a l l e l  t o  0 w i t h  t h e  v e l o c i t y  v i s  r e a l l y  r o t a t i n g  a b o u t  a  s c r e w  o n  t h e  

s a m e  a x i s  a s  0 a n d  w i t h  a  p i t c h  v+p. A s  v m a y  h a v e  a n y  v a l u e  w e  o b t a i n  

t h e  f o l l o w i n g  t h e o r e m  : —

All instantaneous screws lying on the same axis have the same restraining 

screw.

378. Co-ordinates of the Restraining Wrench for a free rigid 

body.

S u p p o s e  t h e  b o d y  t o  h a v e  a  s t a n d a r d  p o s i t i o n  f r o m  w h i c h  w e  d i s p l a c e  i t  

b y  s m a l l  t w i s t s  0 / , . . .  0e' a r o u n d  t h e  s i x  p r i n c i p a l s c r e w s  o f  i n e r t i a . W h i l e  

t h e  b o d y  i s  i n  i t s  n e w  p o s i t i o n  i t  r e c e i v e s  a  t w i s t  v e l o c i t y  o f  w h i c h  t h e  

c o - o r d i n a t e s  r e l a t i v e l y  t o  t h e  s i x  p r i n c i p a l  s c r e w s  o f  i n e r t i a  a r e  0lt...

T o  c o m p u t e  t h e  k i n e t i c  e n e r g y  w e  p r o c e e d  a s  f o l l o w s : — L e t  a  p o i n t  l i e  

i n i t i a l l y  a t  x, y, z, t h e n ,  b y  t h e  p l a c i n g  o f  t h e  b o d y  a t  t h e  s t a r t i n g  p o s i t i o n  

t h e  p o i n t  i s  m o v e d  t o  X, Y, Z, w h e r e

X = a (01 — ft/) + y (05' + 06') — z (0i + 04') + x,

Y = b (0.' - 0') + z (0' +  0 2 ' )  -  x(0; + 0^ +  y ,

Z  =  c  ( 0 /  -  0 6 ' )  +  x (03 +  0 / )  -  y (0i +  6 > 2 ' )  +  z,

m  w h i c h  a, b, c a r e  t h e  r a d i i  o f  g y r a t i o n  o n  t h e  p r i n c i p a l  a x e s . T h e  s i x  

p r i n c i p a l  s c r e w s  o f  i n e r t i a  l i e , o f  c o u r s e ,  t w o  b y  t w o  o n  e a c h  o f  t h e  t h r e e  

p r i n c i p a l  a x e s , w i t h  p i t c h e s  +  a, — a o n  t h e  f i r s t , -\-b, — b o n  t h e  s e c o n d ,  

a n d  +  c, — c o n  t h e  t h i r d .

I n  c o n s e q u e n c e  o f  t h e  t w i s t  v e l o c i t y  w i t h  t h e  c o m p o n e n t s  0 , , . . .  0 „ ,  e a c h  

p o i n t  X, Y, Z r e c e i v e s  a  v e l o c i t y  o f  w h i c h  t h e  c o m p o n e n t s  a r e
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a —  6 2 )  +  Y ( ß s  +  ö 6) —  Z  (0 3 +  0 4) , 

b ( é 3 - é i )  +  z  ( é 1  +  é 3) - x ^ r , +  ø 3 ) ,  

C (ø 5-ø 8)  +  X (&  +  ø 4)-  Y ( é 1  +  é 2 ) .

B efo re su b s titu tio n fo r X ,  Y ,  Z  it w ill b e co n v en ien t to u se ce rta in  ab b re ­

v ia tio n s,

0 i —  0 2 =  6 1 ; —  0 3  =  P l  >  0 1  +  0 '2 —  \1 , 0 1  +  0 2  = >

0 S '  —  Ø 4 =  e2 ; Ø 3  —  Ø 4  =  p 2 ~ , Ø 3  +  Ø 4 =  Ø 3  +  Ø 4  =  "a ,

0 /-0 6 ' =  e3 ; 0 5 - 0 6  =  P s i  0 s '  +  0 6 = K ,  0 s  +  0 6 = a > 3 .

W ith  th e se  su b s titu tio n s  in  v 2 th e sq u are o f th e v e lo c ity  o f th e e lem en t w e  

read ily o b ta in  a fte r in teg ra tio n an d  a few  red u c tio n s an d tak in g th e to ta l 

m ass  as  u n ity ,

% f v 2 d m  =  a 2 0 i 2  +  d ß . 2  +  b 2 0 2  +  b 2 0 2  +  c 20 5 2 +  c -Ø .r

+  a b e 2 p i w s  —  a c e 3 p i < i > 2  —  X i® 2® 3  (& 2 —  c 2)  

+  b c e 3 p 2 W i -  b a e i p 2 a > s  —  \ m 3 ^ i  ( c 2  —  a 2 )

+  c a e i p 3 m . 2  -  c b e 2 p 3 c o i —  X 3 a > i ( o 2  ( a ?  —  f t 2 ) ,  

w h en ce  w e easily  f in d

d T  

d 0 i '
=  +  a c p 3 a > 2  —  a b p : M . .  —  ( b 2  —  c 2)  ® 2 ® s-

If 7 ) 1 ' , . . . 7 ) ”  b e th e co -o rd in a tes o f th e re stra in in g w ren ch , th en , as sh o w n  

in  S 3 6 8 ,

A _ d T

V 1 ~ P i  d ø r

w h en ce w e d ed u ce th e fo llo w in g fu n d am en ta l ex p ress io n s fo r th e co ­

o rd in a te s o f th e re s tra in in g w ren ch  :—

P i v ”  —  —  a c p a ^ i  +  a b p 2 a ) 3  +  ( b 2  —  c 2)  f t> 2 ö > 3 >

P 2 V 2 ' =  +  a c p - i O > 2  ~  a b p 2 w 3  +  ( b 2  -  c 2) a ) 2 a > 3 , 

P - i V s ' =  —  o d > p i < i > 3  +  c b p 3 a > i +  (c 2 —  a 2 )  ö > s W i , 

P t " ) "  =  +  a b p i w 3  —  c b p 3 ( i > i +  (c a  —  a 2)  ® 3« i  > 

P i V "  =  ~  b c p 2 ( O i +  a c p i o ) 2  +  ( a 2  —  b 2 )  ö > j ® 2 , 

P h V s "  =  +  b c p 3 w i  -  a c p i w 2  +  (a 2  -  b 2 )

A s u su a l, w e h e re w rite  fo r sy m m etry

p 1  =  - 2r a - , p 3  —  —  a ' , p 3  =  +  b - , P t  =  —  b ; p 3  =  +  c ; p 3  =  - c .

W e  v e rify  a t o n ce  th a t

P i V i 'Ø i  +  ■ •  • P t V ^ Ø a  =  0 , 

b u t th is is o f co u rse k n o w n o th e rw ise to b e tru e , b ecau se th e re stra in in g  

sc rew  m u st b e  rec ip ro cal to  th e  in s tan tan eo u s sc rew .



416 THE THEORY OF SCREWS. [378-

These equations enable us to study the correspondence between each 

instantaneous screw 3 and the corresponding restraining screw v- It is to 

be noted that this correspondence is not of the homographic, or one-to-one 

type, such as we meet with in the study of the Principal Screws of Inertia, 

and in other parts of the Theory of Screws. The correspondence now to 

be considered has a different character.

379. Limitation to the position of the Restraining Screw.

If a particular screw 3 be given, then no doubt, a corresponding screw r/ 

is given definitely, but the converse is not true. If y be selected arbitrarily 

there will not in general be any possible 3. If, however, there be any one 3, 

then every screw on the same axis as 3 will also correspond to the same y.

From the equations in the last article we can eliminate the six quantities, 

3lt... 3ti; we can also write 17/' = y"y1, ■ ■ ■ Vn = v"Vn where y" is the intensity 

of the restraining wrench and ylt...ye the co-ordinates of the screw on 

which it acts.

We have

whence

« W + Vi") = 2a6p2&>3 - 2acp3w2, 

a (ift" - %") = (b2 - c2) w2&>3, 

b2 - c2 Vi + y» _j)p2_cPs

a Vl ~ Vi ®2 "s ’

and from the two similar equations we obtain, by addition, 

b2-c2 Vi + V2 + c2 - a2 y3 + m + a2 -J)2 Vn + y« _ q  
« Vi — yi b ys-yi c y5-ye

It might at first have been supposed that any screw might be the possible 

residence of a restraining wrench, provided the corresponding instantaneous 

screw were fitly chosen. It should however be remembered that to each 

restraining screw corresponds a singly infinite number of possible instan­

taneous screws. As the choice of an instantaneous screw has five degrees 

of infinity, it was to be presumed that the restraining screws could only 

have four degrees of infinity, i.e. that the co-ordinates of a restraining screw 

must satisfy some equation, or, in other words, that they must belong to a 

screw system of the fifth order, as we have now shown them to do.

380. A verification.

We confirm the expression for the co-ordinates of y in the following manner. 

It has been shown (§376) that so long as 3 retains the same direction and 

situation, its pitch is immaterial so far as y is concerned. This might have 

been inferred from the consideration that a rigid body twisting about a 

screw has no tendency to depart from the screw in so far as its velocity of 

translation is concerned. It is the rotation which necessitates the restrain­

ing wrench if the motion is to be preserved about the same instantaneous



3 8 1 ]  T H E T H E O R Y O F P E R M A N E N T S C R E W S . 4 1 7

sc rew . W e o u g h t, th e re fo re , to  f in d  th a t th e  ex pre ssio ns fo r th e  co -o rd in a tes  

o f 7 ? rem a in ed u n a lte red  if w e su b s titu ted fo r ... 0e, th e co -o rd in a te s o f  

an y  o th e r sc rew  o n  th e  sam e s tra ig h t lin e  as 6. T h ese  a re  (§  4 7 )

0 1 +  -(0 1 +  0 2) , 0 2-^ (0 1 +  0 a) , 

d d

0 3  +  y (0 3+ ^  0 4-y (0 3+ 0 4) ,

0 5  +  ^ (0 5 +  0 6) ) 0 6-^ (0 6  +  0 6) , 

c v

w h ere  H is a rb itra ry .

In tro d u c in g  th e se  in to  th e  v a lu es fo r i? / ', it b eco m es

/  2 7 f \  7  /  2 1 / \ ,,  .
—  « c& > 2 f ps +  —  ® 3 I +  ab<i)3 ( p 2 4— a>2 J  +  (P "  —  C“) m2ms,

fro m  w h ich  H d isap p ears , an d  th e  req u ired  re su lt is  p ro v ed .

T h e re stra in in g sc rew  is a lw ay s rec ip ro ca l to th e in s tan tan eo u s screw ,  

an d , co n seq u en tly , if e b e th e an g le b e tw een th e tw o screw s, an d d th e ir  

d is tan ce ap a rt,

(Pi + Pe) co s  e  — s in  e  =  0 .

W e h av e  seen  th a t th is  m u st b e  tru e  fo r ev e ry  v a lu e  of pe, w h en ce

co s  e — 0  ; d =  0  ;

i.e . th e  tw o  sc rew s m u st in te rsec t a t r ig h t an g le s  as w e h av e  o th erw ise  sh o w n  

in  §  3 7  6 .

T h is a lso  ap p ea rs  fro m  th e  fo rm u lae

rjx' +  1 /2 "  =  2bp2co3 — 2cp3a>2 >

Vs" + v” =  2 cp 3 a> ! -  2apxa>3,

Vs" + v" ~ ^Pi^i ~

m u ltip ly in g  re sp ec tiv e ly  b y  & > !, w 2 , a>3, an d  ad d in g , w e  g e t

( ''Z i +  V2) (A  +  ^ 2 ) +  (%  +  ’h )  +  "* ■ (^ 5 +  ~  0 ’

w h ich  p ro v es th a t ?? an d 6 a re  rec tan g u lar ; b u t w e  a lread y  k n o w  th a t th ey  

a re  rec ip ro ca l, an d  th e re fo re  th ey  in te rsec t a t r ig h t an g le s.

381. A Particular Case.

T h e  ex p ressio n s  fo r th e  re stra in in g  w ren ch es  can  b e  illu stra ted  b y  tak in g  

as a p a rticu la r case an  in s tan tan eo u s sc rew  w h ich  p asse s th ro u g h  th e  cen tre  

o f g rav ity .

b .
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T h e  e q u a tio n s to  th e  a x is  o f th e  s c re w  a re

« P i +  ya>3 — zm, _ bp2 + za^ — xm. _  c p 3  +  ® c o 2  —  ya^

® i a > 2  a>3

I f  x, y, z a re  a ll s im u lta n e o u s ly  z e ro , th e n

Q 'P i bp2 ops 

® i * ) , w 3 ’

a n d  th e se  a re , a c c o rd in g ly ,  th e  c o n d it io n s  th a t th e  in s ta n ta n e o u s  s c re w  p a s se s  

th ro u g h  th e  c e n tre  o f g ra v ity .

W ith  th e se  s u b s titu t io n s th e  c o -o rd in a te s  b e c o m e

P i ’? / '=  (& 2  —  c 2 )  ® 2 w 3 ; paVs" =  (c 2  -  a 2 )  aw, psV” =  (a 2  -  b2) a>1Cl>2, 

P2V2" = (b2 -  C 2)  ® 2 ® s ; p4y" =  (c 2  -  a 2 )  « ..« j ; peV= (a2 - b2) &>10>2; 

re m e m b e rin g  th a t p1 = + a; p2 = - a, & c ., w e  h a v e

% "  +  % " =  0 ; % "  +  ^ / '= 0 ; < + j ? "  =  0 ;

b u t th e se  a re  th e  c o n d it io n s th a t th e  p itc h  o f ? , s h a ll b e in f in i te ; in  o th e r  

w o rd s  th e  re s tra in in g  w re n c h  is  a  c o u p le , a s  s h o u ld  o b v io u s ly  b e  th e  c a se .

F ro m  th e e q u a tio n s  a lre a d y  g iv e n , w e c a n  f in d th e c o -o rd in a te s o f th e  

in s ta n ta n e o u s  s c re w  in  te rm s  o f th o s e  o f th e  re s tra in in g  s c re w .

W e  h a v e

/ abc (y" - y2") (y3" - Vi") (Vs" - Vfs") 

V 2  (b2 —  c 2 )  (c 2  —  a 2)  (a2 — b2)

, TT b2— c2
a n d W1 = H-.-„----- - ;

«hh - % )

c2 — a2
w- b(V3"-Vi"y a>3 = H

I f  w e m a k e

a2-b2

C (vs' ~ Vs") ’

LO2 = ato,2 + ba2 + ca>32, h302 = apax2 + b3w22 +  c 3 < a 3 2 , 

th e n  w e  h a v e

0^ =
‘Pi + pe La2 - h3\

< 2 p , 2,abc ) ’
02 = (O1

'P2 +Pe _ La2-h3\

< 2p2 2abc J ’

a _ (Pz+Pe , 
“ 3  —  Ö > 2 I 5 - - -- - -- 1 -

V 2 p s

Lb2 - h3\

2abc )
'Pt + Pe Lb2 — h3\
< 2p4 2abc ) ’

04 =  tu 2

a fPs+Pe Lc2 — h3' 
0s = w3 -  + . .a ,

\ 2 j > 5 2abc ,
0« = ö>3

Ps + Pe

< %Ps

Lc2 - h3\
2abc ) ’

In  th e se  e x p re ss io n s , pe is  th e  p itc h  o f  0, a n d  is , o f  c o u rs e , a n  in d e te rm in a te  

q u a n ti ty .

382. Remark on the General Case.

I f  th e  f re e d o m  o f  a  b o d y  b e  re s tr ic te d , th e n  a n y  s c re w  w ill b e  p e rm a n e n t,  

p ro v id e d  i ts  re s tra in in g  s c re w  b e lo n g  to  th e  re c ip ro c a l » s y s te m . F o r  th e  b o d y
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will not depart, from the original instantaneous screw except by an accelera­

tion. This must be on a screw which stands to the restraining screw in the 

relation of instantaneous to impulsive, but in the case supposed these two 

screws are reciprocal, therefore they cannot be so related, and therefore there 

is no acceleration.

There is little to be said as to the restraining wrench when the freedom 

is of the first order. Of course, in this case, as every movement of the body 

can only be a twist about the screw which prescribes its freedom, the 

restraining wrench is provided by the reactions of the constraints. It is 

only where the body has liberty to abandon its original instantaneous screw 

that the theory of the restraining wrench becomes significant.

383. Two Degrees of Freedom.

If a rigid body has two degrees of freedom, then it is free to twist about 

every screw on a certain cylindroid. If the body be set initially in motion 

by a twist velocity about some one screw on the surface, then, in general, 

it will not remain twisting about this screw. A movement will take place 

by which the instantaneous axis gradually comes into coincidence with 

other screws on the cylindroid. If we impose a suitable restraining wrench 

7), then of course 3 can be maintained as the instantaneous screw; y is 

reciprocal to 3. It may be compounded with any reactions of the constraints 

of the system. Thus, given 3, there is an entire screw system of the fifth 

order, consisting of all possible screws reciprocal to 3, any one screw of which 

may be taken as the restrainer. Of this system there is one, but only one, 

which lies on the cylmdroid itself. There are many advantages in taking it 

as the restraining wrench, and it entails no sacrifice of generality ; we there­

fore have the following statementTo each screw on the cylindroid, regarded 

as an instantaneous screw, will correspond one screw, also on the cylindroid, 

as a restraining screw. ____

The position of this restraining screw is at / / '•

once indicated by the property that it must be / ot/ \
reciprocal to the instantaneous screw. It we / X \

employ the circular representation for the ; / Ji

screws on the cylindroid (fig. 42), and if 0 be I / 

the pole of the axis of pitch, then it is known \ /

that the extremities of any chord, such as 1R /

drawn through 0, will correspond to two re- 1 

ciprocal screws (§ 58). If therefore I be the 

instantaneous screw, R must be the restraining

screw. If a body free to twist about all the screws on the cylindroid be set 

in motion by a twist velocity about I, it will be possible, by a suitable wrench 

27—2

■■■■
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applied on the screw corresponding to R, to prohibit the body from changing 

its instantaneous screw.

Let 0' be the pole of the axis of inertia, then, if IA be a chord drawn 

through O', the points I and A correspond to a pair of conjugate screws of 

inertia (§ 135). It further appears that A is the instantaneous screw corre­

sponding to an impulsive wrench on R (§ 140). Therefore the effect of the 

wrench on R when applied to control the body twisting about I is to com­

pound its movement with a nascent twist velocity about A. Therefore A 

must be the accelerating screw corresponding to I. We thus see that—

Of two conjugate screws of inertia, for a rigid body with two degrees of 

freedom, either is the accelerator for a body animated by a twist velocity about 

the other.

384. Calculation of T.

In the case of freedom of the second order we are enabled to obtain the 

form of T, from the fact that the emanant vanishes, that is,

Å dTi dT 
eidø/ + e'2dø/~Q'

If we assume that T is a homogeneous function of the second degree in 

0, and 0.2, the solution of this equation must be

T = L0/ + 280,0, + MØ/ + H (0/0, - 0/0/y + (0/0, - 0/ 0/) (A 0, + B0,\

in which L, 8, M, H, A are constants. If we further suppose that 0/ and 0/ 

are so small that their squares may be neglected, then the term multiplied 

by H may be discarded, and we have

T = L0/ + 280,0, + M0/ + (0/0, - 0/0,) (A 0, + B0.j),

whence
dT . . (rr . .
-r , = + 0, (A0, + B0j); = - 0, (A0, + B0/).
CLU] (tU 2

Thus, for the co-ordinates of the restraining screw, supposing the screws of 

reference to be reciprocal, we have

- S 3F - + t + “■> ’ - S' U ' - - +jPl a<72 p2

from which it is evident that

PiVi'0, + p&h'Ø, = 0,

which is, of course, merely expressing the fact that y and 0 are reciprocal.

385. Another method.

It may be useful to show how the form of T, just obtained, can be derived 

from direct calculation. I merely set down here the steps of the work and 

the final result.
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Let us take any two screws on the cylindroid a and ß, and let their co­
ordinates, when referred to the absolute screws of inertia, be

ai, ... a„, and ßx, ... ßt.

Then any other screw on the cylindroid, about which the body has been 
displaced by a twist, by components 0J on a and 02' on ß will have, for co­
ordinates,

aßi + ßA', • • • «A' + ßA',

and the screw about which the body is twisting, with a twist velocity d, will 
have, for co-ordinates,

CtjØj + ßÄ, ... otÅ + ßÄ-

It readily appears that, so far as the terms involving 0^ and 02 are concerned, 
the kinetic energy is the expression

(ø1'é2-ø.'ø1)(Aé1 + Bfo, 

where

A = + be (a, + a2) [(a5 - a6) (ß3 - Ä) - (a3 - a4) (ß6 - &)]
+ (62 - c2) (a3 + a4) (a5 + a6) (ft + ß2)

+ ca (a3 + a4) [(«i — «2) (ßt> ~ ße) ~ («» ~ “<>) (& ~ &)]
+ (c2 - a2) (as + a6) (ax + a2) (ß3 + ß4)

+ ab (a5 + a6) [(a3 - a4) (ßi - ß3) ~ (ai ~ “s) (& - &)]
+ (a2 - b2) (ctj + a2) (a3 + a4) (/?s + /36),

B = + be (ß, + ß>) [(<*» - a6) (Ä> - ft) - («3 - «4) (ß, - &)]
— (b2 - c2) (ax + a3) (ß3 + ßi) (ßs + ßs)

+ ca (ß3 + ßß [(«i - a2) (ßs - ßs) - (a6 - «e) (ßi ~ ßi)]
- (c2 - a2) (a3 + a4) (ß, + ßs) (ßi + ß?)

+ ab (ßs + ß6) [(a3 - a4) (Ä - ß>) - («! - «2) (Ä - Ä)]
— (a2 — b2) (a5 + a6) + ß2) (ß3 + ßi).

386. The Permanent Screw.

We now write the equations of motion for a body which has two degrees 
of freedom, and is unacted upon by any force, the screws of lefeience being 

the two principal screws of inertia.

We have, from the general equations (§ 367)

= d^,,
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In tro d u c in g  th e  v a lu e  ju s t o b ta in e d  fo r T,

Mufø1 = + 02(A01 + B0i),

MufØ^-Ø, (AØ. + BØf

T h e re  m u s t b e  o n e  sc re w  o n  th e  c y lin d ro id , fo r w h ic h

4 ^  +  M  =  o .

T h is  sc re w  w ill h a v e  th e  a c c e le ra tio n s  ö j a n d  02, b o th  z e ro , a n d  th u s  w e  h a v e  

th e  fo llo w in g  th e o re m  :—

If a rigid body has two degrees of freedom, then, among the screws about 

which it is at liberty to twist, there is one, and in general only one, which has 

the property of a permanent screw.

T h e  e x is te n c e  o f a  s in g le  p e rm a n e n t sc re w  in  th e  c a se  o f f ree d o m  o f th e  

se co n d  o rd e r se em s a  n o te w o rth y  p o in t. T h e  a n a lo g y  h e re c e a se s b e tw ee n  

th e p e rm a n e n t sc re w s a n d  th e p r in c ip a l sc rew s o f in e r tia . O f th e la tte r  

th e re  a re  tw o  o n  th e  c y lin d ro id  (§  8 4 ) .

387. Geometrical Investigation.

L e t N ( f ig . 4 3 ) b e th e c r itic a l p o in t o n  th e  c irc le  w h ic h c o rre sp o n d s to  

th e p e rm a n e n t sc rew  (§ 5 0 ) . L e t P b e  a  sc re w  0, th e  tw is t v e lo c ity  a b o u t

w h ic h  is 0. L e t u6 b e a  l in e a r p a ram e te r a p p ro p r ia te  to  th e  sc re w  0, su c h  

th a t Mu q 202 is  th e  k in e tic  e n e rg y .

L e t 0 , a n d  O 2 b e  th e tw o  sc re w s o f re fe re n c e  o n  th e  c y lin d ro id  a n d  fo r  

c o n v e n ie n ce le t th e c h o rd Off b e u n ity . L e t th e p o in t Q  c o rre sp o n d to  

a n o th e r  sc re w  < /> , th e n  f ro m  § 5 7

01=0PO2, 02=0PO1; <j>i == <j>Q02, <£2 = rfiQCp

P to le m y ’s  th e o re m  g iv e s

PQ0^ = 0^ - 0^.

N o w  le t b e  th e  a d ja c en t sc re w  a b o u t w h ic h  th e  b o d y  is  tw is tin g  in  a  t im e  

8t a f te r  i t w a s  tw is tin g  a b o u t 0.
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Then

whence

<^>x — 0, +

</>2 = 02 + 02^1

Ø’PQ^ØÅ-ØMSt,

PQ ^ 0201-^2 

8t ’ 02

which is, accordingly, the rate at which P will change its position. If we 

substitute for 02 and 0.2 their values already found in the last article, we 

obtain for the velocity of P the expression

i 

M UfuJfP
{A0i + B02\

N being the position of the permanent screw, let p be the length of the 

chord PN, then the expression just written assumes the form

kpØUg
where k is a constant.

This expression illustrates the character of the screw corresponding to N. 
If p be zero, then the expression for this velocity vanishes. This means that 

P has no tendency to abandon Xin other words, that the screw correspond­

ing to N is permanent.

388. Another method.

It is worth while to investigate the question from another point 

of view.

Let us think of any cylindroid S placed quite arbitrarily with respect to 

the position of the rigid body. A certain restraining screw r) will corre­

spond to each screw 0 on $. As 0 moves over the cylindroid, so must the 

corresponding screw i) describe some other ruled surface ,S . The two 

surfaces, S and S', will thus have two corresponding systems of screws, 

whereof every two correspondents are reciprocal. One screw can be dis­

covered on S', which is reciprocal, not alone to its corresponding 0, but to 

all the screws on the cylindroid. A wrench on this y can be provided by the 

reactions of the constraints, and, consequently, the constraints will, in this 

case, arrest the tendency of the body to depart from 0 as the instantaneous 

screw. It follows that this particular 0 is the permanent screw.

The actual calculation of the relations between v and the cylindroid is as 

follows:—

A set of forces applied to a rigid system has components X, Y, Z at 

a point, and three corresponding moments F, G, H m the rectangular planes 

of reference.
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Let p be the pitch of the screw on which the wrench thus represented 
lies, and let x, y, z be the co-ordinates of any point on this screw. Then, 
in the plane of Z the moments of the forces are xY -yX, and if to this be 
added pX, the whole must equal II.

Thus we have the three equations, so well known in statics,

F =pX+yZ - zY,

G —pY + zX - xZ,

H—pZ + xY — yX.

The centrifugal acceleration on a point P is, of course, w2PH, where a> is 
the angular velocity, and PH the perpendicular let fall on the axis. The 
three components of this force are X', Y', Z', where

X' = a? sin 0 (x sin 0 - y cos Ö),

Y' = co2 cos 0 (y cos 0 — x sin 0),

Z' = a? (z — m sin 2$),

and the three moments are F', G', H', where

F' = a>2 sin 0 (yz sin 0 + xz cos 0 - 2my cos 0),

G' = ®2 cos 0 (- yz sin 0 - xz cos 0 + 2mx sin 0),

H'= w2 {(y2 - a?2) sin 0 cos 0 + xy cos 20}.

We are now to integrate these expressions over the entire mass, and we 
employ the following abbreviations (§ 324):

$xdm = Mx, ■ fydm = My,; jzdm = Mz0;

Ry2 ~ ®2) dm = (p2 - p2) M ;

fxydm = Mlf; fxzdm=Ml22; jyzdm=Ml2;

X = fX'dm; Y= JY'dm; Z = jZ'dm;

F = jF'dm; G = jG’dm; H = jH'dm;

then, omitting the factor Ma?, we have

X= + («0 sin 0 — y, cos 0) sin 0,

Y = - (x0 sin 0 - y0 cos 0) cos 0,

Z = z„ — m sin 20;

■̂  = + sin 0 (l^ sin 0 + l22 cos 0) — 2my0 sin 0 cos 0,

G = — cos 0 (Zj2sin 0 + I2cos 0) + 2ma?0 sin 0 cos 0, 

H = (p,2 - p32) sin 0 cos 0 + r2 cos 20.

We can easily verify that

FY - GX = 2mXY.
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We now examine the points on the cylindroid intersected by the axis of 

the screw
F =pX+yZ — zY,

G =pY+zX— xZ,

H = pZ + xY — yX.

We write the equations of the cylindroid in the form

« = j Rc o s </>; 7/= 72 sin </>; .? = m sin2</>;

then, eliminating p and R, and making

U=X* + P +Z\

V = FX+ GY+HZ,

we find, after a few reductions,

tan3 <f>(YV-GU) + tan2 </> (XV-FU + 2mXU)

+ ta,n <f>(YV—GU— 2mYU) +XV — FU=0.

This cubic corresponds, of course, to the three generators of the cylindroid 

which the ray intersects.

If we put
FY - GX = 2mXY,

then the cubic becomes, by eliminating m,

(Ftan </> + X) {X (YV - GU) tan*</> + (XV-FU) Fj = 0.

The factor Y tan <j) + X simply means that the restraining screw cuts the 

instantaneous screw at right angles.

The two other screws in which y intersects the cylindroid are given by 

the equation

(XYV - XGU) tan2 </> + (XYV- FUY) = 0.

These two screws are of equal pitch, and the value of the pitch is

P1 (X YV - XG U) +p2 (FUY-X YV) 

U(FY-GX)

where p1 and p2 are the pitches of the two principal screws on the cylindroid. 

After a few reductions the expression becomes

7 (Ip - XopJ sin 0 + (!■? + y0/>2) cos 0
U + x0 sin 0 — y0 cos 0

This is the pitch of the two equal pitch screws on the cylindroid which y 

intersects. If y is to be reciprocal to the cylindroid, then, of course, the 

pitch of y itself should be equal and opposite in value to this expression. 

Hence the permanent screw on the cylindroid is given by

(Ip - xopi)sin 0 + (('2 + y0p2) cos 0—0.
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We notice here the somewhat remarkable circumstance, that if

[388-

(2 - «0P1 = 0, and Z22 + y0p2 = 0, 

then all the screws on the cylindroid are permanent screws.

It hence appears that if two screws on a cylindroid are permanent, then 

every screw on the cylindroid is permanent.

389. Three Degrees of Freedom.

Let us now specially consider the case of a rigid body which has freedom 

of the third order. On account of the evanescence of the emanant we have

a dT a dT_ . dT 
01 de;+ 0id.e; + 03 de; o.

It is well known that if U, V, W be three conics whose equations submit to 

the condition
xU + yV+ zW =0,

those conics must have three common intersections.

It therefore follows that the three equations

dT-0 -o ^-0 
de; ' de; ’ de; ’

must have three common screws. These are, of course, the permanent 

screws, and, accordingly, we have the theorem:—

A rigid system which has freedom of the third order has, in general, three 

permanent screws.

There will be a special convenience in taking these three screws as the 

screws of reference. We shall use the plane representation of the three- 

system, and the equations of the conics will be

+ BfÅ + CfÅ = 0, or U=0,

A2é2é3 + = o, „ f =o ,

j430203 + B303&i + CfhØz = 0, „ W = 0;

but, as éfJ + é2V4- 03W = 0, 

identically, we must have

B, = 0; A2 = 0; A3 = 0 ;

C, = 0; C3 = 0; B3 = 0;

and also A± + B2 + C3 = 0.

For symmetry we may write

A1 = p — v, B2—v  — X\ C3 = X —g.
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W e thus find that w hen T is referred to the three perm anent screw s of the  

system , its expression m ust be

T =  afc  +  bfa +  c0 82 +  2/Ø Å  +  2^0,03  +  2Å Ø Å

+ {p,—v) øi'ø3ø3+(y— x) ø2ø3ø1 +  (x— ø3ø1ø2.

L et y" be the in tensity of any w rench acting on a screw belonging  to  

the system , and let represent the virtual coefficient betw een y and the  

first of the three screw s of reference.

T hen, substitu ting for T in L agrange ’s equations, w e have  

+  aØ j +  h02 + g03 —  (/z . —  p) 020 s =  ^y", 

+  /iö i +  bø2 +yø 3 —  (v —  x) ø3ø3 = 'us^r)", 

++f^i +  c^3 -  (x  -  /*) Ø Å  =  vs^y".

If y be the restrain ing screw , then an appropriate w rench  y" should be  

capable of annihilating the acceleration , i. e. of rendering

Ö ! =  0  ; 02 =  0; 0 3 =  0;

w hence the position  of y, and the in tensity y" are indicated by  the equations 

(y - p) 0203 = -sr^y", 

(X  -  v) 0301 — ^y", 

(p, - X ) 0 X0 3 =  ^y”.

W e can now  exhibit the nature of the correspondence  betw een  y and 0, for 

= PiVi +  ^ ’la’Z a +  ^isVs, 

= ^1‘iVl + PzV2 + ,

- ^wVi + + PaVa-

If  w e m ake H = 010203 -5- y', and om it the dots over 0X, & c., w e have

0i (piVi + +  W % )  = S(y -ß),

02 (ywh + P2V2 + ^Va) = H (a - 7), 

03 (™iaVi + +P3V3) = H(fi- a).

W e m ay  reduce them  to tw o hom ogeneous form s, viz.

0.L + 0,M+ 03N= 0, 

+ ß0-,M + y03N = 0, 

w here  £  =  1^2  • =
WÜere L ^dV1’ ^dy2’ idyi-

390. Geometrical Construction for the Permanent Screws.

W e see that y m ust lie on the polar of the point 0lt 02 , 03 w ith  respect 

to  the pitch conic (§ 201) or the locus of all the screw s for w hich

Pi = °-
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We also see that <7 must lie on the polar of the point a01; ß02, y03 with 

regard to the same conic.

We thus obtain a geometrical construction by which we discover the 

restraining screw when the instantaneous screw is given.

Two homographic systems are first to be conceived. A point of the first 

system, of which the co-ordinates are 0lt 02, 03, has as its correspondent a 

point in the second system, with co-ordinates a0lt ß0.2, y03. The three 

double points of the homography correspond, of course, to the permanent 

screws.

To find the restraining screw y corresponding to a given instantaneous 

screw 0, we join 0 to its homographic correspondent, and the pole of this 

ray, with respect to the pitch conic, is the position of y.

The pole of the same ray, with regard to the conic of inertia (§ 211), is 

the accelerator. It seems hardly possible to have a more complete geo­

metrical picture of the relation between 77 and 0 than that which these 

theorems afford.

391. Calculation of Permanent Screws in a Three-system.

When a three-system is given which expresses the freedom of a body 

we have seen how in the plane representation the knowledge of a conic (the 

conic of inertia) will give the instantaneous screw corresponding to any 

given impulsive screw. A conic is however specified completely by five 

data. The rigid body has nine co-ordinates. It therefore follows that there 

is a quadruply infinite system of rigid bodies which with respect to a given 

three-system will have the same conic of inertia. If in that three-system a 

be the instantaneous screw corresponding to 77 as the impulsive screw for 

any one body of the quadruply infinite system, then will y and a stand in 

the same relation to each other for every body of the system.

The point in question may be illustrated by taking the case of a four- 

system. The screws of such a system are represented by the points in space, 

and the equation obtained by equating the kinetic energy to zero indicates 

a quadric. For the specification of the quadric nine data are necessary. 

This is just the number of co-ordinates required for the specification of 

a rigid body. If therefore the inertia quadric in the space representation 

be assumed arbitrarily, then every instantaneous screw corresponding to a 

given impulsive screw will be determined; in this case there is only a finite 

number of rigid bodies and not an infinite system for which the correspond­

ence subsists.

We thus note that there is a special character about the freedom of the 

fourth order which we may state more generally as follows. To establish 

a chiastic homography (§ 292) in an «-system requires (n — !)(» + 2)/2 data.
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If the restraints are such that the number of degrees of freedom is less 
than four, then an infinite number of rigid bodies can be designed, such 
that the impulsive screws and their corresponding instantaneous screws 
shall be represented by a given chiastic homography. If n exceed four then 
it will not in general be possible to design a rigid body such that its corre­
sponding impulsive screws and instantaneous screws shall agree with a given 
chiastic homography. If, however, n = 4 then it is always possible to design 
one but only one rigid body so that its pairs of corresponding impulsive 
screws and instantaneous screws shall be represented by a given chiastic 
homography.

Returning to the three-system we may remark that, having settled the 
inertia conic in the plane representation we are not at liberty to choose 
three arbitrary points as representing the three permanent screws. For 
if these three points were to be chosen quite arbitrarily, then six relations 
among the co-ordinates of the rigid body would be given, and the conic of 
inertia would require five more conditions. Hence the co-ordinates of the 
rigid body would have in general to satisfy eleven conditions which, of 
course, is not generally possible, as there are only nine such co-ordinates. 
It is therefore plain that when the conic of inertia has been chosen at least 
two other conditions must necessarily be fulfilled by the three points which 
are to represent the permanent screw. This fact is not brought out by 
the method of § 389 in which, having chosen the three permanent screws 
arbitrarily, we have then written down the general equation of a conic 
as the inertia conic. This conic should certainly fulfil at least two con­
ditions which the equations as there given do not indicate.

We therefore calculate directly the expression for the kinetic energy of 
a body in the position 0/, 0f 0J twisting about a screw with twist velocities 
Öi, 0„, 03 when the screws of reference are the three principal screws of the 
three-system with pitches a, b, c, and when #0, y0, If, If If pf pf pj are 
the nine co-ordinates (§ 324) of the rigid body relative to these axes.

It is easily shown that we have for the kinetic energy the mass M of the 
body multiplied into the following expression where squares and higher 
powers of 0f0f 03' are omitted:—

I (a3#,2 + b20J + c20J + pJ0J + pJ0J + pJ0J)

+ 0203 (c - b)æ0+ 0S0! (a -c)y0 + 0t02 (b — a) 20

- 0203f - ÖÄU - 0j2lj

"+ a (ØJ + Øf) æ0 + (ØJ — Øf) If 

+ 0203 (pJ - pJ + ac - ab)

_+ (Ij — Cøj) — ØJØ‘2 (42 +
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+ do + b (032 + 0i) yQ + (ßi — 0s2) (2

+ 030i (pi - pi + ba — be)

_+ 0ß2 (li - aaß - 0203 (l32 + cz0)_

+ 03' r+ c(0i- + di) z0+(0i - 0i) H ’

+ 0101 (pi - Pl + cb- ca)

. + ((2 - by0) - 0-Å (li + CW,).

The coefficients of 0i, 0i, 03' respectively each equated to zero will give 

three conics U= 0, V = 0, W = 0. These conics have three common points 

which are of course the three permanent screws.

If we introduce a new quantity we can write the three equations

(be - pi + fl) Øj + (li + cz0) 02 + (li - by0) 03 = 0,

(li - cz0) 0i + (ac - pi + fl) 0., + (li 4- axi) 03 = 0, 

(li + by0) 0! + (li - ax(l) 02 + (ab - pi + fl) 03 = 0.

The elimination of fl between each pair of these equations will produce 

the three equations U = 0, V= 0, W = 0. If therefore we eliminate 02, 03 
from the three equations just written the resulting determinant gives a 

cubic for fl. The solution of this cubic will give three values for II which 

substituted in the three equations will enable the corresponding values of 

0i, 02, 03 to be found. We thus express the co-ordinates of the three per­

manent screws in terms of the nine co-ordinates of the rigid body and their 

determination is complete.

It may be noted that the same permanent screws will be found for any­

one of the systems of rigid bodies whose co-ordinates are

2/o. P2 + h> P*+h> pt+h,

whatever h may be.

392. Case of Two Degrees of Freedom.

We have already shown that there is a single permanent screw in every 

case where the rigid body has two degrees of freedom. We can demonstrate 

this in a different manner as a deduction from the case of the three- 

system.

Consider a cylindroid in a three-system, that is of course a straight 

line in the plane representation (§ 200). Let this line be AB (fig. 44). If 

the movements of the body be limited to twists about the screws on the 

cylindroid, there may be reactions about the screw which corresponds to the 

pole P of this ray with respect to the pitch conic, in addition to the reactions 

of the three-system.
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The permanent screw on this cylindroid will be one whereof the restrain­

ing screw coincides with P. In general, the points corresponding homo-

graphically to the points on the ray AB will form a ray CD. The inter­

section 0, regarded as on CD, will be the correspondent of some point X on 

AB. The restraining screw corresponding to X will therefore lie at P, and 

will be provided by the constraints. Accordingly, X is a permanent screw 

on the cylindroid, and it is obvious from the construction that there can be 

no other screw of the same character.

We can also deduce the expression for T in the two-system from the 

expression of the more general type in the three-system ; for we have

T = T„ + (fi — p) + (v — X) 02030i 4- (X — /i) Ø/Øj^.

Consider any screw on the cylindroid defined by

0/ = P02' + QØ3 ,

= PØ2 + QØ3; 

substituting, we obtain

(Ø'é^ - 02'03) [(X - fi) P0.2 + (X - v) Q03], 

which we already know to be the form of the function in the case of the two- 

system (§ 384).

393. Freedom of the Fourth Order.

The permanent screws in the case of a rigid body which lias freedom of 

the fourth order may be investigated in the following manner:—If a screw 0 

be permanent, the corresponding restraining screw r/ must be provided by the 

reactions of the constraints. All the reactions in a case of freedom of the 

fourth order lie on the screws of a cylindroid. On a given cylindroid three 

possible if screws can be found. For, if we substitute ax + X/3,, a2 + \ß2, &c., 

for ifi, t]2, &c., in the equation

68 —c2 Th + Vi + c2-a2 773 + ^4 ft2 - Vs + ye _ Q

a Vi-Vi 0 Vz-Vt c Vs - Ve
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Freedom

we obtain a cubic for X. The three roots of this cubic correspond to three g 

screws. Take the 3 corresponding to one of the g screws, then, of course, 

3 will not, in general, belong to the four-system. We can, however, assign 

to 3 any pitch we like, and as it intersects g at right angles, it must cut two 

other screws of equal pitch on the cylindroid (§22). Give to 3 a pitch equal 

and opposite to that of the two latter screws, then 3 is reciprocal to the 

cylindroid, and therefore it belongs to the four-system. We thus have a 

permanent screw of the system, and accordingly we obtain the following 

result:—

In the case of a rigid body with freedom of the fourth order there are, in 

general, three, and only three, permanent screws.

394. Freedom of the Fifth and Sixth Orders.

When a rigid body has freedom of the fifth order, the screws about which 

the body can be twisted are all reciprocal to a single screw p. In general, p 

does not lie on the system prescribed by the equation which the co-ordinates 

of all possible g screws have to satisfy. It is therefore, in general, not 

possible that the reaction of the constraints can provide an g. There are, 

however, three screws in any five-system which possess the property of 

permanent screws without however making any demand on the reaction of 

the constraints. The existence of these screws is thus demonstrated:— 

Through the centre of inertia of the body draw the three principal axes, 

then, on each of these axes one screw can always be found which is reciprocal 

to p. Each of these will belong to the five-system, and it is obvious from 

the property of the principal axes, that if the body be set twisting about one 

of these screws it will have no tendency to depart therefrom.

A body which has freedom of the sixth order is perfectly free. Any screw 

on one of the principal axes through the centre of inertia is a permanent 

screw, and, consequently, there is in this case a triply infinite number of 

permanent screws.

I.

II.

III.

IV.

V.

VI.

395. Summary.

The results obtained show that for a rigid body with the several degrees 

of freedom the permanent screws are as follows :—

No. of Permanent Screws

 1

 1

 3

 3

 3

Triply infinite



C H A PTER X X V I .

A N IN TR O D U C TIO N TO TH E TH EO R Y O F SC R EW S IN N O N -EU CLID IA N SPA C E.

396. Introduction.

The Theory of Screw s in non-Euclidian space is a natural grow th from  

som e rem arkable researches of C lifford* in further developm ent of the  

Theory of R iem ann, C ayley, K lein and Lindem ann. I here give the in ­

vestigation sufficiently far to dem onstrate tw o fundam ental principles 

(§§ 427, 434) w hich conduct the theory to a definite stage at w hich it 

seem s convenient to bring this volum e to a conclusion.

I have thought it better to develop  from  the  beginning the non-Euclidian 

geom etry so far as w e shall at present require it. It is thus hoped to m ake  

it intelligible to readers w ho have had no previous acquaintance w ith this 

subjectf. I give it as I have w orked it out for m y ow n instruction +. It is 

indeed characteristic of this fascinating  theory  that it m ay be surveyed from  

m any different points of view .

397. Preliminary notions.

Let «j, x.,_, xs, be four num erical m agnitudes of any description. W e  

m ay  regard these as the co-ordinates of an object. Let y 1; y2, y3, yt be the  

co-ordinates of another object, then w e premise that the tw o objects w ill be  

identical if, and only if

?a ~y* y*~ y*

A ll possible objects m ay  be regarded as constituting a content.

*  “Prelim inary Sketch of B iquaterm ons,” Proceedings of the London Mathematical Society, 

V ol. iv . 381— 395 (1873). See also “O n the Theory of Screw s in a Space of C onstant Positive 

C urvature,” Mathematical Papers, p. 402 (1876). C lifford ’s Theory w as m uch extended by  

the labours of B uchheim  and  others ; see the B ibliographical notes.

+  W e are fortunately now  able to refer English readers to a Treatise in w hich the Theory  of 

non-Euelidian  space and allied subjects is presented in a com prehensive m anner. W hitehead, 

Universal Algebra, C am bridge, 1898 .

$ Trans. Roy. Irish Acad., V ol. xxvm . p. 159 (1881), and V ol. xxix. p. 123 (1887).

c . 28
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All objects whose co-ordinates satisfy one linear homogeneous equation 

we shall speak of as an extent.

All objects whose co-ordinates satisfy two linear homogeneous equations 

we shall speak of as a range.

It must be noticed that the content, with its objects, ranges, and extents, 

have no necessary connexion with space. It is only for the sake of studying 

the content with facility that we correlate its several objects with the points 

of space.

398. The Intervene.

In ordinary space the most important function of the co-ordinates of a 

pair of points is that which expresses their distance apart. We desire to 

create that function of a pair of objects which shall be homologous with 

the distance function of a pair of points in ordinary space.

The nature of this function is to be determined solely by the attributes 

which we desire it to possess. We shall take the most fundamental pro­

perties of distance in ordinary space. We shall then re-enunciate these 

properties in generalized language, and show how they suffice to determine 

a particular function of a pair of objects. This we shall call the Intervene 

between the Two Objects.

Let P, Q, R be three collinear points in ordinary space, Q lying between 

the other two; then we have, of course, as a primary notion of distance,

PQ + QR = PR.

In general, the distance between two points is not zero, unless the points 

are coincident. An exception arises when the straight line joining the points 

passes through either of the two circular points at infinity. In this case, 

however, the distance between every pair of points on the straight line is 

zero. These statements involve the second property of distance.

In ordinary geometry we find on every straight line one point which is 

at an infinite distance from every other point on the line. We call this the 

point at infinity. Sound geometry teaches us that this single point is 

properly to be regarded as a pair of points brought into coincidence by the 

assumptions made in Euclid’s doctrine of parallelism. The existence of a 

pair of infinite points on a straight line is the third property which, by 

suitable generalization, will determine an important feature in the range. 

Ihe fourth property of ordinary space is that which asserts that a point at 

infinity on a straight line is also at infinity on every other straight line 

passing through it. This obvious property is equivalent to a significant law 

of intervene which is vital in the theory. If we might venture to enunciate 

it in an epigrammatic fashion, we would say that there is no short cut to 
infinity.

i

.'4
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The fifth property of common space which we desire to generalize is 
one which is especially obscured by the conventional coincidence of the two 
points at infinity on every straight line. We prefer, therefore, to adduce 
the analogous, but more perfect, theorem relative to two plane pencils of 
homographic rays in ordinary space, which is thus stated. If the two rays 
to the circular points at infinity in one pencil have as their correspondents 
the two rays to the circular points in the other pencil, then it is easily 
shown that the angle between any two rays equals that between their two 
correspondents.

We now write the five correlative properties which the intervene is to 
possess. They may be regarded as the axioms in the Theory of the Content. 
Other axioms will be added subsequently.

399. First Group of Axioms of the Content.

(I) If three objects, P, Q, R on a range be ordered in ascending para­
meter (§ 400), then the intervenes PQ, QR, PR are to be so determined that

PQ + QR = PR.

(II) The intervene between two objects cannot be zero unless the objects 
are coincident, or unless the intervene between every pair of objects on the 
same range is also zero.

(III) Of the objects on a range, two either distinct or coincident are at 
infinity, i.e. have each an infinite intervene with all the remainder.

(IV) An infinite object on any range has an infinite intervene from every 
object of the content.

(V) If the several objects on one range correspond one-to-one with the 
several objects on another, and if the two objects at infinity on one range 
have as their correspondents the two objects at infinity on the other, then 
the intervene between any two objects on the one range is equal to that 
between their correspondents on the other.

400. Determination of the Function expressing the Intervene 
between Two Objects on a Given Range.

Let «1; «a, xs, x4, and ylt y2, y3, y4 be the co-ordinates of the objects by 
which the range is determined. Then each remaining object is constituted 
by giving an appropriate value to p in the system,

a^ + pyi, x2 + py2, x3 + pys, x4 +py4.

Let Å. and y be the two values of p which produce the pair of objects of 
which the intervene is required. It is plain that the intervene, whatever it 
be, must be a function of a\, x2, x3, x4 and y2, y3, y3, y4, and also of X and y.

So far as objects on the same range are concerned, we may treat the co-
28—2
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ordinates of the originating objects as constant, and regard the intervene 

simply as a function of X and p, which we shall denote by /(X, p).

The form of this function will be gradually evolved, as we endow it with 

the attributes we desire it to possess. The first step will be to take a third 

object on the same range for which the parameter shall be v, where X, p, v 

are arranged in order of magnitude. Then, as we wish the intervene to 

possess the property specified in Axiom i,, we have

/(X, p) +f(p, v) =f(X, v).

By the absence of p from the right-hand side, we conclude that p must 

disappear identically from the left-hand side. This must be the case 

whatever X and t> may be. Hence, no term in which p enters can have 

X as a factor. It follows that f(X,p) must be simply the difference of two 

parts, one being a function of X, and the other the same function of p.

Accordingly, we write,

The first step in the determination of the intervene function has thus been 

taken. But the form of </> is still quite arbitrary.

The rank of the objects in a range may be concisely defined by the 

magnitudes of their corresponding values of p. Three objects are said to be 

ordered when the corresponding values of p are arranged in ascending or descend­
ing magnitude.

Let P, Q, Q be three ordered objects, then it is generally impossible 

that the intervenes PQ and PQ' shall be equal; for, suppose them to be so, 
then

PQ + QQ' = PQ' by Axiom I.;

but, by hypothesis, PQ = PQf

and hence QQ’ — o.

But, from Axiom n., it follows that (Q and Q' being different) this cannot be 

true, unless in the very peculiar case in which the intervene between every 

pair of objects on the range is zero. Omitting this exception, to which we 

shall subsequently return, we see that PQ and PQ' cannot be equal so long 
as Q and Q' are distinct.

We hence draw the important conclusion that there is for each object P 

but a single object Q, which is at a stated intervene therefrom.

Fixing our attention on some definite value S (what value it does not 

matter) of the intervene, we can, from each object X, have an ordered equi­

intervene object p determined. Each X will define one p. Each p will 

correspond to one X. The values of X with the correlated values of p form 

two homographic systems. The relation between X and p depends, of course,
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upon the specific value of 8, but must be such that, when one of the 

quantities is given, the other shall be determined by a linear equation. It 

is therefore assumed that X and /z must be related by the equation

AXp + BX + Cfi + D = 0,

where the ratios of the coefficients A, B, C, D shall depend, to some extent, 

upon S. If X' and p be a given pair of parameters belonging to objects 

at the required intervene, then

AX' p' + Bx' + Cp + D = 0.

by which the disposable coefficients in the homographic equation are reduced 

to two.

The converse of Axiom II., though generally true, is not universally so. 

It will, of course, generally happen that when two objects coincide their 

intervene is zero. But on every range two objects can be found, each 

of which is truly to be regarded as two coincident objects of which the 

intervene is not zero.

Let us, for instance, make X = p in the above equation ; then we have

JLX2 + (B + O') X + D = 0.

This equation has, of course, two roots, each of which points out an object 

of critical significance on the range. We shall denote these objects by 0 

and O'. Each of them consists of a pair of objects which, though actually 

coincident, have the intervene 8. The fundamental property of 0 and O' is 

thus demonstrated.

Let X be any object on the range; then (Axiom I.)

xo + 8 = xo-,

and as 8 is not zero, we have

XO = infinity.

Therefore every object on the range is at an infinite intervene from 0. A 

similar remark may be made with respect to O'; and hence we learn that 

the two objects, 0 and O', are at infinity.

We assume, in Axiom III., that there are not to be more than two objects 

on the range at infinity: these are, of course, 0 and 0 . We must, therefore, 

be conducted to the same two objects at infinity, whatever be the value of 

the intervene 8, from which we started.* AV© thus see that while ths 

original coefficients A, B, C, D do undoubtedly contain 8, yet that 8 does not 

affect the equation
AX2 + (J3 + C) X + D = 0.

My attention was kindly directed to this point in a letter from Mr F. J. M’Aulay.



438 THE THEOBY OF SCREWS. [400

It follows that D A and (B + C) A must both be independent of 8. We 

may therefore make

A = A'-, B = B'+S; C = C'-A- D=D‘-

and thus the homographic equation becomes

A Xp + (2? + A) X + ((7 — A) p + D' = 0,

where A is the only quantity which involves 8.

The equation can receive a much simpler form by taking the infinite 

objects as the two originating objects from which the range was determined. 

In this case the equation

■4X2 + (B + O) X + D = 0

must have as roots X = 0 and X = oo, and therefore

.4=0; 2) = 0, 

hence the homographic equation reduces to

BX + Cp = 0;

since B 4- C is a function of the intervene 8, we may say, conversely, that

We have, however, already learned that the intervene is to have the 
form

</> O) - </> (/*)•

Now we find that it can also be expressed, with perfect generality, in the 
form

It follows that these two expressions must be equal, so that

£ (X)-<£(/*) = ^Q).

In this equation the particular value of 5 does not appear, nor is it even 

implied. The formula must therefore represent an identical result true for 

all values of X and all values of p.

Wo may, therefore, differentiate the formula with respect both to X and 

to p, and thus we obtain
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w h e n c e  w e  d e d u c e

Xcf (X )  =  (/a).

A s X . a n d p a re p e rfe c tly in d e p en d e n t, th is e q u a tio n c a n o n ly  su b s is t b y  

a s su m in g  fo r < /> a  fo rm  su c h  th a t

(X )  =  7 7 ,

w h e re  H is  in d e p e n d e n t o f X . W h e n c e  w e  o b ta in

A-

a n d , b y  in te g ra tio n ,

< />  (X )  =  H lo g  X  +  c o n s tan t.

T h e  in te rv e n e  is  n o w  re a d ily  d e te rm in e d , fo r

< />  (X )  -  < />  (u .)  =  H lo g  X  -  H lo g  p = H lo g  - .

W e th e re fo re o b ta in th e fo llo w in g im p o r ta n t th e o re m  w h ic h  is th e w e ll-  

k n o w n *  b a s is  o f th e  m e n su ra tio n  o f n o n -E u c lid ia n  sp a c e :—

Let x2, xs, xit and ylt y2, y3, yt be the two objects at infinity on a range, 

and let + x2 + Xy2, x3+Xy3, + Xyit and x. + py^, x2 +py2, x3 +py3, 

Xt + pyt be any two other objects on the range, then their intervene will be 

expressed by
H ( lo g  X  -  lo g  p),

where H is a constant depending upon the adopted units of measurement.

I t w ill b e u se fu l to  o b ta in  th e e x p re s s io n  fo r th e  in te rv e n e in  a  ra th e r  

m o re  g e n e ra l m a n n e r  b y  ta k in g  th e e q u a tio n  in  Å , a n d  p, fo r o b je c ts a t th e  

in te rv e n e  8, a s
y lX /z , +  Bx + Cp + D =  0 .

L e t X ' a n d  X" b e th e  tw o  ro o ts o f th is e q u a tio n  w h e n  p is  m a d e  e q u a l to  X . 

I t  fo llo w s  th a t w h a t w e  h a v e  ju s t w ritte n  m a y  b e  e x p re s se d  th u s :  —

Xp +  X  (0 - -  jX " )  +  P (“ 0 - i1 '  ~  +  X 'X "  =  ° -

F o r , if  X  =  p, th is  is  sa tis f ie d  b y  e ith e r X' o r  X", w h ile  0 d isa p p e a rs . 0  is , o f  

c o u rse , a  fu n c tio n  o f th e  in te rv e n e , a n d  i t is o n ly  th ro u g h  0 th a t th e  in te r ­

v e n e  c o m e s  in to  th e  e q u a tio n . B y  so lv in g  fo r 0, we f in d

X /t- i(X '+ X ")(X  +  /* ) +  V X "

0 ~ ff-X ’

* P ro fe s so r  G e o rg e  B ru c e  H a ls te d  re m a rk s  in  Science, N . S ., V o l. x „  N o . 2 5 1 , p a g e s  5 4 5 — 5 5 7 ,  

O c to b e r 2 0 1 8 9 9 , th a t “ R o b e rto  B o n o la  h a s ju s t g iv e n  in  th e  Bolletino di Bibliografi« e Stona 

della Science Matematiche (1 8 9 9 ) a n  e x c e e d in g ly  r ic h  a n d  v a lu a b le B ib lio g ra f ia  su i F o n d a m en ti,  

d e lla  G e o m e tr ia  in  re la tio n s  a lia  G e o m e tr ia  n o n -E u o lid e a  in  w h ic h  h e  g iv e s  3 5 3  ta tle s .
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The intervene itself is F (O'), where F expresses some function; and, 
accordingly,

When we substitute in this expression the value of 0 given above, we have 

an identity which is quite independent of the particular 8. We must, there­

fore, determine the functions so that this equation shall remain true for all 

values of X, and all values of p. The formulae must therefore be true when 

differentiated—

dO  (p - A/)» - V) dØ  (X - X')(X" - X.) 
dK (p - X)2

,,, > dFdO

dp (p — X)2

,,, , dF d0

whence,

^(x) = O ~ *■')(/* ~ X")

</>'(#) (X - X')(X - X") ’

(X — X )(X — X ) </> (X) = (p — X')(/4 — X") </> (//.),or

which has the form

or,

ir(x) = y/r (p).

Considering the complete independence of both X and p, this equation re­

quires that each of its members be independent alike of X and p. We shall 

denote them by H (X' — X") where H is a constant, whence

(X - X')(X - X") </>'(X) = H(X' - X"), 

 d>'(x) =..
’ (X-V)(X-X")

_u( 1____1_\.
\x - x' x - x'7 ’

whence, integrating and denoting the arbitrary constant by C,

4>(F) = H [log (X - X') - log (X - X")] + C;

similarly,

<!>(p)^H [log (p - X') - log (p - X")] + C;

and, finally, we have for the intervene, or </> (X) - </> (p), the expression,

8 = H log (x~ x')

This expression discloses the intervene as the logarithm of a certain an- 

harmonic ratio.

We may here note how a difficulty must be removed which is very 

likely to occur to one who is approaching the non-Euclidian geometry for the
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f i r s t t im e . N o  d o u b t w e  f in d th e  in te rv e n e  to  b e th e  lo g a r i th m  o f a n  a n -  

h a rm o n ic r a t io o f fo u r q u a n ti t ie s , b u t th e s e q u a n t i t ie s a re  n o t d is ta n c e s  

n o r a re  th e y  q u a n t i tie s  h o m o lo g o u s w ith  th e  in te rv e n e . T h e y  a re  s im p ly  

n u m e r ic a l . T h e fo u r n u m b e rs ,  X , /z , X ', X" a re  m e re ly  in t ro d u c e d  to  d e f in e  

fo u r  o b je c ts , o n e  o f th e m  b e in g ,

« i  +  X y , x.,+ Xy2, x3 + Xys, xt + Xyt,

a n d  th e  o th e r s a re  o b ta in e d  b y  r e p la c in g  X  b y  /z , V , X ” , r e s p e c t iv e ly . A ll  

w e a s s e r t i s , th a t i f  w e c h o o s e to  c a ll th e  tw o  o b je c ts  d e f in e d  b y  X ' a n d  X" 

th e o b je c ts a t in f in i ty , a n d  th a t i f w e d e s ir e th e  in te rv e n e  b e tw e e n  th e  

o b je c ts X  a n d  /z to  p o s s e s s th e  p ro p e r t ie s th a t w e h a v e  a lr e a d y  s p e c if ie d ,  

th e n  th e  o n ly  fu n c t io n  p o s s ib le  w il l b e  th e  lo g a r ith m  o f  th e  a n h a rm o n ic  r a t io  

o f th e s e  fo u r  n u m b e rs .

T h e w o rd a n h a rm o n ic i s o rd in a r i ly a p p l ie d in d e s c r ib in g a c e r ta in  

fu n c t io n  o f fo u r c o l lin e a r p o in ts . In  th e m o re  g e n e ra l s e n s e , in  w h ic h  w e  

a re  a t th is m o m e n t u s in g  th e  w o rd , i t  d o e s  n o t r e la te  to  a n y  g e o m e tr ic a l  o r  

s p a c ia l r e la t io n  w h a te v e r ; i t  i s  a  p u re ly  a r i th m e t ic a l fu n c t io n  o f  fo u r  a b s tr a c t  

n u m b e rs .

W e  m a y  a ls o  o b s e rv e th a t th e  r e la t io n b e tw e e n  0 a n d  th e  in te rv e n e  3  

i s  g iv e n  b y  th e  e q u a t io n

a  
, 1

0  =  |(V -V )V -

eH-l

a n d  th e  e x p re s s io n  o f  th e  in te rv e n e  a s  a  fu n c t io n  o f  0; th a t i s ,  th e  e x p re s s io n

F(0) i s

8 = Hk>g
0 +  ^ (X ,z  —  X')

401. Another process.

W e  m a y  a ls o  p ro c e e d  in  th e  fo l lo w in g  m a n n e r . L e t u s  d e n o te  th e  v a lu e s  

o f  X  fo r  th e  in f in ite  o b je c ts  o n  th e  r a n g e  b y  peie a n d  pe~ie.

I f  th e n  X, p b e  tw o  p a ra m e te rs  fo r  tw o  o b je c ts  a t  a n  in te rv e n e  8, we m u s t  

h a v e  (p . 4 3 9 )

Xp +  X  ( e  -  p c o s  0) + p ( -  e  -  p c o s  0) +  p 2  =  0 .

S o lv in g  fo r  e, w e  h a v e

Xp — p c o s  0(X+ p) + p- 
e   — — — — — — — — — — -  .

/X — A.

T h e  in te rv e n e  8  m u s t b e  s o m e  fu n c t io n  o f e , w h e n c e
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whence
, dF de dF p? — 2p cos 3 + p2

VW- dfdX~ de (p - X)2 ’

, dF de  dF Å,2 — 2X cos 3 + p3 
’’ W ~ ~ dp “ ~de Jff^Xf ’

(X2 — 2X cos 3 + p2) </>' (X) = (/? - 2p cos 3 + p2) cf (p) = p sin 3 suppose.

Hence we have

</> (X) = tan-1
p sin 3 \ 

p cos 3 — X) ’

and thus we get for the intervene with a suitable unit

' p sin 3 ' 
g cos 3 — p.

' p sin 3
,p cos 3 — X

8 =

402. On the Infinite Objects in an Extent.

On each range of the extent there will be two objects at infinity, by the 
aid of which the intervene between every two other objects on that range 
is to be ascertained. We are now to study the distribution of these infinite 
objects over the extent. Taking any range and one of its infinite objects, 
0, construct any other range in the same extent containing 0 as an object. 
This second range will also have two infinite objects. Is 0 to be one of 
them? Here we add another attribute to our, as yet, immature conception 
of the intervene.

In Euclidian space we cannot arrive at infinity except we take an 
infinitely long journey. This is because the point at infinity on one straight 
line is also the point at infinity on any other straight line passing through 
it. Were this not the case, then a finite journey to infinity could be taken 
by travelling along the two sides of a triangle in preference to the direct 
route vid the third side. To develop the analogy between the conception of 
intervene and that of Euclidian distance, we therefore assume (in Axiom iv.) 
that an infinite object has an infinite intervene with every other object of 
the content. In consequence of this we have the general result, that

If 0 be an infinite object on one range, then it is an infinite object on every 
one of the ranges diverging from 0.

The necessity for this assumption is made clear by the following con­
sideration :—Suppose that 0 were an infinite object on one range containing 
the object A, but were not an infinite object on another range OB, diverging 
also from 0; then, although the direct intervene OA is infinite, yet the 
intervenes from A to B and from B to 0 would be both finite. The only- 
escape is by the assumption we have just italicised. Otherwise infinity 
could be reached by two journeys, each of finite intervene.
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Take any infinite object 0. Construct a series of ranges in the extent, 

each containing 0. Each of these ranges will have another infinite object, 

01, 02, 03, &c. The values x2, x3, which define 0lt 02, 03, &c., must fulfil 

some general condition, which we may express thus:

/(«!, x2, x3) = 0.

Form a range through 0x and 02. There must be two infinite objects on 

this range, and of course all other objects thereon will be defined by a linear 

equation L — 0 in x2, x3.

Every object satisfying the condition /(«1; x2, xsj — 0 is infinite, and there­

fore all the values of x1, x2, x3 common to the two equations L = 0 and 

/(«!, x2, x3~) = 0 must denote infinite objects. But we have already seen that 

there are only two infinite objects on one range; therefore there can be 

only two systems of values common to the two equations. In other words, 

/(«i, x2, xs) must be an algebraical function of the second degree. There 

can be no infinite object except those so conditioned; for, suppose that $ 

were one, then any range through $ would have two objects in common 

with f, and thus there would be three infinite objects on one range, which 

is contrary to Axiom ill.

Hence we deduce the following important result:—

All the infinite objects in an extent lie on a range of the second degree.

We thus see that every range in an extent will have two objects in 

common with the infinite range of the second order. These are, of course, 

the two infinite objects on the range.

403. On the Periodic Term in the Complete Expression of the 

Intervene.

We have found for the intervene the general expression

H (log X - log /i).

We may, however, write instead of X,

(cos 2m 7t  + i sin 2k 7f ) X,

where n is any integer; but this equals

e2i,wX;

hence, log X = Zimr + log X;

and, consequently, the intervene is indeterminate to the extent of any 

number of integral multiples of

The expression just written is the intervene between any object and 

the same object, if we proceed round the entire circumference of the range. 

We may call it, in brief, the circuit of the range.
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The intervene between the objects X and - X is

iHir.

Nor is this inconsistent with the fact that X = zero denotes two coincident 
objects, as does also X= +infinity. In each of these cases the coincident 
objects are at infinity, and the intervene between two objects which coalesce 
into one of the objects at infinity has an indeterminate value, and may thus, 
of course, be iHir, as well as anything else.

404. Intervenes on Different Ranges in a Content.

Let us suppose any two ranges whatever. There are an infinite number 
of objects on one range, and an infinite number on the other. The well- 
known analogies of homographic systems on rays in space lead us to inquire 
whether the several objects on the two ranges can be correlated homo- 
graphically. Each object in either system is to correspond definitely with 
a single object in the other system.

We determine an object on a range by its appropriate X. Let the 
corresponding object on the other range be defined by X'. The necessary 
conditions of homography demand that for each X there shall be one X', and 
vice versa. Compliance with this is assured when X and X' are related by 
an equation of the form

PXX -f- QX + Rx + $ = 0.

Let Xj, X2, X3, Xt be any four values of X, and let X/, Xj, Xj, Xj be the cor­
responding four values of X’, then, by substitution in the equation just 
written, and elimination of P, Q, R, S, it follows that

A-, Å-3 Xo X4 X4 X3 X% — X4

X3 X3 Åq X3 X, — Xt

We now introduce the following important definition:—

By the expression, anharmonic ratio of four objects on a range, is meant 
the anharmonic ratio of the four values of the numerical parameter by which 
the objects are indicated.

We are thus enabled to enunciate the following theorem :—

When the objects on two ranges are ordered homographically, the an­

harmonic ratio of any four objects on one range equals the anharmonic ratio 
of their four correspondents on the other.

Three pairs of correspondents can be chosen arbitrarily, and then the 
equation last given will indicate the relation between every other X and its 
corresponding X'.

Among the different homographic systems there is one of special im­
portance. It is that in which the intervene between any two objects in
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one range equals that between their correspondents in the other. But 

this homography is only possible when a critical condition is fulfilled.

In the first place, an infinite object on one range must have, as its 

correspondent, an infinite object on. the other. For if X be an infinite 

object on one range, it has an infinite intervene with every other object 

on that range (Axiom IV.); therefore X', the correspondent of X, must 

have an infinite intervene with every other object on the second range.

If, then, X and Y are the infinite objects on one range, and X' and Y' 

the infinite objects on the other, and if A and B be two arbitrary objects on 

the first range, and A' and B' their correspondents on the other; then, 

using the accustomed notation for anharmonic ratio,

(ABXY) = (A'B'X'Y').

But, if H' be the factor (p. 440) for the second range, which II is for the first, 

we have, since the intervenes are equal,

H log (ABXY) = H' log (A'B'X'Y');

and, since the anharmonic ratios are equal, we obtain

H=H'.

If, then, it be possible to order two homographic systems of objects, so that 

the intervene between any two is equal to that between their correspondents, 

we must have H and H' equal; and conversely, when II and H' are equal, 

then equi-intervene homography is possible.

We have therefore assumed Axiom v. (§ 399) which we have now seen 

to be equivalent to the assumption that the metric constant H is to be the 

same for every range of the content.

Nor is there anything in Axiom V. which constitutes it a merely gratuitous 

or fantastic assumption. Its propriety will be admitted when we reduce our 

generalized conceptions to Euclidian space. It is an obvious notion that 

any two straight lines in space can have their several points so correlated 

that the distance between a pair on one line is the same as that between 

their correspondents on the other. In fact, this merely amounts to the 

statement that a straight line marked in any way can be conveyed, marks 

and all, into a different situation, or that a foot-rule will not change the 

length of its inches because it is carried about in its owner’s pocket.

In a similar, but more general manner, we desire to have it possible, on 

any two ranges, to mark out systems of corresponding objects, such that the 

intervene between each pair of objects shall be equal to that between their 

correspondents. We have shown in this Article that such an arrangement 

is possible, when, and only when, the property V. is postulated. We may 

speak of such a pair of ranges as equally graduated.
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whence the relation between X and /x is thus given:

H'

When this is the case, there are several values of X corresponding to one 
value of fi, which may be thus found :—Let m be any integer ; then, in the 
usual manner,

H log logg;

( 2H' . . 2H'
= [ß) +

446 [404-

The conception of rigidity involves the notion that it shall be possible to 
displace a system of points such that the distance between every pair of 
points in their original position equals that between the same pair after 
the displacement. We desire to have corresponding notions in the present 
Theory, which will only be possible when we have taken such a special view 
of the nature of the intervene as is implied in Axiom v.

405. Another Investigation of the possibility of equally Gradu­

ated Ranges.

The importance of the subject in the last Article is so great in the 
present Theory that I here give it from a different point of view.

Taking the infinite objects on a range as the originating objects, we have 
on the first range for the intervene between the objects X and a,

H (log X — log a);

and for the second range for the intervene between p and ß, we have

Æ'(log/t-log ß).

Regarding a. and ß as fixed, and X and fi as defining a pair of correlative 
objects, we get, as the relation between Å, and y for equally graduated 
ranges,

H'
X (fi\a ( H' . . o H'
- = C0S ff 7F + 2 Sin 2m Yr 7T
a \ßj \ H H .

and therefore
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o r

H '

/u\H I 4tH' . • 4 Æ ' \

& c . & c . & c .

W e  s e e  t h a t  t h e  c o r r e s p o n d e n c e  b e t w e e n  X  a n d  p, c a n n o t b e  o f  t h e  h o m o ­

g r a p h i c  c h a r a c te r ,  u n l e s s

H = H’.

T h e  n e c e s s i t y  f o r t h i s c o n d i t i o n m a y  b e  o t h e r w i s e  d e m o n s t r a t e d  b y  

c o n s id e r i n g  t h e  s u b j e c t i n  t h e  f o l l o w i n g  m a n n e r :—

T h e  i n t e r v e n e  b e t w e e n  a n y  t w o  o b j e c t s o n  o n e r a n g e  i s , o f c o u r s e ,  

a m b i g u o u s ,  t o  t h e  e x t e n t  o f  a n y  i n t e g r a l  n u m b e r  o f  t h e  c i r c u i t s  o n  t h a t  r a n g e .  

L e t  C a n d  C b e  t h e  c i r c u i t s ,  a n d  l e t  8  b e  a n  i n t e r v e n e  b e t w e e n  t w o  o b j e c t s  

o n  t h e  s e c o n d  r a n g e . I f  w e  t r y  t o  d e t e r m i n e  t w o  o b j e c t s , a  a n d  X , o n  t h e  

f i r s t r a n g e  t h a t s h a l l h a v e  a n  i n t e r v e n e  3 , w e  m u s t  a l s o  h a v e  a n o t h e r  o b j e c t  

X ', s u c h  t h a t  i t s  i n t e r v e n e  f r o m  a i s  8  +  O'. S i m i la r l y ,  t h e r e  m u s t  b e  a n o t h e r  

o b j e c t X" w i t h  t h e  i n t e r v e n e  8  +  2 ( 7 ' , & c . I t  i s  t h e r e f o r e  i m p o s s i b le  t o  h a v e  

a  s i n g le  o b j e c t  a t  t h e  i n t e r v e n e  8  +  mC f r o m  a, u n l e s s  i t  h a p p e n e d  t h a t

G = C, 

or t h a t

H = H'.

T h u s , a g a i n , a r e  w e  l e d  t o  t h e  c o n c l u s i o n  t h a t r a n g e s  c a n n o t b e  e q u a l l y  

g r a d u a t e d  u n l e s s  t h e i r  c i r c u i t s  a r e  t h e  s a m e .

T h e  c i r c u i t s  o n  e v e r y  r a n g e  i n  t h e  c o n t e n t b e i n g  n o w  t a k e n  t o  b e  e q u a l ,  

w e  c a n  a s s u m e  f o r  t h e  c i r c u i t  a n y  v a l u e  w e  p l e a s e . T h e r e  a r e  g r e a t a d v a n ­

t a g e s  i n  s o  c h o o s in g  o u r  u n i t s  t h a t  t h e  c i r c u i t  s h a l l  b e  t t  ; b u t  w e  h a v e  a s  i t s  

e x p r e s s i o n ,

'ZiHrr;

w h e n c e  w e  d e d u c e

2iH = 1 .

406. On the Infinite Objects in the Content.

C e r t a i n  o b j e c t s  i n  t h e  c o n t e n t  a r e  i n f in i t e ,  a n d  i t  i s  p r o p o s e d  t o  d e t e r m in e  

t h e  c o n d i t i o n s  i m p o s e d  o n  xlt x2, x3, w h e n  t h e y  i n d i c a te  o n e  o f  t h e s e . I f  

a n  o b j e c t 0 b e  i n f i n i t e ,  t h e n  e v e r y  r a n g e  t h r o u g h  t h a t  o b j e c t w i l l h a v e  o n e  

o t h e r  i n f i n i t e  o b j e c t . L e t t h e s e  b e 02, & c . T h e s e  s e v e r a l o b j e c t s  w i l l  

c o n f o r m  w i t h  t h e  c o n d i t i o n ,

x2, æ3, « 4 )  =  0 .

E v e r y  i n f i n i t e  o b j e c t i n  t h e  c o n t e n t m u s t s a t i s f y  t h i s  e q u a t i o n ; a n d ,  

c o n v e r s e l y ,  e v e r y  o b j e c t  s o  c i r c u m s t a n c e d  i s  i n f i n i t e .
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Two linear equations in ajj, x.2, xs, determine a range, and the simul­

taneous solution of these equations with

f ’ ^3 > *^3 > ^4) “ 0

gives the infinite objects on that range—but there can only be two—and 

hence we have the following important theorem:—

The co-ordinates x2, x2, x3, x4 of the infinite objects in a content satisfy an 

homogeneous equation of the second degree.

We denote this equation by

r=o.

407. The Departure.

Let the ranges ^,^,0, 0 be formed when the parameter x, 4- x2 has every 

possible value, then the entire group of ranges produced in this way is called 

a star. In ordinary geometry the most important function of a pair of rays 

in a pencil is that which expresses their inclination. We have now to create, 

for our generalized conceptions, a function of two ranges in a star which 

shall be homologous with the notion of ordinary angular magnitude.

We shall call this function the Departure. Its form is to be determined 

by the properties that we wish it to possess. In the investigation of the 

departure between two ranges, we shall follow steps parallel to those which 

determined the intervene between two objects.

If OP, OQ, OR be three rays in an ordinary plane diverging from 0, then

< 'P0Q + Z.Q0R = ^P0R.

In general the angle between two rays is not zero unless the rays are coin­

cident ; but this statement ceases to be true when the vertex of the pencil is 

at infinity. In this case, however, the angle between every pair of rays in 

the pencil is zero.

Every plane pencil has two rays (i.e. those to the circular points at 

infinity), which make an infinite angle with every other ray.

408. Second Group of Axioms of the Content.

We desire to construct a departure function which shall possess the 

following properties:—

(VI) If three ranges, P, Q, R, in a star, be ordered in ascending parameter, 

and if the departure between two ranges, for example, P and Q, be expressed 

by PQ, then
PQ + QR = PR.
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(VII) The departure between two ranges cannot be zero unless the ranges 

are coincident, or unless the departure between every pair of ranges in that 

star is also zero.

(VIII) Of the ranges in a star, two (distinct or coincident) are at infinity, 

i.e. have each an infinite departure from all the remainder.

(IX) An infinite range has an infinite departure, not only with every 

range in its star, but with every range in the extent.

(X) If the several ranges in one star correspond one to one with the 

several ranges in another, and if the two infinite ranges in one star have as 

their correspondents the infinite ranges in the other; then the departure 

between any two ranges in one star is equal to that between the two corre­

sponding ranges in the other.

409. The Form of the Departure Function.

The analogy of these several axioms to those which have guided us to 

the discovery of the intervene, shows that the investigation for the function 

of departure will be conducted precisely as that of the intervene has been; 

accordingly, we need not repeat the several steps of the investigation, but 

enunciate the general result, as follows :—

Let xlt x2, and ylt y2 be the co-ordinates of any two ranges in a star, and 

let Xi, Xs, and g2 be iAe co-ordinates of the two infinite ranges in that star. 

Then the departure between (xlt x2) and (ylt y2) is

(yig2 — y-ipi)

(.yih^ — y2h-i) — x2ffi)

410. On the Arrangement of the Infinite Ranges.

Every star in the extent will have two infinite ranges, and we have now 

to see how these several infinite ranges in the extent can be compendiously 

organized into a whole.

To aid in this we have assumed Axiom IX., the effect of which is to 

render the following statement true. Let several objects on a range, 0, be 

the vertices of a corresponding number of stars. If 0 be an infinite range 

in any one of the stars, then it is so in every one.

Let alt a2, as be any three ranges in an extent. Then every range in 

the same extent can be expressed by

ÆqCl'l ^2^2 ‘^•3^3 j

where xlt x2, xs are the three co-ordinates of the range. It is required to 

determine the relation between xlt x2, x3 if this range be infinite.

B. 29
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An object L will be defined by an equation of the form, where Llt L2, La 

are numerical,
L1x1 + 4* L3x3 = 0,

for any two sets of values, xlt x.2. x3, which satisfy this equation, will deter­

mine a pair of ranges which have the required object in common.

Let the relation between the co-ordinates of an infinite range be

/(«„ x2, «s) = 0;

then the infinite ranges in the star, whose vertex is the object L, will be 

defined by co-ordinates obtained from the simultaneous solution of

L-^Xi -I- L<j X2 4" L3x3 — 0,

f (^1 > ^2 > ®S) ” 0.

But there can only be two such ranges; and, accordingly, the latter of these 

equations must be of the second degree. We hence deduce the following 

important result:—

The infinite ranges in an extent may be represented by the different groups 

of values of the co-ordinates xlt x2, x3 which satisfy one homogeneous equation 

of the second degree.

Remembering that the existence of zero intervene between every pair of 

objects on a range is a consequence of the coincidence of the two objects of 

infinite intervene on that range, we have the following result:—

The range through two consecutive objects of infinite intervene is a range of 
zero intervene.

And, similarly, we have the following :—

The object common to two consecutive ranges of infinite departure is the 

vertex of a star of zero departure.

411. Relations between Departure and Intervene.

With reference to the theory of Departure, we thus see that there is a 

system of critical ranges, and a system of critical objects in each extent. 

Every critical range has an infinite departure from every other range. Every 

critical object is the vertex of a star of which the departure between every 

pair of ranges is zero. It will be remembered that in the theory of the 

intervene we were conducted to the knowledge that every extent contained 

a system of objects and ranges, critical with regard to the intervene. Each 

critical object had an infinite intervene with every other object in the 

extent. Each critical range possessed the property that the intervene 

between any two objects thereon is zero. There are, thus, objects and 

ranges critical with repect to the intervene. There are also objects and 

ranges critical with respect to the departure. But nothing that we have
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hitherto assumed will entitle us to draw any inference as to the connexion, 

much less as to the actual identity, between the critical systems related to 

intervene, and those related to departure. We have already assumed five 

properties for the intervene, and five like properties for the departure. These 

are, in fact, the axioms by which alone the functions of intervene and of 

departure could be constructed. But another axiom of quite a distinct type 

has now to be introduced.

There are objects of infinite intervene, and objects of zero departure. 

There are ranges of infinite departure, and ranges of zero intervene. A 

range generally contains two objects of infinite intervene, and two of zero 

departure. A star generally contains two ranges of infinite departure, and 

two ranges of zero intervene. On a range of zero intervene the two objects 

of infinite intervene coalesce, and their intervene from other objects on the 

range becomes indeterminate. In a star of zero departure the two ranges 

of infinite departure coalesce, and their departure from other ranges in 

the same star becomes indeterminate. We have thus the following state­

ment :—

On a range of zero intervene, the intervene between every pair of objects 

is zero, except where one particular object is involved, in which case the 

intervene is indeterminate.

In a star of zero departure, the departure between every pair of ranges 

is zero, except where one particular range is involved, in which case the 

departure is indeterminate.

The new axiom to be now introduced will be formed as the others have 

been by generalization from the conceptions of ordinary geometry. In that 

geometry we have two different aspects in which the phenomenon of paral­

lelism may be presented. Two non-coincident lines are parallel when the 

angle between them is zero, or when their intersection is at an infinite 

distance. Without entering into any statement about parallel lines, we may 

simply sav, that when two different straight lines are inclined at the angle 

zero, their point of intersection is at infinity. Generalizing this proposition, 

we assume the following axiom or property, which we desire that our systems 

of measurement shall possess.

412. The Eleventh Axiom of the Content.

This axiom, which is the first to bring together the notions of intervene 

and of departure, is thus stated :—

(xi) If two ranges in the same extent have zero departure, their common 

object will be at infinity, and conversely.

The vertex of every star of zero departure will thus be at infinity, and 

hence we deduce the important result that all the objects of infinite inter- 

29—2
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vene are also objects of zero departure, and conversely. Thus we see that 

the two systems of critical objects in the extent coalesce into a single 

system in consequence of the assumption in Axiom xi.

Each consecutive pair of critical objects determine a range, which is a 

range of infinite departure as well as of zero intervene.

The expression infinite objects will then denote objects which possess the 

double property of having, in general, an infinite intervene from other objects 

in the extent, and of being also the vertices of stars of zero departure.

The expression infinite ranges will denote ranges which possess the double 

property of having, in general, an infinite departure with all other ranges, 

and which consist of objects, the intervene between any pair of which is, in 

general, zero.

There is still one more point to be decided. The measurement of depar­

ture, like that of intervene, is expressed by the product of a numerical 

factor with the logarithm of an anharmonic ratio. This factor is H for the 

intervene. Let us call it H' for the departure. What is to be the relation 

between H and li"( Here the analogy of geometry is illusory; for, owing 

to the coincidence between the points of infinity on a straight line, H has to 

be made infinite in ordinary geometry, while H' must be finite. But in the 

present more general theory H is finite, and we have found much convenience 

derived from making it equal to — , for then the entire circuit of any range

is 7t . We now stipulate that H' is also to be — . The circuit of a star 

will then be t t  also.

With this assumption the theory of the metrics of an extent admits of a 

remarkable development.

Let x, y, z be any three objects. Let a, b, c denote the intervenes 

between y and z, z and x, x and y, respectively. Let the departure between 

the ranges from x to y and x to z be denoted by A, from y to z and y to x be 

denoted by B, and from z to x and z to y be denoted by C. Then,

sin A  sin B sin G 

sin a sin b sin c ’

cos a = cos b cos c + sin b sin. c cos A, 

cos b = cos c cos a + sin c sin a cos B, 

cos c = cos a cos b + sin a sin b cos C.

Thus the formulæ of spherical trigonometry are generally applicable through­

out the extent*.

I learned this astonishing theorem from Professor Heath’s very interesting paper Phil 
Trans. Part n. 1884.
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413. Representation of Objects by Points in Space.

The several objects in a content are each com pletely specified w hen the  

four num bers, xlt x2, xit xit corresponding  to each are know n. It is only the  

ratios of these num bers that are significant. W e m ay hence take them  to  

be the four quadriplanar co-ordinates of a point in space. W e are thus led  

to the construction of a system of one-to-one correspondence betw een the  

several points of an Euclidian space, and the several objects of a content. 

The follow ing  propositions are evident :

One object in a content has for its correspondent one point in space, and 

one point in space corresponds to one object in the content.

The several objects on a range correspond one to one with the several points 

on a straight line.

The several objects in an extent correspond one to one with the several 

points in a plane.

Since the objects at infinity are obtained  by taking values of xlt x2, xs, x4, 

w hich satisfy a quadric equation, w e find that—

The several objects at infinity in the content correspond with the several 

points of a quadric surface.

This surface w e shall call the infinite quadric.

The follow ing theorem  in quadriplanar co-ordinates is the foundation of 

the m etrics of the objects in the content by  the points in space.

If «i, x2, xs, x4 and ylt y2, y3, be the quadriplanar co-ordinates of two 

points P and Q respectively, and if 0lt 02, 03, be any other four points on 

the ray PQ whose co-ordinates are respectively

x2 + X^y2, x3lXiy3, x3

+ ^ä  +  ^2?/2> « b  +  ^ s 3/3> Xi-lX^yi,

® i  +  X 32/i , x2JrX3y2, x3-\rX3y3, Xi +  X -j T/j ,

æ i +  \3 /i> Æ 2 +  Å .4y2 , ® 3 +  K 2/s > Xi + XtPi,

then we have the following identity

X i ■—  X g x2 — x3 Off.020i

X *, —  A /4 X2 X, • 0203

R em em bering the definition of the anharm onic ratio  of four objects on a  

range (§ 404), w e obtain  the follow ing theorem  :—

771  e anharmonic ratio of four objects on a range equals the anharmonic 

ratio of their four corresponding points on a straight line.
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We hence deduce the following important result, that—

The intervene between any two objects is proportional to the logarithm of 

the anharmonic ratio in which the straight line joining the corresponding 

points is divided by the infinite quadric.

We similarly find that—

The departure between any two ranges in the same extent is proportional 

to the logarithms of the anharmonic ratio of the pencil formed by their two 

corresponding straight lines, and the two tangents in the same plane from 

their intersection to the infinite quadric.

414. Poles and Polars.

The point xlt x3, x3, x4 has for its polar, with regard to the infinite quadric, 

the plane,

dU dU dü dU 
+ ^2 t ---- F x3 -j---- h x4 —— = 0.

aæ1 (LXi> clx^

Thus we see that an object corresponding to the point will have a polar 

extent corresponding to the polar of that point with regard to the infinite 

quadric. The following property of poles and polars follows almost imme­

diately.

The intervene from an object to any object in its polar extent is equal to ~ .
-J

We have hitherto spoken of the departure between a pair of ranges 

which have a common object: we now introduce the notion of the departure 

between a pair of extents by the following definition :—

The departure between a pair of extents is equal to the intervene between 
their poles.

415. On the Homographic Transformation of the Content.

In our further study of the theory of the content we shall employ, 

instead of the objects themselves, their corresponding points in ordinary 

space. All the phenomena of the content can be completely investigated 

in this way. Objects, ranges, and extents, we are to replace by points, 

straight lines, and planes. Intervenes are to be measured, not, indeed, as 

distances, but as logarithms of certain anharmonic ratios obtained by ordinary 

distance measurement. Departures are to be measured, not, indeed, as 

angles, but as logarithms of anharmonic ratios of certain pencils obtained 

by ordinary angular measurement.

I now suppose the several objects of a content to be ordered in two 

homographic systems, A and B. Each object, X, in the content, regarded 

as belonging to the system A, will have another object, F, corresponding 

thereto in the system B. The correspondence is to be simply of the one-to-
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o n e  t y p e . E a c h  o b j e c t  i n  o n e  s y s t e m  h a s  o n e  c o r r e s p o n d e n t i n  t h e  o t h e r  

s y s t e m . B u t  i f  X b e  r e g a r d e d  a s  b e l o n g i n g  t o  t h e  s y s t e m  B, i t s  c o r r e s p o n d e n t  

i n  A w i l l  n o t  b e  Y, b u t  s o m e  o t h e r  o b j e c t , Y .

T o  i n v e s t i g a t e  t h i s  c o r r e s p o n d e n c e  w e  s h a l l r e p r e s e n t t h e  o b j e c t s  b y  

t h e i r  c o r r e l a t e d  p o i n t s  i n  s p a c e . W e  t a k e  x„ x2, xs, x, a s  t h e  c o - o r d i n a t e s  

o f  a  p o i n t c o r r e s p o n d i n g  t o  x, a n d  ylt y2, ys, y4 a s  t h e  c o - o r d i n a t e s  o f  t h e  

p o i n t  c o r r e s p o n d i n g  t o  y: W e  a r e  t h e n  t o  h a v e  a n  u n i q u e  c o r r e s p o n d e n c e  

b e t w e e n  x a n d  y, a n d  w e  p r o c e e d  t o  s t u d y  t h e  c o n d i t i o n s  n e c e s s a r y  i f  t h i s  

b e  c o m p l i e d  w i t h .

416. Deduction of the Equations of Transformation.

A l l t h e  p o i n t s  i n  a  p l a n e  L, t a k e n  a s  x p o i n t s , m u s t h a v e  a s t h e i i  

c o r r e s p o n d e n t s  t h e  p o i n t s  a l s o  o f a  p l a n e ; f o r , s u p p o s e  t h a t t h e  c o r r e ­

s p o n d e n t s  f o r m e d  a  s u r f a c e  o f  t h e  n t h  d e g r e e , t h e n  t h r e e  p l a n e s  w i l l h a v e  

t h r e e  s u r f a c e s  o f t h e  n t h  d e g r e e  a s  t h e i r  c o r r e s p o n d e n t s , a n d  a l l t h e i r  ? i 3  

i n t e r s e c t i o n s  r e g a r d e d  a s  p o i n t s  i n  t h e  s e c o n d  s y s t e m  w i l l h a v e  b u t t h e  

s i n g l e  i n t e r s e c t i o n  o f t h e  t h r e e  p l a n e s  a s  t h e i r  c o r r e s p o n d e n t i n  t h e  f i r s t  

s y s t e m . B u t  u n l e s s  n = 1  t h i s  d o e s  n o t  a c c o r d  w i t h  t h e  a s s u m p t i o n  t h a t  t h e  

c o r r e s p o n d e n c e  i s  t o  b e  universally o f  t h e  o n e - t o - o n e  t y p e . H e n c e  w e  s e e  

t h a t  t o  a  p l a n e  o f  t h e  f i r s t  s y s t e m  m u s t c o r r e s p o n d  a  p l a n e  o f  t h e  s e c o n d  

s y s t e m ,  a n d  vice versd.

L e t  t h e  p l a n e  i n  t h e  s e c o n d  s y s t e m  b e

+  ^ 2 2 / 2  +  =  0 -

I f  w e  s e e k  i t s  c o r r e s p o n d i n g  p l a n e  i n  t h e  f i r s t  s y s t e m ,  w e  m u s t s u b s t i t u t e  

f o r  2 / 1 , y2, y«> t h e  c o r r e s p o n d i n g  f u n c t i o n s  o f  xlt x2, x3, xt. N o w , u n l e s s  

t h e s e  a r e  h o m o g e n e o u s  l i n e a r  e x p r e s s i o n s ,  w e  s h a l l  n o t  f i n d  t h a t  t h i s  r e m a i n s  

a  p l a n e . H e n c e  w e  s e e  t h a t  t h e  r e l a t i o n s  b e t w e e n  xlt x2, xz,xt a n d  ylt y2, ys> yt 

m u s t  b e  o f  t h e  f o l l o w i n g  t y p e  w h e r e  ( 1 1 ) ,  ( 1 2 ) ,  & c . ,  a r e  c o n s t a n t s :

yr = ( 1 1 )  a ? !  +  ( 1 2 )  x2 +  ( 1 3 )  x3 +  ( 1 4 )  xit

y2 =  ( 2 1 )  xl +  ( 2 2 )  x2 +  ( 2 3 )  x3 +  ( 2 4 )  xit

y3 = ( 3 1 )  xt +  ( 3 2 )  x2 +  ( 3 3 )  x3 +  ( 3 4 )  xit

y i  =  ( 4 1 ) +  ( 4 2 )  x2 +  ( 4 3 )  x3 +  ( 4 4 )  x,.

S u c h  a r e  t h e  e q u a t i o n s  e x p r e s s i n g  t h e  g e n e r a l  h o m o g r a p h i c  t r a n s f o r m a t i o n  

o f  t h e  o b j e c t s  o f a  c o n t e n t . F r o m  t h e  g e n e r a l t h e o r y , h o w e v e r , w e  n o w  

p r o c e e d  t o  s p e c i a l i z e  o n e  p a r t i c u l a r  k i n d  o f h o m o g r a p h i c t r a n s f o r m a t i o n .  

I t  i s  s u g g e s t e d  b y  t h e  n o t i o n  o f a  displacement i n  o r d i n a r y  s p a c e . I h e  

d i s p l a c e m e n t o f  a  r i g id  s y s t e m  i s  o n l y  e q u i v a l e n t t o  a  h o m o g r a p h i c  t r a n s ­

f o r m a t i o n  o f  a l l i t s  p o i n t s ,  c o n d u c t e d  u n d e r  t h e  c o n d i t i o n  t h a t  t h e  d i s t a n c e  

b e t w e e n  e v e r y  p a i r  o f  p o i n t s  s h a l l  r e m a i n  u n a l t e r e d  ( s e e  p .  2 ) . I n  o u r  e x t e n d e d  

c o n c e p t i o n s  w e  n o w  s t u d y  t h e  p o s s i b l e  h o m o g r a p h i c  t r a n s f o r m a t i o n s  o f a
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content, conducted subject to the condition that the intervene between 

every pair of objects shall equal that between their correspondents.

417. On the Character of a Homographic Transformation 
which Conserves Intervene.

In all investigations of this nature the behaviour of the infinite objects 

is especially instructive. In the present case it is easily shown that every 

object 0 infinite before the transformation must be infinite afterwards 

when moved to O'. For, let X be any object which is not infinite before the 

transformation, nor afterwards, when it becomes X'. Then, by hypothesis, 

the intervene OX is equal to O'X'; but OX is infinite, therefore O'X’ must 

be also infinite, so that either 0' or X' is infinite; but, by hypothesis, X' is 

finite, therefore 0 must be infinite, so that in a homographic transformation 

which conserves intervene, each object infinite before the transformation remains 

infinite afterwards.

It follows that in the space representation each point, representing 

an infinite object, and therefore lying on the infinite quadric 17=0 must, 

after transformation, be moved to a position which will also lie on the 

infinite quadric. Hence we obtain the following important result:

In the space representation of a homographic transformation which con­

serves intervene, the infinite quadric U=0 is merely displaced on itself.

A homographic transformation of the points in space will not, in general, 

permit any quadric to remain unchanged. A certain specialization of the 

constants will be necessary. They must, in fact, satisfy a single condition, 

for which we shall presently find the expression.

Let «J, «2, ®3, Xi be the quadriplanar co-ordinates of a point, and let us 

transform these to a new tetrahedron of which the vertices shall have as 

their co-ordinates with respect to the original tetrahedron

xf xf xf

Xi , X2 , X3 , Xi ,

^1 > ^2 } ^3 i tZ?4 ,

•^1 f *^2 > ^3 , ^4 .

If then Xlt X2, X3, Z4 be the four co-ordinates of the point referred to 

the new tetrahedron

x2 = x2 Xi + 2 4- xj"X3 + xf'Xi,

x3 = x2 Xi + x2 X2 + x2 "X3 + x2'"'Xi, 

xs = x3 Xi + x3 X2 + xj"X3 + xj'"Xit 

Xi = xjXi + + xfX3 + xf" Xt.
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For these equations must be linear and if X2, X.3, Xt are all zero then 

«1, «;2, x3, xt become xi, xi, xi, xi as they ought to do, and similarly for the 

others, whence we get

X-J x" x(n xi'" Xi = Xi Xi" xi" xi"'

x<2 x" X2" x"" x2 ^2 xi" xi'"

x3' x3 x3 xi'" X3 x3" xi" xi'"

xi xi' xi" xi'" Xi x4" x^" xi'"

We may write this result thus

HXi = Xi X^2 Xi

Xi" x" xi' xi'

xi" •X2 xi" x"'

xi'" 0C2"' x"" xi'"

Let us now suppose that the vertices of this new tetrahedron are the 

double points of a homography defined by the equations

yi = (11) «1 + (12) «2 + (13) «3 + (14) xt,

y2 = (21) «j + (22) + (23) x3 + (24)a>4,

2/s = (31) + (32) x2 4- (33) xs + (34) x4, 

yt = (41) «j + (42) x2 + (43) x3 + (44) x4.

We have to solve the biquadratic

(11) -P (12) (13)

(21) (22) - p (23)

(31) (32) (33) -p

(41) (42) (43)

(14)

(24)

(34)

(44) - p

= 0.

Let the roots be p,, p2, p3, pt. Then we have

Pixi = (11)«/ + (12) x2' + (13) x3' + (14) xi, 

pixi = (21) xi + (22) xi + (23) xi + (24) xi, 

pixi = (31) x^ + (32) xi + (33) xi + (34) xi, 

piXi = (41) Xi + (42) xi + (43) xi + (44)

with similar equations for xi', x"', xi'", x,", &c.
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We thus get

Hp1p2p3p4X1 — X1 x2 «3 x4 11 12 13 14

Xj x2 •21 22 23 24

x2" Xi" 31 32 33 34

x"" x2" ®3"" 41 42 43 44

= P2X1

y-3, p2^2

y-3, p2 ^3

Vi, p2^4

or HP1X^ yi

x-['

x("

x('"

But these determinants 

tetrahedron
are the co-ordinates 

, and omitting needless factors

/W", piOO,"'' 

pax."', p4x2"" 

Ps^s ) p4^3 

p3^"', P4<"

y* ys V4

X2 00$ x±

x$ x± 

™ 'Ht 1111 >'ll 
^2 00$ 00^

of y referred to the new

1^1 Pl^l> 1 2 — p2-^2> 1^3 — Ps-^31 1'1 — p4^~4’

We thus obtain the following theorem.

Let a\, x2, xs, x4 be the co-ordinates of a point with respect to any arbitrary 

tetrahedron of reference.

Let 2/i> 2/a, y3, 2/4 be the co-ordinates of the corresponding point in a 

homographic system defined by the equations

2/1 — (11) æi + (12) x2 + (13) x3 + (14) a?4,

y2 = (21) «J 4- (22) x2 + (23) x3 + (24) x4,

y3 = (31) + (32) x2 + (33) x3 + (34) x4,

2/4 = (41) x4 + (42) x2 + (43) x3 + (44)

If we transform the tetrahedron of reference to the four double points of 

the homography, and if Xlt X2, X3, X4 be the co-ordinates of any point 

with regard to this new tetrahedron then the co-ordinates of its homographic 
correspondent are

p1^-2> p3-^-3> Pi^4>

where plt p2, p3, p4 are the four roots of the equation,

(11) -p (12) (13) (14) = 0.

(21) (22) -p (23) (24)

(31) (32) (33) -p (34)

(41) (42) (43) (44) — p
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In general there are four, but only four double points, i.e. points which 

remain unaltered by the transformation. If however two of the roots of 

the biquadratic equation be equal, then every point on the ray connecting 

the two corresponding double points possesses the property of a double 

point.

For if p! = pv, then

F, : F2:: X, : Xa,

and hence the point whose co-ordinates are

xlt X2, 0, 0,

being transformed into

y 2, 0, 0

remains unchanged.

Let us now suppose that a certain quadric surface is to remain unaltered 

by the homographic transformation.

At this point it seems necessary to choose the particular character of the 

quadric surface in the further developments to which we now proceed. The 

theory of any non-Euclidian geometry will of course depend on whether the 

surface adopted as the infinite be an ellipsoid or a double sheeted hyperboloid 

with no real generators or a single sheeted hyperboloid with real generators. 

We shall suppose the infinite, in the present theory, to be a single sheeted 

hyperboloid.

The homographic transformation which we shall consider will transform 

any generator of the surface into another generator of the same system, for 

if it transformed the generator into one of the other system, then the 

two rays would intersect, which is a special case that shall not be here 

further considered.

Let three rays Rlt Ra, Ra be generators of the first system on the 

hyperboloid. After the transformation these rays will be transferred to 

three other positions Æ/, R.!, Rs' belonging to the same system.

Let Sj, be two rays of the second system. Then the intersection of 

Rlt Ry, Ra, Ra &c., with give two systems of homographic points. The 

two double points of these systems on & give two points through which two 

rays of the first system must pass both before and after the transformation. 

Two similar points can also be found on S2. These two pairs of Double 

points on ft and' S2 will fix a pair of generators of the first system which are 

unaltered by the transformation.
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In like manner we find two rays of the second system which are unaltered. 

The four intersections of these rays must be the four double points of the 

system.

We can also prove in another way that in the homographic transforma­

tion which preserves intervene, the four double points must, in general, lie 

on the fundamental quadric.

For, suppose that one of the double points P was not on the quadric. 

Draw the tangent cone from P. The conic of contact will remain unaltered 

by the transformation. Therefore two points O2 and 02 on that conic will 

be unaltered (p. 2). So will R the intersection of the tangents to the conic 

at O1 and 02. The four double points will therefore be P, R, 01 and O2.

But PR cuts the quadric in two other points which cannot change. 

Hence PR will consist entirely of double points, and therefore the discri­

minant of the equation in p would have to vanish, which does not generally 

happen.

Of course, even in this case, there are still four double points on the 

quadric, i.e. O2, 02 and the two points in which PR cuts the quadric.

We may therefore generally assume that two pairs of opposite edges of 

the tetrahedron of double points are generators of the fundamental quadric, 

the latter must accordingly have for its equation

= 0, 

with the essential condition

Plp2 — PsPi-

Every point on any quadric of this family will remain upon that quadric 

notwithstanding the transformation.

Nor need we feel surprised, when in the attempt to arrange a homographic 

transformation which shall leave a single quadric unaltered, it appeared 

that if this was accomplished, then each member of a family of quadrics 

would be in the same predicament. Here again the resort to ordinary 

geometry makes this clear.

In the displacement of a rigid system in ordinary space one ray remains 

unchanged, and so does every circular cylinder of which this ray is the 

axis. Thus we see that there is a whole family of cylinders which remain 

unchanged; and if U be one of these cylinders, and V another, then all the 

cylinders of the type J7+XT are unaltered, the plane at infinity being of 

course merely an extreme member of the series. More generally these 

cylinders may be regarded as a special case of a system of cones with a 

common vertex; and more generally still we may say that a family of 

quadrics remains unchanged.
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R everting , then , to  a space of w hich  the several po in ts correspond to the  

ob jects of a con ten t, w e find , that fo r every hom ograph ic transfo rm ation  

w hich corresponds to a d isp lacem ent in ord inary  geom etry a singly in fin ite  

fam ily  of quadrics is to rem ain unchanged , and  the  in fin ite quadric  itse lf is  

to  fo rm  one m em ber of  th is fam ily .

L et us now  suppose a  range in  the con ten t subm itted  to th is descrip tion  

of hom ograph ic  transfo rm ation . L et P, Q be tw o ob jects on the  range, and  

le t X, F  be the tw o in fin ite ob jects thereon . T his range w ill be transfo rm ed  

to a new  position , and  the ob jects w ill now  be  P', Q', X', Y'. S ince in fin ite  

ob jects m ust rem ain in fin ite , it fo llow s that X' and Y' m ust be in fin ite , as  

w ell as X and Y. A lso , since hom ograph ic transfo rm ation does no t alter  

anharm onic  ra tio , w e have

(PQXY) = (P'Q'X'Y')-,

w hence, by A xiom V ., w e see that the in tervene from  P to Q equals the  

in tervene  from  P’ to  Q '; in  o ther w ords, that all in tervenes rem ain  unchanged  

by  th is hom ograph ic transfo rm ation .

E very  hom ograph ic  transfo rm ation  w hich possesses these properties m ust 

satisfy a specia l cond ition in the coefficien ts. T his m ay be found from  

the determ inan tal equation  fo r p (p . 458), fo r then the fo llow ing sym m etric  

function  of the four roo ts p 2 > p3, p4 m ust van ish :

(piPi ~ Pspt) (piPs ~ p-2pi) (piPt ~ PzpsY

418. The Geometrical Meaning of this Symmetric Function.

W e m ay  w rite the fam ily  of quadrics thus  :

X,X, +  X Z 8Z 4 =  0 .

A ll these quadrics have tw o  com m on  generato rs of each  k ind :

Æ  =  0 , X , =  0  (X4 = 0, X4 = 0

J and  J and

=  0) ^4 =  0  ^-^-2 “  0 , ^3 ~ 0 .

F or the rays X4 =  0 , X3 =  0 , and X4 =  0 , X4 =  0 , are bo th con tained in the  

p lane Xlt and therefo re in tersect, and , accord ing ly , belong to the opposed  

system  of generato rs.

T he  geom etrica l m eaning of the equation

PlPz Psp4 = 0  

can  be  also  show n.

T he te trahedron  fo rm ed  by  the in tersection  of  the tw o pairs of  generato rs  

ju st referred  to  rem ains unaltered  by  the transfo rm ation . A ny  po in t on the  

edge, X4 =  0 , X 3- =  0 , of w hich  the co-o rd inates are

0 , X2, 0, X4,
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will be transformed to

o, PaXi, 0, PiX4.

The question may be illustrated by Figure 45.

Let 1, 2, 3, 4 be the four corners of the tetrahedron. Let the transfor­

mation convey P to P' and Q to Q'. Xs P varies along the ray, so will P' 

vary, and the two will describe homographic systems, of which 2 and 4 are 

the double points. In a similar way, Q and Q' will trace out homographic 

systems on the ray 1 3. We shall write the points on 2 4, in the order,

2, 4, P, P'.

Through 2, the generator of the surface 2 3 can be drawn (12 is not a 

generator), and through 4 the generator 4 1 can be drawn (4 3 is not a 

generator); thus we have, for the corresponding order on 1 3.

The anharmonic ratio of the first set is that of 0, oo, ,
X2 ’ p2X2’

” » second „ oo, 0,
Xi Pi Xj

but since P1Psi = paPit

then the anharmonic ratios are equal.
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The theorem can otherwise be shown by drawing Figure 46.

1 4 and 3 2 are to be generators of the infinite quadric. This will show 

that 4 (and not 2) is the correspondent to 1, and that 2 (and not 4) is the 

correspondent to 3, and thus the statement of anharmonic equality,

(1 QQ' 3) = (4 PP' 2), 

becomes perfectly definite.

1 2 and 3 4 are, of course, not generators; they are two conjugate polars 

of the infinite quadric.

We can now see the reason of the anharmonic equality. Let PQ be a 

generator of the infinite quadric, as is clearly possible, for 1, 3 and 2, 4 are 

both generators of the opposite system. Then, since a generator of the 

infinite quadric must remain thereon after the displacement, it will follow 

that P'Q', to which PQ is displaced, must also be a generator; and thus 

we have four generators, 4 1, PQ, P'Q,', 2 3, on a hyperboloid of one system 

intersecting the two generators of another, and by the well-known property 

of the surface,
(1 QQ' 8) = (4 PP' 2).

We also see why the infinite quadric is only one of a family which remains 

unaltered. For, if PQ be a generator of any quadric through the tetrahedron, 

1, 2, 3, 4; then, since P and Q are conveyed to P' and Q', and since the 

anharmonic equality holds, it follows that P'Q' will also be a generator of 

the quadric, i.e. a generator of the quadric will remain thereon after the 

displacement.

It is a remarkable fact that, when the linear transformation is given, the 

infinite quadric is not definitely settled. We have seen how, in the first 

place, the linear transformation must fulfil a fundamental condition; but 

when that condition is obeyed, then a whole family of quadrics present 

themselves, any one of which is equally eligible for the infinite.
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419. On the Intervene through which each Object is Conveyed.

G iv e n  a n  o b je c t, Xlt X2, X3, Xlt f in d  th e  in te rv e n e th ro u g h w h ic h  i t is  

c o n v e y e d  b y  th e  tra n s fo rm a tio n , w h e n

4 "  =  0

is  th e  in f in ite  q u a d r ic .

In  th is  e q u a tio n  s u b s titu te  fo r X j  +  6Ylt & c .; a n d , re m e m b e rin g  th a t  

Y, = p1X1, &ze., w e  h a v e ,

(X i  +  p jö JT j)  (X., + p20X2) +  X + p:,dX:i) (X 4  +  p 40 X 4 )  =  0 ,

o r  0 -  (p jp s Z jX a  +  Xp3p4X3 Xi)

+  $  (p i-^ i^ 2  +  p2X4X2 + Xp3X3Xi + XpiX3Xi)

+ X,Xa +  X J T g -X a  =  0 .

W e  s im p lify  th is  b y  in tro d u c in g

P1P2 ~ psPi>

a n d  w ritin g  Å .X 3X 4  4 -  XiX2 = <f>, w h e n c e  th e  e q  n a tio n  b e c o m e s

(FpiPz (1  +  ’M  +  $  l P i  +  P'2 +  < />  (p 3  +  P j ) ]  +  (1  + < /> )  =  0  ;

h e n c e  if  8  b e  th e  in te rv e n e , w e  h a v e ,

„ „ „  X  -  1 P i +  + </> (ps + pt) _

2 V p jp 2 1  +  0

o r , if  w e  re s to re  i ts  v a lu e  to  < /> ,

, o  _  1 -X p X s  (p i +  p a ) +  (ø s  +  pi) XX3Xi

i^pTp, XiX. + xX.Xi

I f  Pl + p2 = Pi + Pi,

th e n  c o s  8  =  ;
ZvpiPt

i.e. a ll o b je c ts a re  tra n s la te d th ro u g h  e q u a l in te rv e n e s . T h is is th e c a s e  

w h ic h w e s h a ll s u b s e q u e n tly  c o n s id e r u n d e r th e  t i tle o f th e  vector, a s th is  

re m a rk a b le  c o n c e p tio n  o f  C lif fo rd ’s  is  c a lle d . In  th is  c a se , a s

P1 + P-2= Pi+ Pi,

a n d  a ls o , p^ = p3p4,

w e  m u s t h a v e  p, = p3, a n d  p2 = p4,

o r  Pi=pt, a n d  p2 = p3.

In  e ith e r  c a se  th e  e q u a tio n  fo r p w ill b e c o m e  a  p e rfe c t s q u a re .
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In  genera l le t JT j =  0 ,

then  cos 8  =  ? 3 ;

2  V p3p4

w hence w e find  tha t all ob jec ts in  the  ex ten t X1 are  d isp laced th rough equal 

in tervenes. T his in tervene can  be  read ily  determ ined  fo r

e* + e-*= /Pl+ M

v Pi V p3 
w hence

or

8  =  ^( log  p3- log  Pi)-

T he in tervene th rough w hich every ob jec t on X2 is conveyed has the  

sam e value .

W e cou ld have also proved o therw ise tha t ob jec ts on X j and X2 are all 

d isp laced th rough equal in tervenes, fo r the locus of ob jec ts so d isp laced is  

a  quadric  of the fo rm

X\ X2 +  X -X 3^4  =  0 ,

and, of course , fo r a specia l value of the d istance th is quadric becom es  

sim p ly

W 2 =  0 .

If X1 = 0, and X3 =  0 , then cos8 becom es indeterm inate ; bu t th is is as  

it shou ld  be, because  all ob jec ts on  X4 and  X >  are  at in fin ity .

420. The Orthogonal Transformation*,

T he fo rm ulae

yi = (11 )  «1  +  (12 ) +  (13 )  «s  4-(14 )  « 4 , 

y2 =  (21 )  »J  +  (22 )  x2 +  (23 )  x3 +  (24 )  xit 

y3 =  (31 )  « j +  (32 )  x2 +  (33 )  x3 +  (34 )  xit 

y4 = (41 ) +  (42 )  x2 +  (43 )  x3 +  (44 )  xit

deno te the  genera l type of transfo rm ation . T he  transfo rm ation  is sa id  to  be  

orthogonal if  w hen  x4, & c ., are  so lved  in  te rm s of  y4, & c. w e  ob ta in  as fo llow s :—  

x, =  (11 )  y, +  (21 )  y2 +  (31 )3 /3 +  (41 )  

«2  =  (12 )  2 /x  +  (22 )  y2 +  (32 )  y3 +  (42 )  y 4) 

x3 =  (13 )  y4 +  (23 ) y2 +  (33 )  y3 +  (43 ) yit 

«4  =  (14 ) +  (24 )  y2 +  (34 )  y3 +  (44 )  y4.

T his is em ployed  in  P ro fesso r H eath ’s m em oir, cited  on  p . 452 ,

B. 30
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From the first formulæ the equation for p is, as before, § 417

THE THEORY OF SCREWS.

(ll)-p (12) (13) (14)

(21) (22) -p (23) (24)

(31) (32) (33) -p (34)

(41) (42) (43) (44) — p

From the second, the equation for p must be

P

W-p (21) (31) (41)

(12) (32) (42)

(13) (23) (33) - * 

P
(43)

(14) (24) (34) (44) - -

but we may interchange rows and columns in a determinant so that the last 

may be written,

(1D-1 (12) (13) (14)

(21) (22)-1
(23) (24)

(31) X32) (33)-- 
P

(34)

(41) (42) (43) (44) - -

whence we see that the equation for p must be unaltered, if for p we sub- 
1

statute -. It must therefore be a reciprocal equation of the type

p4 + 4 yip3 + GBp2 + 4,Ap + 1 = 0,

and the roots are of the form 

and as

1.
’ p"'

'4=o,
p

, i

, i

this transformation fulfils the fundamental condition (§ 417).

421. Quadrics unaltered by the Orthogonal Transformation.

The special facilities of the orthogonal transformation in the present 

subject arise from the circumstance that it is the nature of this transforma­

tion to leave unaltered a certain family of quadrics. This is as we have
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s e e n  t h e  n e c e s s a r y  c h a r a c t e r i s t i c  o f  t h e  h o m o g r a p h ic  t r a n s f o r m a t io n  w h ic h  

p r e s e r v e s  i n t e r v e n e . T h e  i n f in i t e  q u a d r i c  w h ic h  t h e  t r a n s f o r m a t io n  f a i l s  

t o  d e r a n g e  c a n  b e  w r i t te n  a t  o n c e ,  f o r  w e  h a v e

® i 2  +  +  « s 2  +  = y-i + y2 + y3 + y? =  0 .

I t  i s  a l s o  e a s i ly  s e e n  t h a t  t h e  e x p r e s s io n

« 1 3 /1  +  + <«3y3 + W =  0

i s  u n c h a n g e d  b y  t h e  o r th o g o n a l  t r a n s f o r m a t io n . W e  t h u s  h a v e  t h e  f o l lo w in g  

q u a d r i c ,  w h ic h  r e m a in s  u n a l t e r e d  :—

® i  [ ( 1 1 ) ® !  +  ( 1 2 ) « 2  +  ( 1 3 ) ® 3  +  ( 1 4 ) « 4 ]  +  x.2 [ ( 2 1 ) « j  +  ( 2 2 ) « a  +  ( 2 3 ) « 3  +  ( 2 4 ) a ? 4 ]  

+ « 3 [ ( 3 1 ) ® 1 + ( 3 2 ) a j2 + ( 3 3 ) a ; 3 + ( 3 4 ) a ; 4 ]  +x4 [ ( 4 1 ) « 1 + ( 4 2 ) ® 2 + ( 4 3 ) a ? 3  +  ( 4 4 ) « 4 ]  =  0 ;  

o r , w r i t in g  i t  o th e r w is e ,

( 1 1  +  ( 2 2 ) « /  +  ( 3 3 > , 8  +  ( 4 4 > ?  +  [ ( 1 2 )  +  ( 2 1 ) ]  xxx2 +  [ ( 1 3 )  +  ( 3 1 ) ]  x,x,

+  [ ( 1 4 )  +  ( 4 1 ) ]  x1Xi +  [ ( 2 3 ) 4 -  ( 3 2 ) ]  x2x3 +  [ ( 2 4 ) + ( 4 2 )  ] +  [ ( 4 3 ) 4 -  ( 3 4 ) ]  =  0 .

I f  t h i s  b e  d e n o te d  b y  U, a n d  x? + x2 +  a 1?  +  « '4 2  b y  f t ,  t h e n ,  m o r e  g e n e r a l ly ,  

Ü — hil i s  u n a l t e r e d  b y  t h e  t r a n s f o r m a t io n .

W e  n o w  i n v e s t ig a t e  t h e  i n t e r v e n e  3, t h r o u g h  w h ic h  e v e r y  o b je c t  o n

Ü — A H  =  0

i s  c o n v e y e d  b y  t h e  t r a n s f o r m a t io n .

I f  w e  s u b s t i t u te  x1 + Xyx & c . f o r  x^ & c . i n  t h e  i n f in i t e  q u a d r i c  w e  h a v e  

n  +  2 x o r  +  x 2 n  =  o ,

a n d , a c c o r d in g ly , t h e  i n t e r v e n e  3, t h r o u g h  w h ic h  a n  o b je c t i s  c o n v e y e d  b y  

t h e  o r th o g o n a l t r a n s f o r m a t io n  i s  d e f in e d  b y  t h e  e q u a t io n

n U 
c o s  3 =  y , ;

h e n c e  t h e  l o c u s  o f  o b je c ts  m o v e d  t h r o u g h  t h e  i n t e r v e n e  3 i s  s im p ly

U — f l  c o s  3 = 0.

422. Proof that U and fl have Four Common Generators.

T h e  e q u a t io n  i n  p h a s  f o u r  r o o t s  o f  t h e  t y p e

, 1  „ 1

p, P , — • 
P P

T h e s e  c o r r e s p o n d  t o  t h e  v e r t i c e s o f  t h e  t e t r a h e d r o n  ( f ig . 4 7 ) . S y m m e t r y  

s h o w s  t h a t  t h e  c o n ju g a te  p o la r s  a s  d i s t in g u i s h e d  f r o m  t h e  g e n e r a to r s  w i l l b e  

t h e  r a y  j o in in g  t h e  v e r t i c e s  c o r r e s p o n d in g  t o

1 '
—  a n a  p ,
p

3 0 — 2
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and that joining

Let Kj, a2 , a3, a4 and ß4, ß2, ß3, ß4 be the co-ordinates of the corners at p 

and p". If we substitute ax + XÄ, «2 +  Xß2... &c., for x2, x2 &c. in 11 =  0,

2X  (aj/Sj + a2ß2 + asßs + üißi) = 0.

Let us make the same substitution in U, we have, in general,

= (11)«! + (12)a;3 +  (13)«3 +  (14)a;4

= (11) (a, + Xßß +  (12) (a2 + Xß2) + (13) (a3 + X&) + (14) (a4 +  Xß4) 

= fa + Xp"ßl;

whence, remembering that

U = x2y2 + x2y2 + x3y3 + x4y4,

U = (oq -|- xßj (p atj + Xp"^) + (a2 + X/32) (p'a2 + Xp"ß2) + &c., 

and as a and ß are both on fl, we have,

?7=  X  (p + p") (a^  +  a2ß2 + a3ß3 + a4ß4) ;

but since the line joining p' and p" is a generator of fl, the last factor must 

vanish, and the line is therefore also a generator of U.

It is thus proved that U has four generators in common with fl

423. Verification of the Invariance of Intervene.

As an exercise in the use of the orthogonal system of co-ordinates, we 
may note the following proposition :—

Let xlt x2, x3, xit and xlt x2, x3, x4, be two objects which are conveyed by 

the transformation to ylt y2, y3, yit and y^ y^ yj, respectively, it is 

desired to show that the intervene between the two original points is equal 

to that between the transformed. The expressions for the cosine of the 
intervene are

_______ + x.yx3 + x4x4
Oi2 +  + x* + «/)! (x^ + + + >
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and the similar one with y and y', instead of x and x'. The denominators 

are clearly equal, and we have only to notice that

x^' + + x3x3 + = y^yi + y2y2 + y3y3 + yty< ;

as an immediate consequence of the formulae connecting the orthogonal 

transformation.

424. Application of the Theory of Emanants.

We can demonstrate the same proposition in another manner by revert­

ing to the general case.

Let U=Q be a function of xlt x2, xs, xt. Let x,', x2, x3, be a system 

of variables cogredient with xlt x2, x3, xit and let us substitute in U the ex­

pressions «j 4- kxi, x2 + kx2, &c., for xlt x2. The value of U then becomes

ü + k^U+. A2tf + &C.,
1 . Li 

where
. d , d , d , d 

A = a?1 dx*^ dx2 + Xi dx3 + Xi dx,‘

If U be changed into V, a function of y, by the formulæ of transformation, 

we have, of course,

U= V-,

but since yT is a linear function of xit &c., i.e.

y^ = (11) + (12) x2 + (13) x3 + (14) x^

it follows that if we change x-, into x1 + W, &c., we simply change yT into 

jfj + kyi. Hence we deduce, that if U be transformed by writing + kxi, 

&c, for x, then V will be similarly transformed by writing y. + fey/ for y, 
and, of course, as the original Ü and V 'were equal, so will the transformed 

U and V be equal. It further follows that as k is arbitrary, the several 

coefficients will also be equal, and thus we have

,dU
dXy

,dU 
~ yi dyi

Hence the intervene between two objects before displacement remains 

unaltered by that operation; for

cos 8 =

,dU , „
Xi +&C.

”OT"

and by what we have just proved, this expression will remain unaltered if 

y be interchanged with x.
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425. The Vector in Orthogonal Co-ordinates.

Since, in general, 
a u 

cos t/ = — , 
1 z

we have for the vector (§ 419) the following conditions:—

(11) = (22) = (33) = (44), 

and also,

(12) + (21) = O,

and the similar equations. In fact, U can only differ from fl by a constant 
factor.

The orthogonal equations require the following conditions— 

+ (11). (12) - (12) .(11) + (13) . (23) + (14) . (24) = 0, 

+ (11). (13) - (12). (23) - (13). (11) + (14). (34) = 0, 

+ (11). (14) - (12). (24) - (13) . (34) - (14) . (11) = 0, 

+ (12) • (13) + (11). (23) - (23) . (11) + (24). (34) = 0, 

+ (12). (14) + (11) . (24) - (23). (34) - (24). (11) = 0, 

+ (13) • (14) + (23) . (24) + (11). (34) - (11) . (34) = 0, 

+ (ll)2 + (12)“ + (13/ + (14)2 = 1, 

+ (12)2 + (11/ + (23)2 + (24)2 = 1, 

+ (13)2 + (23)3 + (11)“ + (34)2 = 1, 

+ (14)2 + (24)2 + (34)2 + (11)2 = !

We now introduce the notation:—■

(11) = a; (12) = /3; (13)= 7; (14) = 8,

and the equations give us 

+ 7(23)+ 5 (24) = 0.(i),

Æ (23) + <5 (34) = 0 ................................  (ii),

-£(24)- y (34) = 0 ..................................(iii),

+ ßy + (24)(34) = 0.................................. (iv),

+ /3S - (23) (34) = 0 ................................  (v),

+ 78 4- (23) (24) = 0 ................................  (vi),

+ a2 + /33 + + 52 = j

+ /92 + a2 + (23)2 + (24)2 = 1

+ y2 + (23)2 + a? + (34)2 =1..........................

+ 62 + (24)2 + (34)2+ a2 =1,
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From (iv), ßy = -(24) (34).

From (v), 

by multiplication,

ßü = +(23)(34);

ß^ = - (23) (24) (34/;

but, from (vi),
78 = - (23) (24);

whence, we deduce,

/32=(34)2.

The significance of the double sign in the value of ß will be afterwards 

apparent; for the present we take

ß = + (34).

From (ii) 5 = + (23),

From (iii) 7 = “ (24),

while the group (vii) will be satisfied if

a2 + ß2 + 72 + & = 1.

The scheme of orthogonal transformation for the Right V ector (for so we 

designate the case of ß = + (34),) is as follows:—

+ a + ß + V + 8

~ß + ot + 8 - 7

~ 7 — 8 + a + ß

- 3 + 7 ~ß + a

If we append the condition

a? + ß2 + V2 + S2 = 1, 

then we have completely defined the Right Vector. 

We now take the other alternative,

/3 = - (34);

then, from (ii), 3 = — (23),

then, from (iii), 7 = + (^4).

We thus have for the Left Vector, the form, 

+ a. + ß +7 +S 

- ß + a -8 +7 

— fy +2 + H ß 

— 8 —7 + ß + ®
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with, as before, the condition,

a2 + ß2 + + 82 = 1.

If 0 be the intervene through which the vector displaces an object then 
it is easily shown that cos 6 = a.

426. Parallel Vectors.

The several objects of a content are displaced by the same vector along 
ranges which are said to be parallel.

Taking the space representation, § 413, Clifford showed that all right 
vectors, which are parallel, intersect two generators of one system on the 
infinite quadric, while all left vectors, which are parallel, intersect two 
generators of the other system.

A generator intersected by two rays from a right vector maybe defined by 
the points whose coordinates are

+ O-', — ß, ~ y, —5,

+ ß, + a', — 8, + y, 

while a generator intersected by two rays from a left vector will be 
defined by

+ “o', — ßo, — yo, — So,

+ ßo, + a0', + S», — 7o-

To prove the theorem, it is only necessary to show that these four points 
are coplanar, for then the two generators intersect, i.e. are of opposite 
systems. We have, then, only to show that the following determinant 
vanishes:—

a — ß — y — 8

ß a — 8 y

«o' - ßo — 7o —

ßo a-o 8„ — yc,

This will be most readily shown by squaring, for with an obvious notation 
it then reduces to the simple form

0 0 [4'] [a'A]

0 0 m]
[«'«o'] r/soo'j 0 0

[Ä“'] [M] 0 0

whence we see that the original determinant is simply 

[«'«o'] [/3a0'] 

[&>«'] [M] ’



4 2 7 ] T H E  T H E O R Y  O F  S C R E W S  I N  N O N - E U C L I D I A N  S P A C E . 4 7 3  

w h i c h  e x p a n d e d ,  b e c o m e s

( a 'a u '  +  ßß3 +  7 7 »  +  S S » )  ( / 3 / 3 0  +  a 'a 0 '  -  -  7 y 0 )

—  ( a '3 o  —  ß<h ~ y^o +  8 7 » )  ( / 3 a 0 '  -  a'ß0 + 8y„ - y 5 0 )  

=  ( a 'a 0 '  +  ßßtf - ( v 7 o  +  S 8 0 ) 2  +  ( a 'ß >  -  a 0 ' / 3 ) 2  -  ( 8 y 0  -  7 g » ) 2  

=  a ' 2 a 0 ' 2  +  ß2ß/ +  a ' 2  ß,? + a„'2ß2 — y2yy —  S 2 8 0 2  —  —  7 2 S 0 2

=  a ' 2  ( a 0 ' 2  +  / 3 0 2 )  +  ß2 (a0'2 +  / 3 „ 2 )  -  y2 (y2 +  8 0 2 )  - (y2 +  M  

=  ( a ' 2  4  / 3 2 )  ( a 0 ' 2  +  Ä 2 )  -  ( ? 2  +  5 2 )  ( % 2  +  B2);

b u t ,  a '3 + / S 2 + 7 2 + S 2  =  0  ;

w h e n c e  t h i s  e x p r e s s i o n  i s

(a/2+ß2) («o '2 + Ä8+Vo2+^o 2)=O.

O n  t h e  s u p p o s i t i o n  t h a t t h e  v e c t o r s  w e r e  h o m o n y m o u s , i.e. b o t h  r i g h t  o r  

b o t h  l e f t ,  t h e  c o r r e s p o n d i n g  d e t e r m i n a n t  w o u l d  h a v e  b e e n

a '  — ß — y —8

ß a - 8 y

a » '  ~ ßo -  7 o  ~  $ >

ßo “ o ' -  7 0

S q u a r i n g ,  w e  g e t ,  a s  b e f o r e ,  

[ a 'a 0 ' ] [ / 3 a 0 ' ]  

[&«'] [ßßo] 

b u t  n o w ,  

[ “ '« o ' ]  =  [ M ] >  

[ Ä a ]  =  -  [ ß a 0 ' J ;

w h e n c e  t h e  d e t e r m i n a n t  r e d u c e s  t o

[ a 'a 0 ' ] 2  +  [ / S a » '] 2 ,  

a  v a l u e  v e r y  d i f f e r e n t  f r o m  t h a t  i n  t h e  f o r m e r  c a s e .

427. The Composition of Vectors.

L e t  a n  o b j e c t  x b e  c o n v e y e d  t o  y b y  t h e  o p e r a t i o n  o f  a  v e c t o r ,  a n d  l e t  t h e  

o b j e c t  y b e  t h e n  c o n v e y e d  t o  z b y  t h e  o p e r a t i o n  o f  a  s e c o n d  v e c t o r ,  w h i c h  w e  

s h a l l f i r s t s u p p o s e  t o  b e  h o m o n y m o u s  (i.e. b o t h  r i g h t  o r  b o t h  l e f t )  w i t h  

t h e  p r e c e d i n g . T h e n  w e  h a v e ,  f r o m  t h e  f i r s t ,  s u p p o s e d  r i g h t

+ ßx.2 + yx3 +  S « 4 ,  

y a  =  —  ßXi + ax2 + bx3 - yxit 

ys — — yXi — 8x 2 +  a « 3  +  ßx4, 

yt — - 5 « !  +  yx2 — ßx3 +  a « 4 )
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and, from the second vector,

= 4- ay. + ß'y2 + y'ys + S'y4, 

Zz = ~ ß'yi + a'y2 + 8’y3 - y'y„ 

z3 = - yy.- + ay3 + ß'yt,

Zi = - 8'y. + yy3-ß'y3 + a'y,.

Substituting for y., y.2, y3, yit we obtain the following values for z., z2, z3, zt.

The right vector, a, ß, y, 8, followed by the right vector, a, ß', y, 8'— 

z1= + aa' - ßß' - yy' - 33' xT + + aß' + ßa' + yd' - Sy' x2 + ay' - ß8' + ya + 8ß' x3 + + ct3z + ßy' - yß' + 8a x4, 

z2 — — aß' ~ ßa' ~ yd' + dy' x±+ + aa' - ßß' - yy - 88' x2 + aS' + ßy' - yß' + 8a' x3 H— ay' + ß8' - ya' - 8ß' x4, 

z3= - ay' 4- ß8' - ya' - 8ß'xT H— a8' - ßy' + yß' - 8a'x,2 + aa' — ßß' - yy' - 88' x3 + 4- aß' + ßa' + yd' - 8y' x4, 

z4— - aS' - ßy' + yß' - 8a'x^ + 4- ay' - ßS' + ya' 4- 8ß'x2 4— aß' - ßa' - y8' + 8y' x3 + + aa' - ßß' - yy' - 88' x4.

The right vector, a', ß', y', 8', followed by the right vector, a, ß, y, 8— 

z4 = 4- aa' - ßß' - yy' - 88' x4 + + aß' + ßa - y8' + 8y' x2 + + ay' + ß8' + ya' - 8ß' #3 + + aS' - ßy' + yß' + da' x4, 

z2= - aß' - ßa + y8' - 8y' + + aa' - ßß' - yy' - 88'x2 + + a8' - ßy' + yß' + da' x3H— ay' — ß8' - ya' 4- 8ß' x4i 

z3= - ay' - 8ß' - ya' + 8ß'x1 H— aS' + ßy' - yß' -8a' x2 + + aa' - ßß' - yy' - 88'x3 4- + aß' + ßa' - yS'4- Sy' x4i 

z4= - a8' 4-ßy' — yß' - 8a' x4 + + ay' + ßS' + 7a - Sß' x2-i— aß' - ßa' + yS' - 8y' x3 + + aa' - ßß' - yy' - 88' x4. 

We thus learn the important truth, that when two or more homonymous 

vectors are compounded, the order of their application must be carefully 

specified. For example, if the object æ be first transposed by the vector a. 

and then by a!, it attains a position different from that it would have gained 

if first transposed by a! and then by a.

We see, however, that in either case two homonymous vectors compound 

into a vector homonymous with the two components.

We now study two heteronymous vectors, i.e. one right and one left.

The right vector, a, ß, y, 8, followed by the left vector, a', ß', y', 8'— 

z1 = 4- aa' - ßß' - yy' - 88' + + aß' + ßa' 4- y8' - 8y' x2 + + cry' - ß8' + ya' + 8ß' x3 + + aS' + ßy' - yß' 4- 8a x4, 

z2= — aß' - ßa' + y8' - 8y'x14- + aa' - ßß' 4- yy' + 88' x2 4— aS' — ßy' - yß' + 8a'x3 + + ay' - ß8' - ya' - 8ß' x4i 

z3— - ay' — ß8' - ya' + 8ß'3^+4- aS' - ß8' - yß' - 8a' x2+ + aa’ 4- ßß' - yy' + 88'x3-\— aß' + ßa' - y8' - 8y' x4i 

z4= - a8' + ßy' - yß' - 8a'x4 4— ay' - ß8' + ya' - 8ß' x2 + + aß' - ßa' - yb' - 8y' x3 + + aa' + ßß' + yy' - 88' x4.

The left vector, a', ß', y', 8', followed by the right vector, a, ß, y, 3—

z4 = 4- aa' - ßß' - yy' - 88' x4 + 4 aß' + ßa' + yS' - 8y' x2 + + ay' - ß8' + ya' 4- 8ß' x3 + + aS' + ßy' - yß' + 8a' x4i 

z2~ - aß' — ßa +y8' - 8y' ^+4- aa' - ßß' + yy' -f 53'— a8' - ßy' - yß' + 8a x3 + +ay' - ß8' - ya' - 8ß' x4i 

z3= - ay' - ß8' - ya' + 8ß' ^ + + aS' - ßy' - yß' - 8a' x2 + + aa' + ßß? - yy' + 88' x3 H— aß' 4- ßa' - y8’ - 8y' x4, 

z4— — a8' + ßy' - yß' - 8a' ^4- - ay' - ß8' + ya' - 8ß'x2+ +aß' - ßa' - y8' - Sy1 x3 + +aa' + ßß' + yy' - 88'x4.
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We thus learn the remarkable fact, that if a right (left) vector be followed 

by a left (right) vector, the effect produced is the same as if the order of 

the two vectors had been interchanged.

This is not true for two right vectors or two left vectors.

The theorems at which we have arrived may be thus generally 

enunciated:—

In the composition of vectors the order of two heteronymous vectors does 

not affect the result, but that of two homonymous vectors does affect the result.

In the composition of two homonymous vectors the result is also an homony­

mous vector. In the composition of two heteronymous vectors the result is not 

a vector at all.

The theorems just established constitute the first of the fundamental 

principles relating to the Theory of Screws in non-Kuclidian Space referred 

to in § 396. Their importance is such that it may be desirable to give a 

geometrical investigation.

428. Geometrical proof that two Homonymous Vectors com­

pound into one Homonymous Vector.

Left vectors cannot disturb any 

right generators of the infinite quad­

ric. Take two such generators, AB 

and A'B' (Fig. 48). Let AA', 

BB’, GC be three left generators 

which the first vector conveys to 

A-l Ai , Bfff, GfJf and the second 

vector further conveys to A.,A.f 

B2B.f C2Cf Let X and Y be the 

double points of the two homo­

graphic systems defined by A, B, G 

and A*, B.2, G2. Then we have

(ABGX) = (A2BAX), 

and
(ABGY) = (AMY).

As anharmonic ratios cannot be 

altered by any rigid displacement, it 

follows that X and Y must each 

occupy the same position after the 

second vector which they had before 

the first, similarly, X' and Y' will 

remain unchanged, and as the two 

rays, AB and A'B‘ are divided homo­
Fig. 48.
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graphically, it follows that XX' and YY' are both generators. We there­

fore find that after the two vectors all the right generators remain as before, 

and so do also two left generators, i.e. the result of the two vectors could 

have been attained by a single vector homonymous therewith.

429. Geometrical proof of the Law of Permutability of Hetero­

nymous Vectors.

Let AB and A'B' be a pair of right generators (fig. 49), and CD and 

C'D' a pair of left generators. Let the right vector convey P to Q, and

Fig. 49.

then let the left vector carry Q to the final position P'. We shall now show 

that P' would have been equally reached if P had gone first to R, so that 

intervene PR = QP', and that then R was conveyed by the vector, RB'B, 

through a distance equal to PQ.

Draw through P the transversal PRCC'. Take R, so that

(PRCC') = (QP'DD'y,

but, because this relation holds,

PQ, RP', CD, C'D'

must all lie on the same hyperboloid.

Therefore RP' must intersect AL and A'M, and therefore, also,

(P&4Æ) = (RP'BB’).

Hence, finally, we have for the intervenes

PQ = RP' and PR = QP'.

430. Determination of the Two Heteronymous Vectors equi­

valent to any given Motor.

If a right vector, a, ß, y, 6, be followed by a left vector, a, ß', y', 8', then
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the result obtained is a displacement of the most general type called a 

motor. We now prove Clifford’s great theorem that a right vector and a 

left vector can be determined so as to form any motor, i.e. to accomplish 

any required homographic transformation that conserves intervene.

For, if we identify the several coefficients at the foot of p. 474 with those 

of § 420, we obtain equations of the type

(11) = aa' — ßß' — 77' — S8', 

(21) = — aß' — ßa + y8' — 3y', 

(31) = — ay — ß8' — ya + 8/3', 

(41) = — a8' + ßy' — yß' — 8a'.

These can be simply reduced to a linear form ; for multiply the first by a', 

and the second, third, and fourth by - ß’, - y, - S', respectively, and add, 

we obtain

(11) a' - (21) ß' - (31) 7' - (41) 8' = a;

for a'2 +/3'2 + ?'2 + 8'2= 1.

In a similar manner we obtain a number of analogous equations, which 

are here all brought together for convenience—

(11) a’ - (21) ß' - (31) y - (41) 8' = a, 

- (21) a' - (11) ß' + (41) 7' - (31) S' = ß, 

- (31) a' - (41) ß' - (11) 7' + (21) 8' = y, 

- (41) a! + (31) ß’ - (21) y' - (11) 8' = 8. 

+ (22) a' + (12) ß' - (42) y' + (32) 8' = a, 

+ (12) a' - (22) ß' - (.32) y' - (42) 8' = ß, 

+ (42) a — (32) ß' + (22) y' + (12) 8’ — y, 

- (.32) a’ - (42) ß’ - (12) y' + (22) 8' = 8. 

+ (33) a' + (43) ß' + (13) y’ - (23) 8' = a, 

+ (43) a + (33) ß’ - (23) y' - (13) 8' = ß, 

- (13) a’ - (23) ß‘ - (33) y - (43) 3' = y, 

+ (23) a' + (13) ß’ — (43) y + (33) 8' - 8. 

+ (44) a - (34) ß' + (24) y' + (14) 8' = a, 

+ (34) a! + (44) ß' + (14) 7' - (24) 8' = ß, 

— (24) a — (14) ß' + (44) y — (34) 8' = y, 

+ (14) a' — (24) ß' — (34) y - (44) 8' = 8.

These will enable a, ß, y, 8 and a, ß', y', 8' to be uniquely determined.
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431. The Pitch of a Motor.

Any small displacement of a rigid system in the content can be produced 

by a rotation (see § 417) a about one line followed by a rotation ß about its 

conjugate polar with respect to the infinite quadric, the amplitudes of both 

rotations being small quantities. The two movements taken together 

constitute the motor. It will be necessary to set forth the conception in 

the theory of the motor, which is the homologue of the conception of pitch 

in the Theory of Screws in ordinary space. The pitch can most conveniently 

be expressed by the function

2aß 
P~ a? + ßP

If either a or ß vanish, then the pitch becomes zero. The motor then 

degenerates to a pure rotation about one or other of the two conjugate 

polars. This, of course, agrees with the ordinary conception of the pitch, 

which is zero whenever the general screw motion of the rigid body degrades 

to a pure rotation.

In ordinary space we have

pa -- dß,

where ß is zero and where d is infinite. In this case

2«£
a2 + ß'2 ''a d ’

i.e. the pitch is proportional to the function now under consideration.

No generality will be sacrificed by the use of a single symbol to express 

the pitch. We may make a = cos0 and /3 = sin$; the pitch then assumes 

the very simple form sin 20. We thus see that the pitch can never exceed 

unity.

If the motor be a vector, then we have ß= + a, or 0= + 45°, and the 

pitch is simply + 1.

It should be noticed that a rotation a about the line A, and a rotation 

ß about its conjugate polar B, constitute a motor of the same pitch as a 

rotation ß about A and a about B.

432. Property of Right and Left Vectors.

To take the next step it will be necessary to discuss some of the relations 

between right and left vectors. A right vector will displace any point P 

in a certain direction PA ; a left vector will displace the same point in the 

direction PB. It will, of course, usually happen that the directions PA 

and PB are not identical. It is, however, necessary for us to observe
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that when P is situated on either of two rays then the directions of dis­

placement are identical. To determine these two rays we draw the two 

pairs of generators corresponding to the two vectors. As these generators 

belong to opposite systems, they will form four edges of a tetrahedron. 

The two remaining edges are a pair of conjugate polars, and they form the 

two rays of which we are in search. The proof is obvious: a point P on 

one of these rays must be displaced along the same ray by either of the 

vectors, for this ray intersects both of the generators which define that 

vector.

Let a right vector consist of rotations + a, + a about two conjugate polars, 

and let a left vector consist of rotations + a, —a, also about two conjugate 

polars. Without loss of generality we may take the two conjugate polars 

in both cases to be the pair just determined.

Let 00' and PP' be two conjugate polars (fig. 50). The right vector is 

appropriate to the generators OP and O'P'. The left vector to the generators

OP' and O'P. If we take the intersections with the quadric in the order 00' 

for A, then we must take them on B in the order PP’ if we are considering 

a right vector, and in the order P'P if we are considering a left vector. This 

is obvious, for in the first case we take the intersections of the conjugate 

polar with the generators OP and O'P'. In the second case we take the 

intersection of the conjugate polar with OP' and O’P.

If, therefore, the vector be right, we have for the displacements of X 

and F,
II log (XX’OO') = H log (YY'PP').
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If, however, the vector be left, then Y must be displaced to a distance Yo, 

defined by
H log (XX'OO') = H log (FFoP'-P) ■ 

we therefore have

H log (YY'PP) = // log (FF0 P'P);

but from an obvious property of the logarithms,

H log (YY.PP) = -H log (YY0PPy, 

whence, finally,

H log (YY'PP) = - Æ log ( YY0PP).

We hence have the important result, that the intervene through which a 

point on one of the common conjugate polars is displaced by one of two 

heteronymous vectors of equal amplitude, merely differs in sign from the 

displacement which the same point would receive from the other vector.

433. The Conception of Force in non-Euclidian Space.

In ordinary spiicc we aro Quite familiar with the perfect identity which 

subsists between the composition of small rotations and the composition of 

forces. We shall now learn that what we so well know in ordinary space is 

but the survival, in an attenuated form, of a much more complete theory 

in non-Euclidian space. We have in non-Euclidian space force-motors and 

force-vectors, just as we have displacement-motors and displacement-vectors. 

We shall base the Dynamical theory on an elementary principle in the 

theory of Energy. Suppose that a force of intensity f act on a particle 

which is displaced in a direction directly opposed to the force through a 

distance 8, then the quantity of work done is denoted by -/S.

434. Neutrality of Heteronymous Vectors.

We are now able to demonstrate a very important theorem which lies at 

the foundation of all the applications of Dynamics in non-Euclidian space. 

The virtual moment of a force-vector and a displacement-vector will always 

vanish when the vectors are homonymous and at right angles. The analogies 

of ordinary geometry would have suggested this result, and it is easily shown 

to be true. If, however, the two vectors be not homonymous, the result is 

extremely remarkable. The two vectors must then have their virtual moment 

zero under all circumstances.

The proof of this singular proposition is very simple. Let the two 

vectors be what they may, we can always find one pair of conjugate polars 

which belong to them both. Let the two forces be X, X on the two conjugate 

polars, and let the displacements be p, - p, then the work done is

X/Z — = 0.
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It seems at first sight incredible that a theorem demonstrated with such 

simplicity should be of so much significance. It is not too much to say 

that the theory of Rigid Dynamics in non-Euclidian space depends, to a 

large extent, upon this result. This is the second of the two fundamental 

theorems referred to in § 396.

These two principles open up a geometrical Theory of Screws in non- 

Euclidian space. This is a subject too extensive to be here entered into any 

further. It is hoped that the present chapter will at least have conducted 

the reader to a point from which he can obtain a prospect of a great field of 

work. The few incursions that have as yet been made into this field (see the 

bibliographical notes) have shown the exceeding richness and interest of a 

region that still awaits a more complete exploration.

B. 31
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NOTE I .

Another solution of the problem of § 28.

Le t  the intensities of the wrenches on a, ß, ...t ) be as usual denoted by 
a", ß", ... y" respectively.

As the wrenches are to equilibrate we must have (§ 12)

a ß"^Bl + f'^yX + 8"^SÅ + «"WeX + + f'^X = °,

where Å is any screw whatever.

If six different but independent screws be chosen in succession for A we have 
six independent linear equations, and thus a" - ß" and the other ratios are known.

But the process will be much simplified by judicious choice of Å. If, for 
instance, we take as Å the screw i// which is reciprocal to the five screws y, 8, e, £, 
then we have

w ytp — 0) eifi —‘ 0, w — 0, — 0;

and we obtain

a'vr^ + ß"^ß^ = 0.

Let p be a screw on the cylindroid defined by a and ß. Then wrenches on 
a, ß, p will equilibrate (§ 14) provided their intensities are proportional re­
spectively to

sin (ßp), sin (pa), sin (aß).

It follows that for any screw p. we must have

sin (ßp) ■sra/i + sin (pa) + sin (aß) = 0.

This is indeed a general relation connecting the virtual coefficients of three 
screws on a cylindroid with any other sci-ew.

Let us now suppose that p. was the screw just considered, and let us further 
take p to be that one screw on the cylindroid (a, ß) which is reciprocal to ip.

Then
= 0, 

and we have
sin (ßp) + sin (pa) -tsß^ = 0.

31-2
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But since the seven screws are independent both and must be, in 
general, different from zero, whence by the former equation we have

a!' ß" 
sin (ßp) sin (pa) ’

Thus we obtain the following theorem (§ 28).

If seven wrenches on seven given screws equilibrate and if the intensity a" of 
one of the seven wrenches be given then the intensity of the wrench on any one 
ß of the remaining six screws can be determined as follows.

Find the screw if/ reciprocal to the five screws remaining when a and ß are 
excluded from the seven.

On the cylindroid (aß) find the screw p which is reciprocal to ip.

Resolve the given wrench a" on a into component wrenches on ß and on p.

Then the intensity of the component wrench thus found on ß is the required 
intensity ß" with its sign changed.

NOTE II.

Case of equal roots in the Equation determining Principal Screws of 
Inertia, § 86.

We have already made use of the important theorem that if U and V are both 
homogeneous quadratic functions of n variables, then the discriminant of U + Å V 
when equated to zero must have n real roots for A provided that either U or V 
admits of being expressed as the sum of n squares (§ 85).

The further important discovery has been made that whenever this deter- 
minantal equation has a repeated root, then every minor of the determinant 
vanishes (Routh, Rigid Dynamics, Part n. p. 51, 1892).

This theorem is of much interest in connection with the Principal Screws of 
Inertia. The result given at the end of § 86 is a particular case. It may be 
further presented as follows.

Taking the case of an n system each root of Å will give n equations

-2Å01 = 1^, ...-2X0n = -

Pl C^1 Pn d()n

Of these n — 1 are in general independent and these suffice to indicate the values 
of 01; ... 0H.

But in the case of a root once repeated the theorem above stated shows that we 
have not more than n - 2 independent equations in the series. The principal 
Screw of Inertia corresponding to this root is therefore indeterminate.

But it has a locus found from the consideration that besides these n — 2 linear
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equations it must also satisfy the 6 - n linear equations which imply that it belongs 

to the w-system.

In other words the co-ordinates satisfy (n - 2) + (6 — >i), i.e. four linear equations. 

But this is equivalent to saying that the screw lies on a cylindroid. We have thus 

the following result.

In the case when the equation for \ has two equal roots, there must be n— 2 

separate and distinct principal screws of inertia and also a cylindroid of which 

every screw is a principal Screw of Inertia.

For every value of n from 1 to 6 it is of course known that the celebrated 

harmonic determinantal equation of § 86 has n real roots.

But when the question arises as to the possibility of this equation as applied 

to our present problem having repeated roots, the several cases must be dis­

criminated. It is to be understood that the body itself is to be of a general type 

without having e.g. two of the principal radii of gyration equal. The investigation 

relates to the possibility of a system of constraints which, while the body is still of 

the most general type, shall permit indeterminateness in the number of principal 

Screws of Inertia.

Of course if n = 1 the equation is linear and has but a single root.

n = 2. The equation under certain conditions may have two equal roots.

n = 3. The equation under certain conditions may have two or three equal 

roots.

n = 4. The equation under certain conditions may have two equal roots or 

three equal roots or four equal roots or two pairs of equal roots.

n = 5. The equation can never have a i’epeated root.

n = 6. The equation can never have a repeated root.

Here comes in the restriction that the body is of a general type, for of course 

the last statement could not be true if two of the radii of gyration are equal or if 

one of them was zero.

The curious contrast between the two last cases and those for the smaller 

values of n may be thus accounted for. The expression for T will contain 

terms and the ratios only being considered T will contain

n(n+l)  (n + 2)(n-l)

distinct parameters. As a rigid body is specified both as to position and character 

by 9 co-ordinates, it follows that the coefficients of T are not unrestricted if 

(?i. + l ) (h —1) greater t}lan 9. But this quantity is greater than 9 for the cases
2

of n = 5 and n = 6.

We may put the matter in another way which will perhaps make it clearer. 

I shall take the two cases of n = 4 and n = 5.
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In the case of n = 4 the function T will consist of 10 terms such as

An0I2+... + 2A1ff2 + ....

If any arbitrary values be assigned to ^JS| &c., it will still be possible to 
determine a rigid body such that this function shall represent w/ (to a constant 

factor), because we have 9 co-ordinates disposable in the rigid body. Hence for 
n = 4 and a fortiori for any value of n less than four the function representing T 
will be a function in which the coefficients are perfectly unrestricted. Hence 
n = or < 4 the determinantal equation is in our theory of the most general type. 

The general theory while affirming that all the roots are real does not prohibit 
conditions arising under which roots are repeated. Hence Routh’s important 

theorem becomes of significance in cases n= 2, n = 3, n = 4 for in these equations 
the roots may be repeated.

But in the case of n = 5 the function T consists of 15 terms. If arbitrary 
values could be assigned to the coefficients then of course the general theory would 

apply alld cases of repeated roots might arise. But in our investigation the 15 
coefficients are functions of the co-ordinates which express the most general place 
of a rigid body, and these co-ordinates are not more than nine. If these nine co­

ordinates were eliminated we should have five conditions which must be satisfied 
by the coefficients of a general function before it could represent the T of our 
theory even to within a factor. The necessity that the coefficient of T shall satisfy 
these equations imports certain restrictions into the general theory of the deter­
minantal equation based on T. One of these restrictions is that T shall have no 

repeated roots. The same conclusion applies a fortiori to the case of n = 6.

The subject may also be considered as follows.

Let us first take the general theorem that when reference is made to n 

principal screws of inertia of an «-system the co-ordinates of the impulsive wrench 
corresponding to the instantaneous screw

For a principal screw of inertia the ratios must be severally equal or 

uf ctj = u/ a.2 = = uf q,(

Pl “1 Pi <h Pn af

These equations can generally be only satisfied if n - 1 of the quantities

“i ... an,

be zero, i.e. there are in general no more than the n principal screws of inertia.

If however

u2 _ uf

Pi P2’ /
then though we must have

a3 = 0...am = 0, 
dj and a2 remain arbitrary.
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But n - 2 linear equations in an n-system determine a cylindroid and hence we 

see that all the screws on this cylindroid will be principal Screws of Inertia.

In like manner if there be k repeated roots, i.e. if

Wj2 _ w28

Pi P-i Pk'

then a,, ... ak are arbitrary but aj.+1, ... an must be each zero. We have thus n^k 

linear equations in the co-ordinations. They must also satisfy 6 - n equations 

because they belong to the «.-system and therefore they satisfy in all

6 — n + n — k=& — k equations, 

whence we deduce that

If there be k repeated roots in the determinantal equation of § 86 then to those 

roots corresponds a k-system of screws each one of which is a principal screw of 

inertia and there are besides n — k additional principal Screws of Inertia.

So far as the cases of n = 2 and n = 3 are concerned the plane representations 

of Chaps. XII. and XV. render a complete account of the matter.

Let 0 (Fig. 10) be the pole of the axis of pitch, § 58, then 0 may lie either 

inside or outside the circle whose points represent the screws on the cylindroid.

Let O' (Fig. 22) be the pole of the axis of inertia, § 140, then O' must lie inside 

the circle, for otherwise the polar of O' would meet the circle, i.e. there would 

be one or two real screws about which the body could twist with a finite velocity 

but with zero kinetic energy.

We have seen that the two Principal Screws of Inertia are the points in which 

the chord 00' cuts the circle. If O' could be on the circle or outside the 

circle then we might have the two principal Screws of Inertia coalescing, or we 

might have them both imaginary. As however O' must be within the circle it is 

generally necessary that the two principal Screws of Inertia shall be both real and 

distinct.

But the points 0 and O' might have coincided. In this case every chord through 

0 would have principal Screws of Inertia at its extremities. Thus every point on 

the circle is in this case a principal Screw of Inertia.

We thus see that with Freedom of the second order there are only two possible 

cases. Either every screw on the cylindroid is a principal Screw of Inertia or 

there are neither more nor fewer than two such screws, and both real.

If a and ß be any two screws on the cylindroid then the conditions that all 

the screws are Principal Screws of Inertia are

PaU2aß = ^aßUa2t

Pß'llfß = -0aßUß2'

With any rigid body in any position we can arrange any number of cylindroids
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which possess the required property. Choose any screw a and then take any screw 
ß whose co-ordinates satisfy these two conditions.

We shall also use the plane representation of the 3-system.

Let I] = 0 be the pitch conic.

V = 0 be the imaginary ellipse obtained by equating to zero the expression for 
the Kinetic Energy.

Then the vertices of a common conjugate triangle are of course the principal 
Screws of Inertia and generally there is only one such triangle.

It may however happen that f7 and V have more than a single common 
conjugate triangle, for let the cartesian co-ordinates of the four intersections of U 
and V be represented by

xi, z/ij æ2, y2; «s, y3; æ4, y«.-

As all the points on P" are imaginary at least one co-ordinate of each intersection 
is imaginary. Suppose yx to be imaginary then it must be conjugate to If 
therefore the conic U touches V y1 and y3 must be respectively equal to y2 and y . 
Hence we have only two values of y, and these are conjugate. Substituting these 
in U and V we see that there can only be two values of æ, and consequently the 
intersections reduce to two pairs of coincident points.

Hence we see that F cannot touch U unless the two conics have double contact.

In this case the chord of contact possesses the property that each point on it is 
a principal Screw of Inertia while the pole of the chord with respect to either 
conic is also a principal Screw of Inertia.

If U and V coincided then every screw of the 3-system would be a principal 
Screw of Inertia.

The general theory on the subject is as follows.

Let (7= 0 be the quadratic relation among the co-ordinates of an ra-system 
which expresses that its pitch is zero.

Let 7 = 0 be the quadratic relation among the co-ordinates of a screw if a body 
twisting about that screw has zero kinetic energy.

The discriminant of S ~ U + W equated to zero gives n real roots for A. These 
roots substituted in the differential coefficients of S equated to zero give the 
corresponding principal Screws of Inertia. If however there be two equal roots 
for Å then for these roots every first minor of the discriminant vanishes. In this 
case $ can be expi'essed as a function of n — 2 linear quantities. Perhaps the most 
explicit manner of doing this is as follows.

Let

and let

8 = a^2 + ai202 + + ... + annGn2,

IdS 1 dS
2d6ß -Sn~2don-
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If all the first minors 

following identity

of the discriminant of S vanish we must have the

-S «34 • •• a3n 0, s. ... 8,

«43, ... adll «33, «34 ... a3n

®43> a44 • • ■ a4n

) ®n‘i> ^n4 • • • ®nn• • • ann

by which we have

S = ^33«32 + Aa 2 + 2^34*3*4 • • • + ■

Hence U + XV = Assss2 + ^44s4a + 2yl34«a«4 ... + Anns,2.

In the case of n = 3 we have

U + XV = A33s2,

which proves that V and U have double contact as we already proved in a different 

manner.

In the general case all the differential coefficients of S will vanish if s3=0...sM=0, 

but these latter define a cyl indroid and therefore whenever the discriminant of s 

has two equal roots, every screw on a certain cylindroid is a principal Screw of 

Inertia.

If the discriminant had three equal roots then S could be expressed in terms of 

s4, ...sn and in this case every screw on a certain 3-system would be a principal 

Screw of Inertia.

If n — 1 of the roots of the discriminant were equal, then every (n — 2)nd 

minor would vanish, S would become the perfect square s,2 to a factor.

And we have

U+XV = A,msn2.

In this case every screw of the n - 1 system defined by sn = 0 will be a principal 

Screw of Inertia.

NOTE III.

Twist velocity acquired by an impulsive wrench, § 90.

The problem solved in § 90 may be thus stated.

A body of mass M only free to twist about a is acted upon by a wrench of 

intensity r/" on a screw r;. Find the twist velocity acquired.

From Lagrange’s equations we have, § 86
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B u t a s th e  w r e n c h  i s v e r y  g r e a t th e  in i t ia l a c c e le r a t io n , i s g r e a t a n d  c o n s e ­

q u e n t ly  th e  s e c o n d  te r m  o n  th e  le f t -h a n d  s id e  i s  n e g l ig ib le  c o m p a r e d  w ith  th e  f i r s t .

W h e n c e ^-2^ajv"dt = 2^af",

b u t P=Mua2å2(§ 8 9 ) ,

w h e n c e 2  Mu? å = af",

. 1o r • ria. nt
a = M~^ •

T h e  k in e tic  e n e r g y

= ( §  9 1 >

N O T E  I V  .

Professor C. J. Jolys theory of the triple contact of conic and cubic.

P r o f e s s o r  C . J . J o ly  h a s  p o in te d  o u t  to  m e  th a t th e  c o n ic s  o f § 1 6 2  a n d  §  1 6 5  

w h ic h  h a v e  t r ip le  c o n ta c t w ith  th e  n o d a l c u b ic  a r e  b u t  p a r t ic u la r  in s ta n c e s  o f th e  

m o r e  g e n e r a l th e o r y  w h ic h  h e  in v e s t ig a te s  a s  f o l lo w s .

L e t t b e  th e  p a r a m e te r n e c e s s a ry  to  d e f in e  a  p a r t ic u la r g e n e r a to r o n  a  g iv e n  

c y l in d r o id ; we f i r s t s h o w  th a t  th e  c o n d i t io n  th a t a  l in e , i.e. a  s c r e w  0 o f  z e r o  p i tc h  

s h o u ld  in te r s e c t  th is  g e n e r a to r  m a y  b e  e x p r e s s e d  in  th e  f o r m

at3 + bt? + ct + d = 0,

w h e r e  a, b, c, d a r e  l in e a r  f u n c t io n s  o f  th e  c o - o r d in a te s  o f  0 a n d ,  o f  c o u r s e , f u n c t io n s  

a ls o  o f  th e  c o n s ta n ts  d e f in in g  th e  c y l in d r o id .

F o r  i f a a n d  ß b e th e  tw o  p r in c ip a l s c r e w s o n  th e  c y l in d r o id  th e n  th e  c o ­

o r d in a te s  o f  th e  s c r e w  e  o n  th e  c y l in d r o id  m a k in g  a n  a n g le  A . w ith  a a r e

c o s  Å a x  +  s in  Xß1, ... c o s  Å a 6  +  s in  Xßü,

w h e n c e  T^e0 = c o s  Å - s re a  +  s in

c o s  ( < • $ )  =  c o s  Å  c o s  ( e a ) +  s in  Å  c o s  ( e /3 ) ,

pe =  c o s 2  Xpa + 2 cos X s in  Xnraß +  s in 2  Xpß.

I f  e a n d  0 in te r s e c t th e n

2 - s r e e  =  c o s ( c ö )  pt,

o r  p u t tin g  t -  ta n  Å ,

( c o s  ( e /3 ) j» p - 2 O T - e /3 )  t3

+  ( c o s  ( e a )  pß +  2  C O S  (eß) —  2 f f i re a )  t2

+  ( c o s  (eß) pa +  2  c o s  (ea) -  2 - s r e j3 )  t

+  ( c o s  (ea)pa — 2 r a -e a )  =  0 ,  

w h ic h  h a s  th e  f o r m  ju s t  g iv e n .
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Conversely if we are given a, b, c, d we have a cubic equation in t which 

on solution determines the three generators of the cylindroid which a given line 

intersects.

If the generators are connected in pairs by a one-to-one relation of the type

Itt' + m (t + t') + n = 0,

we may for convenience speak of the pairs of generators as being in “involution.”

Suppose that two of the generators met by an arbitrary line are in “involution” 

we have two roots of the cubic

ats + bt2 + ct + d=0, 

connected by the relation

+ m + t2) + n = 0,

where and t2 are the parameters of the two generators and of course roots of 

the cubic. Let the third root be t3 and form the product P of the three factors

ltj.2 + m (<x + i2) + n,

lt2t3 + m (t2 + t3) + n,

+ m. (t3 + Zj) + n.

If we replace the symmetric functions of the roots by their values we find that 

P is a homogeneous function of a, b, c, d in the second degree.

The equation P = 0 represents the complex of transversals intersecting corre­

sponding generators of the involution. This complex is of the second order 

and the transversals in a plane therefore envelop a conic and those through 

a point lie on a quadric cone.

In like manner the discriminant of the cubic itself when equated to zero 

represents a complex Q of the fourth order which consists of all the tangents to 

the cylindroid. The lines in a plane envelop a curve of the fourth class (the 

section of the cylindroid) and the lines through a point are generators of the 

tangent cone of the fourth order.

Let us now consider the lines common to the two complexes P and Q.

If we suppose two roots of the cubic equal, for example

h = ^2>

then P = + »a (^ + i2) + n]2 [It.2 + 2»ii3 + nJ.

The common lines fall into two groups (1) transversals of the united lines 

of the “ Involution ” where the parameters of these united lines satisfy 

It2 + imt + n = 0, and (2) where the odd point on the transversal coincides with 

one of the points in which the transversal meets the conjugate generators. The 

occurrence of the square factor shows that these latter lines are to be counted 

twice.

Tn any plane we have belonging to these complexes eight common lines which
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are the common tangents of a curve of the fourth and a curve of the second class. 

Two and only two of these intersect the united lines of the involution. The 

occurrence of the square factor indicates that the remaining six coincide in pairs 

and hence we have the general result that the conic has triple contact with the 
cubic.

NOTE V.

Remarks on § 210.

Piofessor C. J. Joly has communicated to me the following theorems with regard 

to the cubic which is the locus of the points corresponding to the screws of a 

3-system which intersect a given screw of the system (§ 210).

Let 0 be the double point on the cubic and P,, P2 the two points correspond­

ing to a pair of screws of equal pitch which intersect 0. Then all the chords P^ 

for different pitches are concurrent.

For the cylindroid defined by the screws corresponding to must be cut by 

the screw corresponding to 0 in a third point which lies on the generator O' of the 

cyhndroid such that 0 and O' are at right angles (§ 22). As there is only one screw 

of the 3-system intersecting 0 at right angles it follows that all the chords P,P2 

will be concurrent. The point corresponding to O' is that whose co-ordinates are 
given on p. 213, viz.

Ps-Pi Pi-Ps Pi~Pl

ai ’ a2 ’ a3 ’ 

where an a2) a3 are the co-ordinates of 0.

There is also to be noted the construction for the tangents at the double point 

of the cubic. They are the lines to the points in which the pitch-conic through 

the double point is met by the polar of the double point with respect to the conic 
of infinite pitch.

Let Sp = 0 be the conic of pitch p. Let Pp = 0 be the polar of 0 with respect 

to the conic of pitch p and let Sp = 0 be the result of substituting the co-ordinates 
of 0 in the equation of the conic Sp = 0.

As all the conics have four points common, suppose

— kSp + ,

where k and I are certain constants.

Likewise P. = kPp + IP* ■ S’ = kSJ + IS'*,

whence after a few steps (§ 210) we have the new form for the cubic

(SPS’* + SXSP') = 0.

If = 0 passes through the double point then Sp = 0 and the cubic is

-7*^ = 0,
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we form the polar conic of the point 0 by changing separately <8 to P and P to S' 

and we have its equation as

28,'S^ + PPPx-S'xS]>-0,

which as Sp' = 0 becomes

ppp„ -S'A = o-

Repeating this operation we have for the equation of the polar of 0 or the 

tangent to the cubic the vanishing expression

PvS'x-S'xPp=G.

This proves the duplicity of the point.

Therefore PPPX -8'xSp = 0 represents the tangents at the point and these 

accordingly pass through the intersection of Px = 0 and Sp = 0.

I may also add that the principles here laid down will enable us to investigate 

the various relations between the screws of a 3-system which intersect. Let us 

seek for example the number of screws of the system which are common transversals 

to two screws which also belong to the system and which are represented by 0 and 

O'. If we draw two cubics of the class just considered from 0 and O' as double 

points, they will in general intersect in nine distinct points. Of these, four will of 

course be the points common to all these cubics on the conic of infinite pitch. We 

have thus five remaining intersections each of which corresponds to a screw of the 

system, whence we deduce the theorem that any two screws of a 3-system will in 

general be both intersected by five other screws of the 3-system.

NOTE VI.

Remarks on § 224 by Professor G. J. Joly.

If there is no speciality the nodal curve of the sextic ruled surface of the 

quadratic 2-system is of the tenth degree with four triple points on the surface. 

Of course every generator of the surface meets four other generators ; this follows 

from the plane representation. An arbitrary section is a unicursal sextic having 

therefore Jr (6 - 1) (6 - 2) = 10 double points. A section through a generator is the 

generator plus a unicursal quintic, and a section through two generators consists 

of the generators and a trinodal quartic. When the director cone of the surface 

breaks into a pair of planes, the nodal curve rises to the eleventh degree and 

consists of the two double lines, the common generator and the remaining curve 

of intersection of the two cylindroids into which the surface degrades. The four 

triple points are those in which the double lines of one cylindroid meets the other 

not on the common generator. We should expect to find four triads of con­

current axes belonging to the quadratic system.

The locus of the feet of perpendiculars from an arbitrary origin is a twisted 

quartic. The quartic is not the intersection of two quadrics. Only one quadric
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can be drawn through it. This is borne out in the case of the two cylindroids. The 

two conics have but one point common, and the only quadric through both consists 

of their planes. The line of intersection of the planes intersects the conics in three 

distinct points, and hence another quadric cannot be drawn through the conics.

As regards the ruled surfaces generated by the axes of a three-system which 

are parallel to the edges of a cone of degree m, the degree of the sui’face is 

evidently 3m. For the axes of the enclosing system -which meet any assumed line 

are parallel to the edges of a cubic cone, and there are 3m directions common to 

this cone and the director cone. Again the locus of the feet of perpendiculars on 

the generators from any point is a curve of degree 2»i which viewed from the 

point appears to have three multiple points of order m situated on the axes of the 

reciprocal three-system passing through the point. For if we take any plane and 

consider its intersections with the curve, we find easily that the axes of the 

enclosing system whose feet of perpendiculars from the point lie in the plane are 

parallel to the edges of a quadric cone. The theorem about the apparent 

multiple points follows from consideration of the cylindroids of the enclosing system 

whose double lines pass through the assumed point.

We also note this construction for Art. 180. Assume a radius of the pitch 

quadric, draw the tangent plane and let fall the central perpendicular on the 

plane. Measure off on the radius and on the perpendicular the reciprocals of their 

lengths, thus determining a triangle. Through the centre draw a normal to the 

plane of the triangle equal in length to double the area of the triangle multiplied 

by the product of the three principal pitches. This is the perpendicular to the 

required axis if we consider rotation round the line from the perpendicular to the 
radius as positive.

One more point may be mentioned. If we take the cone reciprocal to the 

director cone, that is the cone whose edges are perpendicular to the tangent planes, 

and if we use this new cone for selecting the generators of a ruled surface from 

the reciprocal three-system, the two ruled surfaces have a common line of striction 

and they touch one another along this line. This is the extension of the theorem 

that the reciprocal screw at right angles to the generators of a cylindroid coincides 
with the axis.

NOTE VII.

Note on homographic transformation, § 246.

That there must be in general linear relations between the co-ordinates of the 

screws of an instantaneous system, and the co-ordinates of the corresponding 

impulsive screws is proved as follows.

Let a be an impulsive screw and let ß be the corresponding instantaneous screw 
with respect to a free body.

Let A, B, C, D, E, F be six independent screws which we shall take as screws
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of reference. Let a4, ... as and ß4, ... ße be the co-ordinates of a and ß with 

respect to A, B, G, &c.

Let Alt ... be the co-ordinates of A with respect to the six principal Screws 

of Inertia and similarly let Blt ... Be be the co-ordinates of B and in like manner 

for G, 1), E, &c.

An impulsive wrench on a of intensity a" will have for components a"'a, on 

A ... and a"'a6 on F. These components on A, ... F may each be resolved into six 

component wrenches on the principal screws of inertia, viz.

a"a1A, + a"a2B4 ... + a"a6F1, 

m A .>>> T) . IFa a2 A2 + a c l 2j d 2 ••• + «- a6 r 2,

/// A , Ht T> , Hta arAQ+a a2_o6... + a o -q A'q .

But these impulsive wrenches give rise to an instantaneous twist velocity 

about a whence by § 80, we have, if A be a common factor, and a, b, c the principal 

radii of gyration

+ haß4 — a^j + + d4D4 + d3E, + a3F4,

— haß2 = aJ^l2 + o..2B,2 + a3C.2 + a4D,2 + asE.2 + a6F.2,

+ hbß3 = a4As + a.2B3 + a3C3 + a4D3 + asEs + aeF3,

— hbß4 = a4A4 + a.2B4 + a3C4 + a4D4 + a5E4 + a6#4)

+ = “1^5 + a2-®5 + “3^5 + a4^S + ar,^6 + a6-^5>

— hcß3 = + a.2B3 + a3C3 + a4D3 + a3E6 + a6#6.

Thus the linear relations are established.

NOTE VIII.

Remarks on § 268.

It ought to have been mentioned that the relation between four points on a 

sphere used in this article is a well known theorem, see Salmon, Geometry of Three 

Dimensions, § 56 and Casey’s Spherical Trigonometry, § 111.

It is also worth while to add that J'E1W is the function which on other grounds 

has been called the sine of the solid angle formed by the straight lines 1, 2, 3 

(Casey, Spherical Trigonometry, § 28). The three formulæ of this article have been 

proved as they stand for sets of six co-reciprocal screws. Mr J. H. Grace has 

however kindly pointed out to me (1898) that the second of the formulæ would be 

also true for any set of five co-reciprocal screws, and the third would be true for 

any set of four co-reciprocal screws. We thus have for a set of four co-reciprocals

Pi sin2 (234) + p.2 sin8 (341) + p3 sin3 (412) + p4 sin3 (123) = 0, 

where sin2 (234) is the square of the sine of the solid angle contained by the straight 

lines 2, 3, 4.



APPENDIX II.

ADDRESS TO THE MATHEMATICAL AND PHYSICAL SECTION 

OF THE BRITISH ASSOCIATION.

MANCHESTER, 1887.

A Dynamical Parable.

Th e subject I have chosen for my address to you to-day has been to me a 

favourite topic of meditation for many years. It is that part of the science 

of theoretical mechanics which is usually known as the “Theory of Screws.”

A good deal has been already written on this theory, but I may say with some 

confidence that the aspect in which I shall invite you now to look at it is a novel 

one. I propose to give an account of the proceedings of a committee appointed to 

undertake some experiments upon certain dynamical phenomena. It may appear 

to you that the experiments I shall describe have not as yet been made, that even 

the committee itself has not as yet been called together. I have accordingly 

ventured to call this address “A Dynamical Parable.”

There was once a rigid body which lay peacefully at rest. A committee of 

natural philosophers was appointed to make an experimental and rational inquiry 

into the dynamics of that body. The committee received special instructions. 

They were to find out why the body remained at rest, notwithstanding that 

certain forces were in action. They were to apply impulsive forces and observe 

how the body would begin to move. They were also to investigate the small 

oscillations. These being settled, they were then to-----  But here the chairman

interposed ; he considered that for the present, at least, there was sufficient work 

in prospect. He pointed out how the questions already proposed just completed a 

natural group. “ Let it suffice for us,” he said, “to experiment upon the dynamics 

of this body so long as it remains in or near to the position it now occupies. 

We may leave to some more ambitious committee the task of following the body in 

all conceivable gyrations through the universe.”

The committee was judiciously chosen. Mr Anharmonic undertook the 

geometry. He was found to be of the utmost value in the more delicate parts of 

the work, though his colleagues thought him rather prosy at times. He was much 

aided by his two friends, Mr One-to-One, who had charge of the homographic 

department, and Mr Helix, whose labours will be seen to be of much importance. 

As a most respectable, if rather old-fashioned member, Mr Cartesian was added to
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the committee, but his antiquated tactics were quite out-manoeuvred by those of 

Helix and One-to-One. I need only mention two more names. Mr Commonsense 

was, of course, present as an ex-officio member, and valuable service was rendered 

even by Mr Querulous, who objected at first to serve on the committee at all. 

He said that the inquiry was all nonsense, because everybody knew as much as 

they wished to know about the dynamics of a rigid body. The subject was as old 

as the hills, and had all been settled long ago. He was persuaded, however, to 

look in occasionally. It will appear that a remarkable result of the labours of the 

committee was the conversion of Mr Querulous himself.

The committee assembled in the presence of the rigid body to commence their 

memorable labours. There was the body at rest, a huge amorphous mass, with no 

regularity in its shape—no uniformity in its texture. But what chiefly alarmed 

the committee was the bewildering nature of the constraints by which the move­

ments of the body were hampered. They had been accustomed to nice mechanical 

problems, in which a smooth body lay on a smooth table, or a wheel rotated on an 

axle, or a body rotated around a point. In all these cases the constraints were of a 

simple character, and the possible movements of the body were obvious. But the 

constraints in the present case were of puzzling complexity. There were cords and 

links, moving axes, surfaces with which the body lay in contact, and many other 

geometrical constraints. Experience of ordinary problems in mechanics would be 

of little avail. In fact, the chairman truly appreciated the situation when he 

said, that the constraints were of a perfectly general type.

In the dismay with which this announcement was received Mr Coimnonsense 

advanced to the body and tried whether it could move at all. Yes, it was obvious 

that in some ways the body could be moved. Then said Commonsense, ‘Ought 

we not first to study carefully the nature of the freedom which the body possesses ? 

Ought we not to make an inventory of every distinct movement of which the 

body is capable? Until this has been obtained I do not see how we can make any 

progress in the dynamical part of our business.’

Mr Querulous ridiculed this proposal. ‘ How could you,’ he said, ‘ make any 

geometrical theory of the mobility of a body without knowing all about the 

constraints 1 And yet you are attempting to do so with perfectly general con­

straints of which you know nothing. It must be all waste of time, for though I 

have read many books on mechanics, I never saw anything like it.’

Here the gentle voice of Mr Anharmonic was heard. ‘Let us try, let us 

simply experiment on the mobility of the body, and let us faithfully record what 

we find.’ In justification of this advice Mr Anharmonic made a remark which 

was new to most members of the committee : he asserted that, though the con­

straints may be of endless variety and complexity, there can be only a very limited 

variety in the types of possible mobility.

It was therefore resolved to make a series of experiments with the simple 

object of seeing how the body could be moved. Mr Cartesian, having a repu­

tation for such work, was requested to undertake the inquiry and to report to the 

committee. Cartesian commenced operations in accordance with the well-known 

traditions of his craft. He erected a cumbrous apparatus which he called his three 

b . 32
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rectangular axes. He then attempted to push the body parallel to one of these 

axes, but it would not stir. He tried to move the body parallel to each of 

the other axes, but was again unsuccessful. He then attached the body to one of 

the axes and tried to effect a rotation around that axis. Again he failed, for the 

constraints were of too elaborate a type to accommodate themselves to Mr Carte­

sian’s crude notions.

We shall subsequently find that the movements of the body are necessarily 

of an exquisitely simple type, yet such was the clumsiness and the artificial 

character of Mr Cartesian’s machinery that he failed to perceive the simplicity. 

To him it appeared that the body could only move in a highly complex manner; 

he saw that it could accept a composite movement consisting of rotations about 

two or three of his axes and simultaneous translations also parallel to two or 

three axes. Cartesian was a very skilful calculator, and by a series of experiments 

even with his unsympathetic apparatus he obtained some knowledge of the 

subject, sufficient for purposes in which a vivid comprehension of the whole was 

not required. The inadequacy of Cartesian’s geometry was painfully evident when 

he reported to the committee on the mobility of the rigid body. ‘I find,’ he said, 

‘that the body is unable to move parallel to x, or to y, or to a; neither can I make 

it rotate around x, or y, or z‘, but I could push it an inch parallel to x, pro­

vided that at the same time I pushed it a foot parallel to y and a yard backwards 

parallel to z, and that it was also turned a degree around x, half a degree the other 

way around y, and twenty-three minutes and nineteen seconds around z.’

‘Is that all?’ asks the chairman. ‘Oh, no,’ replied Mr Cartesian, ‘there are 

other proportions in which the ingredients may be combined so as to produce 

a possible movement,’ and he was proceeding to state them when Mr Commonsense 

interposed. ‘Stop! stop!’ said he, ‘I can make nothing of all these figures. This 

jargon about x, y, and z may suffice for your calculations, but it fails to convey to 

my mind any clear or concise notion of the movements which the body is free to 

make.’

Many of the committee sympathised with this view of Commonsense, and they 

came to the conclusion that there was nothing to be extracted from poor old 

Cartesian and his axes. They felt that there must be some better method, and 

their hopes of discovering it were raised when they saw Mr Helix volunteer his 

services and advance to the rigid body. Helix brought with him no cumbrous 

rectangular axes, but commenced to try the mobility of the body in the simplest 

manner. He found it lying at rest in a position we may call A. Perceiving that 

it was in some ways mobile, he gave it a slight displacement to a neighbouring 

position B. Contrast the procedure of Cartesian with the procedui’e of Helix. 

Cartesian tried to force the body to move along certain routes which he had 

arbitrarily chosen, but which the body had not chosen; in fact the body would not 

take any one of his routes separately, though it would take all of them together in 

a most embarrassing manner. But Helix had no preconceived scheme as to the 

nature of the movements to be expected. He simply found the body in a certain 

position A, and then he coaxed the body to move, not in this particular way or in 

that particular way, but any way the body liked to any new position B.
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Let the constraints be what they may—let the position B lie anywhere in the 

close neighbourhood of A—Helix found that he could move the body from A to 

B by an. extremely simple operation. With the aid of a skilful mechanic he 

prepared a screw with a suitable pitch, and adjusted this screw in a definite 

position. The rigid body was then attached by rigid bonds to a nut on this screw, 

and it was found that the movement of the body from A to B could be effected 

by simply turning the nut on the screw. A perfectly definite fact about the 

mobility of the body had thus been ascertained. It was able to twist to and fro 

on a certain screw.

Mr Querulous could not see that there was any simplicity or geometrical 

clearness in the notion of a screwing movement; in fact he thought it was the 

reverse of simple. Did not the screwing movement mean a translation parallel to 

an axis and a rotation around that axis? Was it not better to think of the 

rotation and the translation sepai’ately than to jumble together two things so 

totally distinct into a composite notion ?

But Querulous was instantly answered by Oue-to-One. ‘ Lamentable, indeed,’ 

said he, ‘would be a divorce between the rotation and the translation. Together 

they form the unit of rigid movement. Nature herself has wedded them, and the 

fruits of their union are both abundant and beautiful.’

The success of Helix encouraged him to proceed with the experiments, and 

speedily he found a second screw about which the body could also twist. He was 

about to continue when he was interrupted by Mr Anharmonic, who said, ‘ Tarry 

a moment, for geometry declares that a body free to twist about two screws is free 

to twist about a myriad of screws. These form the generators of a graceful ruled 

surface known as the cylindroid. There may be infinite variety in the conceivable 

constraints, but there can be no corresponding variety in the character of this 

surface. Cylindroids differ in size, they have no difference in shape. Let us then 

make a cylindroid of the right size, and so place it that two of its screws coincide 

with those you have discovered; then I promise you that the body can be twisted 

about every screw on the surface. In other words, if a body has two degrees of 

freedom the cyliudroid is the natural and the perfectly general method for giving 

an exact specification of its mobility.’

A single step remained to complete the examination of the freedom of the body. 

Mr Helix continued bis experiments and presently detected a third screw, about 

which the body can also twist in addition to those on the cylindroicL A flood of 

geometrical light then burst forth and illuminated the whole theory. It appeared 

that the body was free to twist about ranks upon ranks of screws all beautifully 

arranged by their pitches on a system of hyperboloids. After a brief conference 

with Anharmonic and One-to-One, Helix announced that sufficient experiments of 

this kind had now been made. By the single screw, the cylindroid, and the family 

of hyperboloids, every conceivable information about the mobility of the rigid 

body can be adequately conveyed. Let the body have any constraints, how­

soever elaborate, yet the definite geometrical conceptions just stated will be 

sufficient.

With perfect lucidity Mr Helix expounded the matter to the committee. He

32-2
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exhibited to them an elegant fabric of screws, each with its appropriate pitch, and 

then he summarised his labours by saying, ‘About every one of these screws you 

can displace the body by twisting, and, what is of no less importance, it will not 

admit of any movement which is not such a twist.’ The committee expressed their 

satisfaction with this information. It was both clear and complete. Indeed, the 

chairman remarked with considerable force that a more thorough method of specify­

ing the freedom of the body was inconceivable.

1 he discovery of the mobility of the body completed the first stage of the 

labours of the committee, and they were ready to commence the serious 

dynamical work. Force was now to be used, with the view of experimenting on 

the behaviour of the body under its influence. Elated by their pi'evious success 

the committee declared that they would not rest satisfied until they had again 

obtained the most perfect solution of the most general problem.

‘But what is force?’ said one of the committee. ‘Send for Mr Cartesian,’ said 

the chairman, ‘we will give him another trial.’ Mr Cartesian was accordingly 

requested to devise an engine of the most ferocious description wherewith to attack 

the rigid body. He was promptly ready with a scheme, the weapons being drawn 

from his trusty but old-fashioned armoury. He would erect three rectangular axes, 

he would administer a tremendous blow parallel to each of these axes, and then he 

would simultaneously apply to the body a forcible couple around each of them; 

this was the utmost he could do.

No doubt, said the chairman, ‘what you propose would be highly effective, 

but, Mr Cartesian, do you not think that while you still retained the perfect 

generality of your attack, you might simplify your specification of it 1 I confess 

that these three blows all given at once at right angles to each other, and these 

three couples which you propose to impart at the same time, rather confuse me. 

Ihere seems a want of unity somehow. In short, Mr Cartesian, your scheme 

does not create a distinct geometrical image in my mind. We gladly acknowledge 

its suitability for numerical calculation, and we i'emember its famous achievements, 

but it is utterly inadequate to the aspirations of this committee. We must look 

elsewhere.’

Again Mr Helix stepped forward. He reminded the committee of the labours 

of Mathematician Poinsot, and then he approached the rigid body. Helix com­

menced by clearing away Cartesian’s arbitrary scaffolding of rectangular axes. 

He showed how an attack of the most pei'fect generality could be delivered in a 

form that admitted of concise and elegant description. ‘I shall,’ he said, ‘admin­

ister a blow upon the rigid body from some unexpected direction, and at the same 

instant I shall apply a vigorous couple in a plane perpendicular to the line of the 
blow.’

A happy inspiration here seized upon Mr Anharmonic. He knew, of course, 

that the efficiency of a couple is measured by its moment—that is, by the product 

of a force and a linear magnitude. He proposed, therefore, to weld Poinsot’s 

force and couple into the single conception of a wrench on a screw. The force 

would be directed along the screw while the moment of the couple would equal 

the product of the force and the pitch of the screw. ‘A screw,’ he said, ‘ is to be
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regarded merely as a directed straight line with an associated linear magnitude 

called the pitch. The screw has for us a dual aspect of much significance. No 

small movement of the body is conceivable which does not consist of a twist 

about a screw. No set of forces could be applied to the body which were not 

equivalent to a wrench upon a screw. Everyone remembers the two celebrated 

rules that forces are compounded like rotations and that couples are compounded 

like translations. These may now be replaced by the single but far more com­

pendious rule which asserts that wrenches and twists are to be compounded by 

identical laws. Would you unite geometry with generality in your dynamics? 

It is by screws that you are enabled to do so.’

These ideas were rather too abstract for Cartesian, who remarked that, as 

D’Alembert’s principle provided for everything in dynamics, screws could not be 

needed. Mr Querulous sought to confirm him by saying that he did not see how 

screws helped the study either of Foucault’s Pendulum or of the Precession of the 

Equinoxes.

Such absurd observations kindled the intellectual wrath of One-to-One, who 

rose and said, ‘ In the development of the natural philosopher two epochs may be 

noted. At the first he becomes aware that problems exist. At the second he 

discovers their solution. Querulous has not yet reached the first epoch; he cannot 

even conceive those problems which the “ Theory of Screws ” proposes to solve. 

I may, however, inform him that the “ Theory of Screws” is not a general dynami­

cal calculus. It is the discussion of a particular class of dynamical problems 

which do not admit of any other enunciation except that which the theoi'y itself 

provides. Let us hope that ere our labours have ended Mr Querulous may obtain 

some glimmering of the subject.’ The chairman happily assuaged matters. ‘We 

must pardon,’ he said, ‘ the vigorous language of our friend Mr One-to-One. His 

faith in geometry is boundless—in fact he is said to believe that the only real 

existence in the universe is anharmonic ratio.’

It was thus obvious that screws were indispensable alike for the application 

of the forces and for the observation of the movements. Special measuring 

instruments were devised by which the positions and pitches of the various 

screws could be carefully ascertained. All being ready the first experiment was 

commenced.

A screw was chosen quite at random, and a great impulsive wrench was ad­

ministered thereon. In the infinite majority of cases this would start the body 

into activity, and it would commence to move in the only manner possible—i.e. it 

would begin to twist about some screw. It happened, however, that this first 

experiment was unsuccessful; the impulsive wrench failed to operate, or at all 

events the body did not stir. ‘ I told you it would not do,’ shouted Querulous, 

though he instantly subsided when One-to-One glanced at him.

Much may often be learned from an experiment which fails, and the chairman 

sagaciously accounted for the failure, and in doing so directed the attention, 

of the committee to an important branch of the subject. The mishap was 

due, he thought, to some reaction of the constraints which had neutralised the 

effect of the wrench. He believed it would save time in their future investi-
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gations if these reactions could be first studied and their number and position 
ascertained.

To this suggestion Mr Cartesian demurred. He urged that it would involve 

an endless task. ‘ Look,’ he said, 1 at the complexity of the constraints : how the 

body rests on these surfaces here; how it is fastened by links to those points there; 

how there are a thousand-and-one ways in which reactions might originate.’ Mr 

C ommonsense and other members of the committee were not so easily deterred, 

and they determined to work out the subject thoroughly. At first they did not see 

their way clearly, and much time was spent in misdirected attempts. At length 

they were rewarded by a curious and unexpected discovery, which suddenly 

rendered the obscure reactions perfectly transparent.

A trial was being made upon a body which had only one degree of freedom ; 

was, in fact, only able to twist about a single screw, Z. Another screw, Z, was 

speedily found, such that a wrench thereon failed to disturb the body. It now 

occurred to the committee to try the effect of interchanging the relation of these 

screws. They accordingly arranged that the body should be left only free to twist 

about Y, while a wrench was applied on X Again the body did not stir. The 

importance of this fact immediately arrested the attention of the more intelligent 

observers, for it established the following general law : If a wrench on X fails to 

move a body only free to twist about Y, then a wrench on Y must be unable to 

move a body only free to twist about X. It was determined to speak of two screws 

when related in this manner as reciprocal.

Some members of the committee did not at first realise the significance of this 

discovery. Their difficulty arose from the restricted character of the experiments 

by which the law of reciprocal screws had been suggested. They said, ‘ You have 

shown us that this law is observed in the case of a body only free to twist about 

one screw at a time; but how does this teach anything of the general case in 

which the body is free to twist about whole shoals of screws V Mr Commonsense 

immediately showed that the discovery could be enunciated in a quite un­

objectionable form. ‘The law of reciprocal screws,’ he said, ‘does not depend 

upon the constraints or the limitations of the freedom. It may be expressed in 

this way -.—Two screws are reciprocal when a small twist about either can do no 

work against a wrench on the other.'

This important step at once brought into view the whole geometry of the 

reactions. Let us suppose that the freedom of the body was such that it could 

twist about all the screws of a system which we shall call U. Let all the possible 

reactions form wrenches on the screws of another system, V. It then appeared 

that every screw upon U is reciprocal to every screw upon V. A body might 

therefore be free to twist about every screw of V and still remain in equilibrium, 

notwithstanding the presence of a wrench on every screw of U. A body free to 

twist about all the screws of Y can therefore be only partially free. Hence V 

must be one of those few types of screw system already discussed. It was 

accordingly found that the single screw, the cylindroid, and the set of hyper­

boloids completely described every conceivable reaction from the constraints just 

as they described every conceivable kind of freedom. The committee derived much
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encouragement from these discoveries; they felt that they must be following the 

right path, and that the bounty of Nature had already bestowed on them some 

earnest of the rewards they were ultimately to receive.

It was with eager anticipation that they now approached the great dynamical 

question. They were to see what would happen if the impulsive wrench were not 

neutralised by the reactions of the constraints. The body would then commence 

to move—that is, to twist about some screw which it would be natural to call the 

instantaneous screw. To trace the connection between the impulsive screw and 

the corresponding instantaneous screw was the question of the hour. Before 

the experiments were commenced, some shrewd member remarked that the issue 

had not yet been presented with the necessary precision. ‘ I understand,’ he 

said, ‘ that when you apply a certain impulsive wrench, the body will receive a 

definite twist velocity about a definite screw; but the converse problem is 

ambiguous. Unless the body be quite free, there are myriads of impulsive screws 

corresponding to but one instantaneous screw.’ The chairman perceived the 

difficulty, and not in vain did he appeal to the geometrical instinct of Mr One-to- 

One, who at once explained the philosophy of the matter, dissipated the fog, and 

disclosed a fresh beauty in the theory.

‘It is quite true,’ said Mr One-to-One, ‘that there are myriads of impulsive 

screws, any one of which may be regarded as the correspondent to a given instan­

taneous screw, but it fortunately happens that among these myriads there is always 

one screw so specially circumstanced that we may select it as the correspondent, 

and then the ambiguity will have vanished.’

As several members were not endowed with the geometrical insight possessed 

by One-to-One, they called on him to explain how this special screw was to be 

identified; accordingly he proceeded:—‘We have already ascertained that the 

constraints permit the body to be twisted about any screw of the system, U. Out 

of the myriads of impulsive screws, corresponding to a single instantaneous screw, 

it almost always happens that one, but never more than one, lies on U. Thia is the 

special screw. No matter where the impulsive wrench may lie throughout all the 

realms of space, it may be exchanged for a precisely equivalent wrench lying on U. 

Without the sacrifice of a particle of generality, we have neatly circumscribed 

the problem. For one impulsive there is one instantaneous screw, and for one 

instantaneous screw there is one impulsive screw.’

The experiments were accordingly resumed. An impulsive screw was chosen, 

and its position and its pitch were both noted. An impulsive wrench was 

administered, the body commenced to twist, and the instantaneous screw was 

ascertained by the motion of marked points. The body was brought to rest. A 

new impulsive screw was then taken. The experiment was again and again 

repeated. The results were tabulated, so that for each impulsive screw the 

corresponding instantaneous screw was shown.

Although these investigations were restricted to screws belonging to the system 

which expressed the freedom of the body, yet the committee became uneasy 

when they reflected that the screws of that system wei'e still infinite in number, 

and that consequently they had undertaken a task of infinite extent. Unless some
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compendious law should be discovered, which connected the impulsive screw 

with the instantaneous screw, their experiments would indeed be endless. Was it 

likely that such a law could be found—was it even likely that such a law existed 1 

Mr Querulous decidedly thought not. He pointed out how the body was 

of the most hopelessly irregular shape and mass, and how the constraints were 

notoriously of the most embarrassing description. It was, therefore, he thought, 

idle to search for any geometrical law connecting the impulsive screw and the 

instantaneous screw. He moved that the whole inquiry be abandoned. These 

sentiments seemed to be shared by other members of the committee. Even the 

resolution of the chairman began to quail before a task of infinite magnitude. A 

crisis was imminent—when Mr Anharmonic rose.

‘ Mr Chairman,’ he said, 1 Geometry is ever ready to help even the most 

humble inquirer into the laws of Nature, but Geometry reserves her most gracious 

gifts for those who interrogate Nature in the noblest and most comprehensive spirit. 

That spirit has been ours during this research, and accordingly Geometry in this 

our emergency places her choicest treasures at our disposal. Foremost among these 

is the powerful theory of homographic systems. By a few bold extensions we 

create a comprehensive theory of homographic screws. All the impulsive screws 

form one system, and all the instantaneous screws form another system, and 

these two systems are homographic. Once you have realised this, you will find 

your present difficulty cleared away. You will only have to determine a few pairs 

of impulsive and instantaneous screws by experiment. The number of such pairs 

need never be more than seven. When these have been found, the homography is 

completely known. The instantaneous screw corresponding to every impulsive 

screw will then be completely determined by geometry both pure and beautiful.’ 

To the delight and amazement of the committee, Mr Anharmonic demonstrated 

the truth of his theory by the supreme test of fulfilled prediction. When the 

observations had provided him with a number of pairs of screws, one more than 

the number of degrees of freedom of the body, he was able to predict with in­

fallible accuracy the instantaneous screw corresponding to any impulsive screw. 

Chaos had gone. Sweet order had come.

A few days later the chairman summoned a special meeting in order to hear 

from Mr Anharmonic an account of a discovery he had just made, which he 

believed to be of signal importance, and which he was anxious to demonstrate by 

actual experiment. Accordingly the committee assembled, and the geometer pro­
ceeded as follows :—

You are aware that two homographic ranges on the same ray possess two 

double points, whereof each coincides with its correspondent; more generally when 

each point in space, regarded as belonging to one homographic system, has its 

correspondent belonging to another system, then there are four cases in which a 

point coincides with its correspondent. These are known as the four double points, 

and they possess much geometrical interest. Let us now create conceptions of an 

analogous character suitably enlarged for our present purpose. We have dis­

covered that the impulsive screws and the corresponding instantaneous screws form 

two homographic systems. There will be a certain limited number (never more
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than six) of double screws common to these two systems. As the double points in 

the homography of point systems are fruitful in geometry, so the double screws in 

the homography of screw systems are fruitful in Dynamics.’

A question for experimental inquiry could now be distinctly stated. Does a 

double screw possess the property that an impulsive wrench delivered thereon will 

make the body commence to move by twisting about the same screw ? This was 

immediately tested. Mr Anharmonic, guided by the indications of homography, 

soon pointed out the few double screws. One of these was chosen, a vigorous 

impulsive wrench was imparted thereon. The observations were conducted as 

before, the anticipated result was triumphantly verified, for the body commenced 

to twist about the identical screw on which the wrench was imparted. The other 

double screws were similarly tried, and with a like result. In each case the 

instantaneous screw was identical both in pitch and in position with the impulsive 

screw.

‘ But surely,’ said Mr Querulous, ‘ there is nothing wonderful in this. Who 

is surprised to learn that the body twists about the same screw as that on which 

the wrench was administered 1 I am sure I could find many such screws. Indeed, 

the real wonder is not that the impulsive screw and the instantaneous screw are 

ever the same, but that they should ever be different.’

And Mr Querulous proceeded to illustrate his views by experiments on the 

rigid body. He gave the body all sorts of impulses, but in spite of all his 

endeavours the body invariably commenced to twist about some screw which was 

not the impulsive screw. ‘ You may try till Doomsday,’ said Mr Anharmonic, ‘you 

will never find any besides the few I have indicated.’

It was thought convenient to assign a name to these remarkable screws, and 

they were accordingly designated the principal screws of inertia. There are for 

example six principal screws of inertia when the body is perfectly free, and two 

when the body is free to twist about the screws of a cylindroid. The committee 

regarded the discovery of the principal screws of inertia as the most remarkable 

result they had yet obtained.

Mr Cartesian was very unhappy. The generality of the subject was too 

great for his comprehension. He had an invincible attachment to the x, y, z, 

which he regarded as the ne plus ultra of dynamics. ‘ Why will you burden the 

science,’ he sighs, ‘with all these additional names ? Can you not expx’ess what you 

want without talking about cylindroids, and twists, and wrenches, and impulsive 

screws, and instantaneous screws, and all the rest of it?’ ‘No,’ said Mr One-to- 

One, ‘ there can be no simpler way of stating the results than that natural method 

we have followed. You would not object to the language if your ideas of natural 

phenomena had been sufficiently capacious. We are dealing with questions of 

perfect generality, and it would involve a sacrifice of generality were we to speak 

of the movement of a body except as a twist, or of a system of forces except as 

a wrench.’

‘ But,’ said Mr Commonsense, ‘ can you not as a concession to our ignorance tell 

us something in ordinary language which will give an idea of what you mean when 

you talk of your “principal screws of inertia”? Pray for once sacrifice this
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generality you prize so much and put the theory into some familiar shape that 

ordinary mortals can understand.’

Mr Anharmonic would not condescend to comply with this request, so the 

chairman called upon Mr One-to-One, who somewhat ungraciously consented. 

‘I feel, said he, ‘the request to be an irritating one. Extreme cases frequently 

make bad illustrations of a general theory. That zero multiplied by infinity may 

be anything is not surely a felicitous exhibition of the perfections of the mul­

tiplication table. It is with reluctance that I divest the theory of its flowing 

geometrical habit, and present it only as a stiff conventional guy from which true 

grace has departed.

‘ Let us suppose that the rigid body, instead of being constrained as heretofore 

in a perfectly general manner, is subjected merely to a special type of constraint. 

Let it in fact be only free to rotate around a fixed point. The beautiful fabric of 

screws, which so elegantly expressed the latitude permitted to the body before, 

has now degenerated into a mere horde of lines all stuck through the point. 

Those varieties in the pitches of the screws which gave colour and richness to the 

fabric have also vanished, and the pencil of degenerate screws have a monotonous 

zero of pitch. Our general conceptions of mobility have thus been horribly 

mutilated and disfigured before they can be adapted to the old and respectable 

problem of the rotation of a rigid body about a fixed point. For the dynamics 

of this problem the wrenches assume an extreme and even monstrous type. 

Wrenches they still are, as wrenches they ever must be, but they are wrenches on 

screws of infinite pitch; they have even ceased to possess definite screws as homes 

of their own. We often call them couples.

‘Yet so comprehensive is the doctrine of the principal screws of inertia that 

even to this extreme problem the theory may be applied. The principal screws 

of inertia reduce in this special case to the three principal axes drawn through 

the point. In fact we see that the famous property of the principal axes of a 

rigid body is merely a very special application of the general theory of the 

principal screws of inertia. Every one who has a particle of mathematical taste 

lingers with fondness over the theory of the principal axes. Learn therefore,’ 

says One-to-One in conclusion, ‘how great must be the beauty of a doctrine which 

comprehends the theory of principal axes as the merest outlying detail.’

Another definite stage in the labours of the committee had now been I’eaclied, 

and accordingly the chairman summarised the results. He said that a geometrical 

solution had been obtained of every conceivable problem as to the effect of 

impulse on a rigid body. The impulsive screws and the corresponding instan­

taneous screws formed two homographic systems. Each screw in one system 

determined its corresponding screw in the other system, just as in two anharmonic 

ranges each point in one determines its correspondent in the other. The double 

screws of the two homographic systems are the principal screws of inertia. He 

remarked in conclusion that the geometrical theory of homography and the present 

dynamical theory mutually illustrated and interpreted each other.

There was still one more problem which had to be brought into shape by 

geometi-y and submitted to the test of experiment.
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The body is lying at rest though gravity and many other forces are acting 

upon it. These forces constitute a wrench which must lie upon a screw of the 

reciprocal system, inasmuch as it is neutralised by the reaction of the constraints. 

Let the body be displaced from its initial position by a small twist. The wrench 

will no longer be neutralised by the reaction of the constraints; accordingly when 

the body is released it will commence to move. So far as the present investiga­

tions are concerned these movements are small oscillations. Attention was there­

fore directed to these small oscillations. The usual observations were made, and 

Helix reported them to be of a very perplexing kind. ‘Surely,’ said the chairman, 

‘you find the body twisting about some screw, do you not?’ ‘Undoubtedly,’ 

said Helix; ‘the body can only move by twisting about some screw; but, un­

fortunately, this screw is not fixed, it is indeed moving about in such an embarrass­

ing manner that I can give no intelligible account of the matter.’ The chairman 

appealed to the committee not to leave the interesting subject of small oscillations 

in such an unsatisfactory state. Success had hitherto guided their efforts. Let 

them not separate without throwing the light of geometry on this obscure subject.

Mr Querulous here said he must be heard. He protested against any further 

waste of time; it was absurd. Everybody knew how to investigate small oscil­

lations ; the equations were given in every book on mechanics. You had only to 

write down these equations, solve, these equations again for the thousandth time 

and the thing was done. But the more intelligent members of the committee took 

the same view as the chairman. They did not question the truth of the formulæ 

which to Querulous seemed all sufficient, but they wished to see whether geometry 

could not illuminate the subject. Fortunately this view prevailed, and new ex­

periments were commenced under the direction of Mr Anharmonic, who first 

quelled the elaborate oscillations which had so puzzled the committee, reduced the 

body to rest, and then introduced the discussion as follows :—

‘ The body now lies at rest. I displace it a little, and hold it in its new 

position. The wrench, which is the resultant of all the varied forces acting on the 

body, is no longei- completely neutralised by the reactions of the constraints. 

Indeed, I can feel it in action. Our apparatus will enable us to measure the 

intensity of this wrench, and to determine the screw on which it acts.’

A series of experiments was then made, in which the body was displaced by a 

twist about a screw, which was duly noted, while the corresponding evoked wrench 

was determined. The pairs of screws so related were carefully tabulated. When 

we remember the infinite complexity of the forces, of the constraints and of the 

constitution of the body, it might seem an endless task to determine the connection 

between the two systems of screws. Mr Anharmonic pointed out how modern 

geometry supplied the wants of Dynamics. As in the previous case the two screw 

systems were homographic, and when a number of pairs, one more than the 

degrees of freedom of the body, had been found all was determined. This state­

ment was put to the test. Again and again the body was displaced in some new 

fashion, but again and again did Mr Anharmonic predict the precise wrench 

which would be required to maintain the body in its new position.

‘ But,’ said the chairman, 1 are not these purely statical results 1 How do they
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throw light on those elaborate oscillations which seem at present so inexplicable 1 ’ 

‘This I shall explain,’ said Anharmonic ; ‘but I beg of you to give me youi1 best 

attention, for I think the theory of small oscillations will be found worthy of it.

‘ Let us think of any screw a belonging to the system 17, which expresses the 

freedom of the body. If a be an instantaneous screw, there will of course be a 

corresponding impulsive screw 0 also on U. If the body be displaced from a position 

of equilibrium by a small twist about a, then the uncompensated forces produce a 

wrench </>, which, without loss of generality, may also be supposed to lie on U. 

According as the screw a moves over U so will the two corresponding screws 

0 and </> also move over U. The system represented by a is homographic with both 

the systems of 0 and of </> respectively. But two systems homographic with the 

same system are homographic with each other. Accordingly, the 0 system and the 

system are homographic. There will therefore be a certain number of double 

screws (not more than six) common to the systems 0 and </>. Each of these double 

screws will of course have its correspondent in the a system, and we may call them 

a,, a.,, &c., their number being equal to the degrees of freedom of the body. These 

screws are most curiously related to the small oscillations. We shall first demon­

strate by experiment the remarkable property they possess.’

The body was first brought to rest in its position of equilibrium. One of the 

special screws a having been carefully determined both in position and in pitch, 

the body was displaced by a twist about this screw and was then released. As 

the forces were uncompensated, the body of course commenced to move, but the 

oscillations were of unparalleled simplicity. With the regularity of a pendulum 

the body twisted to and fro on this screw, just as if it were actually constrained to 

this motion alone. The committee were delighted to witness a vibration so graceful, 

and, remembering the complex nature of the ordinary oscillations, they appealed to 

Mr Anharmonic for an explanation. This he gladly gave, not by means of com­

plex formulæ, but by a line of reasoning that was highly commended by Mr 

C'oininonsense, and to which even Mr Querulous urged no objection.

‘This pretty movement,’ said Mr Anharmonic, ‘is due to the nature of the 

screw oj. Had I chosen any screw at random, the oscillations would, as we have 

seen, be of a very complex type; for the displacement will evoke an uncompensated 

wrench, in consequence of which the body will commence to move by twisting 

about the instantaneous screw corresponding to that wrench ; and of course this 

instantaneous screw will usually be quite different from the screw about which the 

displacement was made. But you will observe that a, has been chosen as a screw 

in the instantaneous system, corresponding to one of the double screws in the 0 and 

ö systems. When the body is twisted about a2 a wrench is evoked on the double 

screw, but as a] is itself the instantaneous screw, corresponding to that double 

screw, the only effect of the wrench will be to make the body twist about a1. 

Thus we see that the body will twist to and fro on for ever. Finally, we can 

show that the most elaborate oscillations the body can possibly have may be 

produced by compounding the simple vibrations on these screws ap a2, &c.’

Great enlightenment was thus diffused over the committee, and now Mr 

Querulous began to think there must be something in it. Cordial unani-
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mity prevailed among the members, and it was appropriately suggested that 

the screws of simple vibration should be called harmonic screws. This view was 

adopted by the chairman, who said he thought he had seen the word harmonic 

used in ‘ Thomson and Tait.’
The final meeting showed that real dynamical enthusiasm had been kindled 

in the committee. Vistas of great mathematical theories were opened out in many 

directions. One member showed how the theory of screws could be applied not 

merely to a single rigid body but to any mechanical system whatever. He sketched 

a geometrical conception of what he was pleased to call a screw-chain, by which he 

said he could so bind even the most elaborate system of rigid bodies that they 

would be compelled to conform to the theory of screws. Nay, soaring still further 

into the enipyrejin, he sliowocl that till the iiist<iiit<ineous motions of every molecule 

in the universe were only a twist about one screw-chain while all the forces of the 

universe were but a wrench upon another.

Mr One-to-One expounded the ‘Ausdehnungslehre’ and showed that the theory 

of screws was closely related to parts of Grassmann’s great work; while Mr 

Anharmonic told how Sir W. R. Hamilton, in his celebrated “ Theory of systems 

of rays” had by his discovery of the cylindroid helped to lay the foundations of 

the Theory of Screws.
The climax of mathematical eloquence was attained in the speech of Mr 

Querulous, who, with newborn enthusiasm, launched into appalling speculations. 

He had evidently been reading his 1 Cayley ’ and had become conscious of the 

poverty of geometrical conception arising from our unfortunate residence in a 

space of an arbitrary and unsymmetrical description.

‘ Three dimensions,’ he said, ‘may perhaps be enough for an intelligent geometer. 

He may get on fairly well without a four dimensioned space, but he does most 

heartily remonstrate against a flat infinity. Think of infinity,’ he cries, ‘as it should 

be, perhaps even as it is. Talk not of your scanty straight line at infinity and your 

miserable pair of circular points. Boldly assert that infinity is an ample quadric, 

and not the mere ghost of one; and then geometry will become what geometry 

ought to be. Then will every twist resolve into a right vector and a left vector, 

as the genius of Clifford proved. Then will the theory of screws shed away 

some few adhering incongruities and fully develop its shapely proportions. Then 

wjll ’ But here the chairman said he feared the discussion was beginning 

to wax somewhat transcendental. For his part he was content with the results of 

the experiments even though they had been conducted in the vapid old space of 

Euclid. He reminded them that their functions had now concluded, for they 

had ascertained everything relating to the rigid body which had been com­

mitted to them. He hoped they would agree with him that the enquiry had 

been an instructive one. They had been engaged in the study of Nature, they had 

approached the problems in the true philosophical spirit, and the rewards they had 

obtained proved that
‘ Nature never did betray

The heart that truly loved her.’
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I h e r e briefly refer to the principal works known to me which bear 
on the subject of the present volume.

Po ix s o t  (L.)—Sur la composition des moments et la composition des aires (1804). 
Journal de 1’Ecole Polytechnique; vol. vi. (13 cah.), pp. 182-205 (1806).

In this paper the author of the conception of the couple, and of the laws of 
composition of couples, has demonstrated the important theorem that any system 
of forces applied to a rigid body can be reduced to a single force, and a couple in a 
plane perpendicular to the force.

Ch a s l e s (M.)—Note sur les propriétés generales du Systeme de deux, corps semblables 
entr’eux et places d’une maniére quelconque dans Vespace ; et sur le déplace- 
ment fini ou infiniment petit d’un corps solide libre. Férussac, Bulletin des 
Sciences Mathérnatiques, Vol. xiv., pp. 321-326 (1830).

The author shows that there always exists one straight line, about which it is 
only necessary to rotate one of the bodies to place it similarly to the other. Whence 
(p. 324) he is led to the following fundamental theorem :—

L'on peut toujowrs transporter un corps solide libre d’une position dans une 
autre position quelconque, determines par le mouvement continu d’une vis ä laquelle 
ce corps serait fixe invariablement.

Three or four years later than the paper we have cited, Poinsot published his 
celebrated Theorie Nouvelle de la Rotation des Corps (Paris, 1834). In this he 
enunciates the same theorem without reference to Chasles, but that it is really due 
to Chasles there can be little doubt. He explicitly claims it in note 34 to the 
Aperqu Historique. Bruxelles Mém. Couronn. xi., 1837.

Ha mil t o n  (W. R.)—First supplement to an essay on the Theory of Systems of Rays.
Transactions of the Royal Irish Academy, Vol. xvi., pp. 4—62 (1830).

That conoidal cubic surface named the cylindroid which plays so fundamental 
a part in the Theory of Screws was first discovered by Sir William Rowan 
Hamilton.

In his celebrated memoir on the Theory of Systems of Rays he demonstrates 
the remarkable proposition which may be thus enunciated :—

The lines of shortest distance between any ray of the system and the other 
contiguous rays of the system have a surface for their locus, and that surface is a 
cylindroid.

We can illustrate this as follows by the methods of the present volume.
The Hamiltonian system of rays here considered form a congruency. If we



B IB LIO G RA PH IC A L N O TES. 511

except all rays save those contiguous to any one ray then the congruency  m ay be  

regarded as linear. H ence any property of a linear congruency m ust apply to  

the H am iltonian system  as restricted in the proposition before us.

A linear congruency is constituted by those screw s of zero pitch w hose  

coordinates satisfy tw o linear equations. They are the screw s w hich belong to  

a 4-system  and  w hich each have zero pitch (§ 76). B ut w e know  that each such  

screw  m ust intersect both of the screw s of zero pitch on the cylindroid reciprocal 

to the 4-system  (§ 212). It has also been show n that any transversal m eeting tw o  

screw s of equal pitch on a cylindroid m ust intersect at right angles a third screw  

on that surface  (§ 22). H ence the shortest distance from  any  ray  of the congruency  

to the axis of the cylindroid m ust lie on a generator of the cylindroid. This is 

how ever only true for one particular ray.

H am ilton ’s m ost instructive theorem show s, m ore generally , that the shortest 

distances betw een  any specified  ray  R of the  congruency  and  all the other contiguous 

rays have a conoidal cubic as their locus, such as m ight be represented by the  

equation

% (a? +  jr) =  A x- + 2Bxy + G'f.

There are tw o disposable quantities in  the selection  of the origin and the axis of x. 
If these quantities be so taken as to render .4  =  0; (7  =  0, then the equation is at 

once show n to represent a cylindroid of w hich R is the axis. O f course all rays 

of this congruency intersect tw o fixed rays, and the axis of the cylindroid m ust 

also intersect both of these rays.

M ö b iu s  (A . F.)— Lehrbuch der Statik (Leipzig, 1837).

This book is, w e learn from  the preface, one of the num erous productions to  

w hich the labours of Poinsot gave rise. The first part, pp. 1-355, discusses the  

law s of equilibrium of forces, w hich act upon a single rigid body. The second  

part, pp 1-313, discusses the equilibrium of forces acting upon several rigid  

bodies connected together. The characteristic feature of the book is its great 

generality . I here enunciate som e of the principal theorem s.

If a num ber of forces acting upon a free rigid body be in equilibrium , and  if 

a straight line of arbitrary  length and  position be assum ed, then the algebraic sum  

of the teti-ahedra, of w hich the straight line and each of the forces in succession  

are pairs of opposite edges, is equal to  zero (p. 94).
If four forces are in equilibrium they m ust be generators of the sam e hyper­

boloid (p. 177).
If five forces be in equilibrium  they m ust intersect tw o com m on straight lines 

(p. 179).
If the lines of action of five forces be given, then a certain plane $ through  

any point P is determ ined. If the five forces can be equilibrated by one force 

through P, then this one force m ust lie in 6' (p. 180).

To adopt the notation of Professor C ayley, w e denote by 12 the perpendicular 

distance betw een tw o lines 1, 2, m ultiplied into  the  sine of the angle betw een them  

(C om ptes R endus, V ol. Ixi., pp. 829-830 (1865)). M obius show s (p. 189) that if 

forces along four lines 1, 2, 3, 4 equilibrate, the intensities of these forces are  

proportional to

723724734, 713714734, ^12  . 14 . 24, J12713 .23.

It is also show n that the product of the forces on 1 and 2, m ultiplied by 12, 

is equal to the product of the forces on 3 and 4 m ultiplied by 34. H e hence  

deduces C hasles ’ theorem (L iouville ’s Journal, 1st Ser., V ol. xii., p. 222 (1847)), 

that the volum e of the tetrahedron form ed by tw o of the forces is equal to that 

form ed by  the rem aining tw o.
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M ö b iu s  (A . F.)—  Ueber die Zusammensetzung unendlich kleiner Drehungen. Crelle ’s 

Journal; V ol. xviii., pp. 189— 212 (1838).

This m em oir contains m any very interesting theorem s, of w hich the follow ing  

are the principal:— A ny given sm all displacem ent of a rigid body can be effected  

by tw o sm all rotations. Tw o equal parallel and opposite rotations com pound into  

a translation. Sm all rotations about intersecting axes are com pounded like forces. 

If a num ber of forces acting upon a free body m ake equilibrium , then the final 

effect of a num ber of rotations (proportional to the forces) on the sam e axes w ill 

be zero. If a body can undergo sm all rotations about six independent axes, it 

can have any sm all m ovem ent w hatever. H e illustrates this by the case of a  

series of bodies of w hich each one is hinged to those on either side of it. If the  

first of the series be fixed then in general the seventh of the  series w ill be perfectly  

free for sm all m ovem ents (see Rittershaus, p. 524).

R o d r ig u e s  (O .)— Des lois géométriques qui régissent les deplacements d’un Systeme 

solide dans Vespace et de la variation des coordonnées provenant de ces 

déplacements considérés indépendamment des causes qui peuvent les produire. 
Liouville ’s Journal M ath.; V ol. v., pp. 380— 440 (5th D ec., 1840).

This paper consists m ainly of elaborate form ulæ relating to displacem ents of 

finite m agnitude. It has been already cited for an im portant rem ark (§ 9).

C h a s l e s (M .)— Propriétés géométriques relatives au mouvement infiniment petit 
dans un corps solide libre dans Vespace. Paris, Com ptes Rendus; V ol. xvi., 

pp. 1420-1432 (1843).

A pair of “  droites conjuguées  ” are tw o lines by rotations about w hich a given  

displacem ent can be com m unicated to a rigid body. Tw o pairs of “droites con­

juguées” are alw ays generators of the sam e hyperboloid.

H a m il t o n  (Sir W . R.)— On some additional applications of the Theory of Algebraic 

Quaternions. Royal Irish A cadem y Proceedings; V ol. iii. (1845— 1847). 

A ppendix N o. -5, pp. li.— lx. (Comm unicated D ec. 8, 1845.)

O n p. Ivii. he states “ the law s of equilibrium  of several forces applied to  various 

points of a solid body, are thus included in the tw o equations,

2/8=0; s  (aß - ßa) =  0 ;

the vector of the point of application being a, and the vector representing the  

force applied at that point being  ß.” O n the sam e page he w rites,

“  Instead of the tw o equations of equilibrium , w e m ay em ploy the single  

form ula

2  . aß = - c, 

c here denoting a scalar (or real) quantity, w hich is independent of the origin of 

vectors, and seem s to have som e title to be called the total tension of the system .”

H a m i l t o n  (Sir W . R.)— Some applications of Quaternions to questions connected 

with the Rotation of a Solid Body. Royal Irish A cadem y Proceedings; 

V ol. iv. (1847— 1850) pp. 38— 56. (Com m unicated Jan. 10, 1848.)

In this paper w ith the sam e notation as before, he takes the general case of a  

Rigid Body acted on by forces and considers the Q uaternion

-^ß = w + ix + jy + kz.
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“The num ber w ” w hich he sees does not depend on the choice of origin “w ill 

denote the (real) quotient obtained by dividing the moment of the principal 
resultant couple by the intensity of the resultant force', w ith the know n direction  

of w hich force the axis of this principal (and know n) couple coincides, being the  

line w hich is know n by the nam e of the central axis of the system .” The vector 

part of the quaternion is the vector “  perpendiculai- let fall from the assum ed  

origin on the central axis of the system ” (p. 40). It is interesting to note that 

the scalar w is w hat w e w ould term the pitch of the Screw  on w hich the w rench  

acts.

P o in s o t  (L .)— Theorie nouvelle de la rotation des corps. Liouville ’s Journal M ath.; 

V ol. xvi., pp. 9-129, 289— 336 (M arch, 1851).

This is Poinsot ’s classical m em oir, w hich contains his beautiful geom etrical 

theory of the rotation of a rigid body about a fixed point. In a less developed  

form the Theory had been previously published in Paris in 1834, as already  

m entioned.

S c h ö n e m a n n  (T .)— Ueber die Construction von Normalen und Normalebenen ge­
wisser krummer Flächen und Linien. M onatsberichte der königlichen  

preussischen A kadem ie  der W issenchaften für das Jahr 1855, pp. 255-260.

B elieving that this paper w as but little know n H err G eiser reprinted it in  

C relle ’s Journal, V ol. xc., pp. 44— 48 (1881). Schönem ann there gave the im ­

portant theorem  w hich has since been independently discovered by others, nam ely  

that w henever a rigid body is so displaced that four of its points, A , B , C , D  m ove  

on fixed surfaces the norm als to the surfaces w hich are the trajectories of all its  

points intersect tw o fixed rays. H err G eiser gives an analytical proof (C relle, 

V ol. xc., pp. 39— 43, 1881). In our language the tw o rays are the tw o screw s 

of zero pitch on the cyliudroid reciprocal to the freedom of the body, and the  

cylindroid is itself determ ined by  being reciprocal to four screw s of zero pitch on  

the norm als at A , B , C , D  respectively to the four fixed surfaces. A nother proof  

is given by R ibaucour, C om ptes rendus, V ol. Ixxvi., p. 1347 (2 June, 1873). See  

also M annheim  (A .), Liouville ’s Journal de M athém atiques, 2e Sér., V ol. xl., 1866.

W e ie r s t r a s s  (C .). Ueber ein die homogenen Functionen zweiten grades betreffendes.
Theorem nebst Anwendung desselben auf die Theorie der kleinen Schwin­
gungen. M onatsberichte der k. preussischen  A kadem ie der W issenschaften, 

1858, pp. 207-220; and M athem atische W erke, V ol. i. pp. 233-246.

Let </>, f be tw o hom ogeneous quadratic functions of n variables xlt ... xn and  

let  f (s) be the discrim inant of s</> -  i//.

If the discrim inant of one of the functions, say </>, does not vanish, and if 

further </> is essentially one-signed vanishing only w hen all the variables vanish, it 

can be show n that s2, ... sn the roots of  f (s) =  0 (assum ed distinct) are all real 

and <f>, i// can then be reduced to the form s

4> =  e («/?+  +2//)

<A =  «(« i 2/i3+ ••• s»3/n2)

w here yx ... yn are all real linear functions of ajx .. . xn and e is + 1 according as </> is 

positive or negative. See § 86 and p. 484.

b . 33
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C a y l e y  (A .)— On a new analytical representation of curves in space. Q uarterly  

M athem atical Journal; V ol. iii., pp. 225-236 (1860). V ol. v., pp, 81-86  

(1862). Coll. M ath. Papers, V ol. iv. pp. 446-455, 490-494.

In this paper the conception of the six co-ordinates of a line is introduced for 

the first tim e. This is of im portance in connection w ith our present subject 

because the six coordinates of a screw m ay be regarded as the generalization of 

the six coordinates of a straight line.

If a,,... a8 be the six coordinates of a screw then w hen w e express that its  
pitch is zero by the condition

pya^+ ... +  fta 62=0

w e obtain the coordinates of a straight line. This is perhaps the m ost sym m etrical 

form  of the quadratic condition w hich m ust subsist betw een six quantities consti­

tuting the coordinates of a line. In Cayley ’s system it is given by equating the  

sum  of three products to zero.

Sy l v e s t e r  (J. J.)— Sur I’involution des lignes droites dans Vespace, considérées 

comme des axes de rotation. Paris, Com ptes Rendus: vol. Iii., pp. 741— 746  
(A pril, 1861).

A ny sm all displacem ent of a rigid body can generally be represented by rota­

tions about six axes (M öbius). But this is not the case if forces can be found  

w hich equilibrate w hen acting along the six axes on a rigid body. The six axes in  

this case are in involution. The paper discusses the geom etrical features of such  

a system , and show s, w hen five axes are given, how  the locus of the sixth is to be  

found. M öbius had show n that through any point a plane of lines can be draw n  

in involution w ith five given lines. The present paper show s how  the plane can  

be constructed. A ll the transversals intersecting a pair of conjugate axes are in  

involution w ith five given lines. A ny tw o pairs of conjugate axes lie on the sam e  

hyperboloid. Tw o forces can be found on any pair of conjugate axes, w hich are  

statically equivalent to tw o given forces on any  other given pail’ of conjugate axes. 

In presenting this paper M . Chasles rem arks that M r Sylvester’s results lead to  the  

follow ing construction  :— Conceive that a rigid body receives any sm all displace­

m ent, then lines draw n through any six points of the body perpendicular to their 

trajectories are in involution. M . Chasles also takes occasion to m ention som e 

other properties of the conjugate axes.

Sy l v e s t e r  (J. J.)— Note sur I’involution de six lignes dans I’espace. Paris, Com ptes 

Rendus; vol. Iii., pp. 815-817 (A pril, 1861).

The six lines are 1, 2, 3, 4, 5, 6. Let the line i be represented by the  
equations

atx + bty + ctz + dtu =  0,

aix + ßiy + yt* + =  0,

and let i, j represent the determ inant

«4 bt ct dt

ai ßi yi

aJ Cj

aj ßj yj fy-
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Form now the determinant A—

If A„ = 0, tl

2, 1

3, 1

4, 1

5, 1

6, 1

le lines

1, 2 1, 3

2, 3

3, 2

4, 2 4, 3

5, 2 5, 3

6, 2 6, 3

are in involution.

1, 4 1, 5 1, 6

2, 4 2, 5 2, 6

3, 4 3, 5 3, 6

4, 5 4, 6

5, 4 5, 6

6, 4 6, 5

Considering only the figiires 1, 2, 3, 4, 5
the determinant As can be formed. If A,; = 0 and A5 = 0, the five lines 1, 2, 3, 4, 5 
are in involution. If all the other minors are zero, the six lines will intersect a 
single transversal. If A5 = 0, without any other condition, the five lines 1, 2, 3, 4, 5 
intersect a single transversal. If A4 = 0, without any other condition, the lines 
1, 2, 3, 4 have but one common transversal (Cayley). A determinant can be found 
which is equal to the square root of A6.

Gr a s s m a n n  (H.)—Die Ausdehnungslehre. Berlin (1862).

This remarkable work, a development of an earlier volume (1844), by the same 
author, contains much that is of instruction and interest in connection with the 

present theory.
A system of n, numerically equal, “ Grössen erster Stufe,” of which each pair 

are “normal,” is discussed on p. 113. A set of co-reciprocal screws is a particular 
case of this very general conception.

The “ inneres Produkt ” of two “ Grössen ” divided by the product of their 
numerical values, is the cosine of the angle between the two “ Grössen.” If 
a, b, c, ... be normal, and if k, I be any two other “Grössen,” then

cos tkl = cos zak cos zal + cos zbk . cos zbl, + &c. (p. 139).

Here we have a very general theory, which includes screw co-ordinates as a 

particular case.
In a note on p. 222 the author states that the displacement of a body in space, 

or a general system of forces, form an “allgemeine räumliche Grösse zweiter Stufe.”
The “kombinatorisches Produkt” (p. 41) of n screws will contain as a factor 

that single function whose evanescence would express that the n screws belonged 

to a screw system of the (n- l)th order.

Pl ü c k e r  (J.)—On a new geometry of space. Phil. Trans., Vol. civ., pp. 725—791. 

1865.

In this paper the linear complex is defined (p. 733). Some applications to optics 
are made (p. 760); the six co-ordinates of a line are considered (p. 774); and the 

applications to the geometry of forces (p. 786).
This is of importance for our purpose because the linear complex may be also 

defined with perfect generality as the axes of all the screws of any stated pitch 

which belong to a 5-system. The relation of the linear geometry to Dynamics is 

developed in the Theory of Screws.

Ha m il t o n  (Sir W. R.)—Elements of Quaternions. Dublin, 1866.

In Art. 416 the equation 2 V (a — y) ß - 0, is regarded as the single equation of 
equilibrium when it is satisfied for all values of y, the vector to an arbitrary 
point C in space. In general if y is not supposed to vary in this arbitrary 

manner, the equation is that of the central axis.

33—2
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(0 , 0 ), (0 , 1 ) ...

(1 , 0 ), (1 , 1 ) ...

* W e m ay  rem ark  th a t s in ce  th e  m o m en t o f tw o  lin es  is th e  v irtu a l co efficien t o f tw o  sc rew s  

o f zero  p itch , th ese  eq u atio n s are g iven  a t o n ce b y v irtu a l v e lo c ities , if w e  ro tate  th e  b o d y  ro u n d  
each  o f th e  fo rces in  su ccessio n .

S p o t t i s w o o d e (W .)— Note sur Véquilibre des forces dans Vespace. C o m p tes

R en d u s; V o l. Ix v i., p p . 9 7 -1 0 3 (Jan uary , 1 8 6 8 ).

If P^... Pn_^ b e n fo rces in eq u ilib riu m , an d if (0 , 1 ) d en o te th e m o m en t o f  

Po, P1, th en  th e  au tho r  p ro v es*  th a t

A (0 , l)  +  A .(0 , 2 ) +  ...= 0 ,

p, (1 ,0 )+  +  P 2  (1 , 2 ) +  ... =  0 ,

P o (2 , 0 ) +  P 1 (2 , 1 )+  + ...= 0 .

A s w e  h av e  th u s n eq u a tio n s to  d e te rm ine o n ly  th e  relative values o f n q u an tities , 

th e  red u n d ancy  is tak en  ad v an tag e  o f to  p ro v e  th a t

p  2 p  2

[0 , 0 ] “  [1 ,

w h ere [0 , 0 ], [1 , 1 ], & c., are  th e  co effic ien ts o f (0 , 0 ), (1 , 1 ), & c., in  th e  d e te rm in an t

H e  th en  co n sid ers th e q u a te rn io n  q = — @ , a lread y m en tio n ed (p . 5 1 2 ), an d  

in trod u ces th e n ew  q u a te rn io n Q = = c + y. T h e sca la r c (th e p itch ) is in d e-

p en d en t o f th e  assu m ed  o rig in , an d th e v ec to r y is th e v ec to r to  a d efin ite  p o in t C 

o n th e cen tral ax is. T h is p o in t d o es n o t v ary w ith th e p o sitio n o f th e  assu m ed  

o rig in , an d  is ca lled  th e “C en tre o f th e S y stem  o f F o rces.” W h en th e fo rces are  

a ll p ara lle l G co in cid es w ith th e  cen tre  o f th e  p ara lle l fo rces . In  g en era l 

Ttaß =  V (c 2 +  7 ’/)  Ttß,

o r th e  ten so r o f th e to ta l m o m en t is co n stan t fo r a ll p o in ts 0 s itu ated  o n  a  sp h ere  

w h o se  cen tre is C, an d  b eco m es a m in im u m  w h en  0 co in c id es w ith  C.
In A rt. 3 9 6 H am ilto n say s “  th e passage of a right line fro m  an y  one g iv en  

p o sitio n  in  sp ace to  an y  other m ay b e  co n ce iv ed  to  b e  acco m p lish ed  b y  a  so rt o f screw 

motion," an d  o n  th ese  k in em atica l lin es h e  w o rk ed  o u t h is th eo ry  o f th e  “ S u rface  o f  

E m an an ts,” g en era ted  b y  a  lin e  m o v in g  acco rd in g  to  so m e  g iven  law  an d  co n stan tly  

in te rsec tin g  a  g iv en  cu rv e  in  sp ace.

P l ü c k e r  (J .)— Fundamental views regarding mechanics. P h il. T rans. (1 8 6 6 ); V o l. 

c lv i., p p . 3 6 1 — 3 8 0 .

T h e  o b jec t o f th is p ap er is to  “  co n n ec t, in  m ech an ics , tran sla to ry  an d  ro ta to ry  

m o v em en ts w ith each o th er b y  a p rin c ip le in g eo m etry  an a lo g o u s to th a t o f re ­

c ip ro c ity .” O n e o f th e p rin c ip a l th eorem s is th u s en u n c ia ted :— “A n y  n u m b er o f  

ro ta to ry fo rces ac tin g s im u ltan eo u sly , th e co -o rd in a tes o f th e resu ltin g ro ta to ry  

fo rce , if th e re is su ch a fo rce , if th e re is n o t, th e co -o rd in a tes o f th e resu ltin g  

ro ta to ry  d y n am e, are o b ta in ed b y ad d in g th e co -o rd in a tes o f th e g iven ro ta to ry  

fo rces . In  th e  case o f eq u ilib riu m  th e  s ix  su m s o b ta in ed  are  eq u a l to  zero .”
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W h en th e fo rce s a re few er th an sev en , th e fo rm u læ  ad m it o f a sp ec ia l tran s ­

fo rm a tio n , w h ich  ex p re sse s ce rta in  fu rth e r  co n d itio n s  w h ich  m u st b e  fu lf illed .

T h is v e ry  e leg an t re su lt m ay rece iv e an  ex ten d ed  in te rp re ta tio n . If P„, Plt 
P.2, & c., d en o te  th e  in ten s itie s  o f w ren ch es o n th e sc rew s 0 , 1 , 2 , & c. ; an d if (1 2 )  

d en o te th e  v irtu a l co e ffic ien t o f 1 an d 2 , th en , w h en th e fo rm u læ  o f M r S p o ttis-  
w o o d e  a re  sa tis f ied , th e  n w ren ch es eq u ilib ra te , p ro v id ed  th a t th e sc rew s b e lo n g  to  

a  sc rew  co m p lex  o f th e  (n— l) th  o rd e r an d  f irs t d eg ree .

P l Ü c k e k  (J .)— Neue Geometrie des Raumes gegründet auf die Betrachtung der 

geraden Linie als Raumelement. L e ip z ig (B . G . T eu b n e r, 1 8 6 8 — 6 9 ), p p . 

1 -3 7 4 .

T h is w o rk is o f co u rse th e p rin c ip a l au th o rity  o n th e th eo ry o f th e lin ea r  

co m p lex . T h e su b jec t h e re  tre a ted  is essen tia lly  g eo m e tric a l ra th e r th an  d y n am i­

ca l, b u t th e re a re a few  rem ark s w h ich a re sp ec ia lly s ig n ific an t in o u r p re sen t  
su b jec t; th u s th e au th o r, o n p . 2 4 , in tro d u ces th e w o rd “  D y n am e D u rch  

d en A u sd ru ck ‘D y n am e , ’ h ab e ich d ie U rsach e  e in e r b e lieb ig en B ew eg u n g  e in e s  
s ta rren S y stem s, o d e r, d a s ich d ie N atu r d ie se r U rsach e , w ie d ie N atu r e in e r  

K ra ft ü b e rh au p t, u n se rem  E rk en n u n g sv e rm ö g en en tz ieh t, d ie B ew eg u n g se lb s t, 

s ta tt d e r U rsach e d ie  W irk u n g , b eze ich n e t.” A lth o u g h  it is n o t v e ry  easy  to  see  

th e  p rec ise  m ean in g  o f th is p assag e , y e t it ap p ea rs th a t a  ‘ Dyname ’ m ay  b e  e ith e r  

a  tw is t o r a  w ren ch  ( to  u se  th e  lan g u ag e  o f th e  T h eo ry  o f S crew s).
O n  p . 2 5 w e  read :— “ D an n  en tsch w in d e t d as sp ec if isch M ech an isch e , u n d , u m  

m ich  au f e in e k u rze A n d eu tu n g zu b esch rän k en  : es tre ten g eo m e trisch e G eb ild e  
au f, w elch e zu D y n am en in d e rse lb en B ez ieh u n g s teh en , w ie g e rad e L in ien zu  

K rä ften u n d R o ta tio n en .” T h ere can b e little d o u b t th a t th e “ g eo m e trisch e  

G eb ild e ,” to  w h ich  P lü ck e r  re fe rs , a re  w h a t w e  h av e  ca lled  sc rew s.
A s w e h av e a lread y  s ta ted  (§ 1 3 ), w e  f in d in  th is b o o k th e d iscu ss io n o f th e  

su rface  w h ich  w e  ca ll th e  cylindroid, to  w h ich , as p o in ted  o u t o n  p . 5 1 0 , S ir W . R . 

H am ilto n  h ad  b een  p rev io u s ly  co n d u c ted .
T h ro u g h  an y  p o in t a  co n e  o f th e  seco n d  d eg ree  can  b e  d raw n , th e  g en e ra to rs o f  

w h ich  a re  lin e s b e lo n g in g  to  a lin ea r co m p lex o f th e  seco n d  d eg ree . If th e  p o in t 

b e  lim ited  to  a  ce rta in  su rface  th e  co n e  b reak s  u p  in to  tw o  p lan es . T h is  su rface  is  

o f th e fo u rth c la ss an d fo u rth  d eg ree , an d is k n o w n  as K u m m er ’s su rface . S ee  

p ap e rs b y  K u m m er  in  th e  M o n a tsb e rich te o f th e B erlin  A cad em y , 1 8 6 4 , p p . 2 4 6 —  
2 6 0 , an d 4 9 5 -4 9 9 . I t h as s in ce b een  ex ten siv e ly  s tu d ied  fro m  v a rio u s p o in ts o f  

v iew  b y  m an y  m ath em atic ian s . T h is th eo ry  is o f in te re s t fo r o u r p u rp o se , b ecau se  

th e lo cu s o f sc rew s rec ip ro ca l to a cy lin d ro id is a v e ry sp ec ia l lin ea r co m p lex  
o f th e seco n d d eg ree , o f w h ich  th e cy lin d ro id  itse lf is th e su rface o f s in g u la ritie s . 

K u m m er ’s su rface  h as  in  th is  case  b ro k en  u p  in to  a  p lan e  an d  a  cy lin d ro id .

K l e i n  (F .) Zur Theorie der Linien-Complexe des ersten und zweiten Grades. 
M ath . A n n .; V o l. ii., p p . 1 9 8 -2 2 6  (1 4 th  Ju n e , 1 8 6 9 ).

T h e “  s im u ltan eo u s in v a rian t ” o f tw o  lin ea r co m p lex es is d iscu ssed . In  o u r  

lan g u ag e  th is fu n c tio n  is th e v irtu a l co e ffic ien t o f th e  tw o  sc rew s rec ip ro ca l to  th e  

co m p lex es . T h e s ix fu n d am en ta l co m p lex es a re co n s id e red a t len g th , an d m an y  

rem ark ab le  g eo m e tric a l p ro p e rtie s p ro v ed . I t is a  m atte r o f n o  little  in te re s t th a t 

th e se p u re ly  g eo m e tric a l re sea rch es h av e a p h y s ica l s ig n ific an ce  a tta ch ed  to  th em  

b y  th e  T h eo ry  o f S crew s .
T h is p ap e r a lso  co n ta in s th e  fo llo w in g  p ro p o sitio n If  xlt ..., x6 b e  th e  co -o rd i­

n a tes o f a lin e , an d  klt ... ke, b e co n s tan ts , th en th e fam ily o f lin ea r co m p lex es  

d en o ted  b y
J  2
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have a com m on surface of singularities w here A is a variable param eter. If the  

roots A 1( & c. be know n, w e have a set of'quasi elliptic co-ordinates for the line x. 
(C om pare § 234.)

It is in this m em oir that w e find the enunciation of the rem arkable geometrical 
principle w hich, w hen transform ed  into  the  language and conceptions of the Theory  

of Screw s, asserts the existence of one screw  reciprocal to five given  screw s. (§ 25.)

K l e in  (F .)— Die allgemeine lineare Trangformation der Linien Coordinaten. 
M ath. A nn.; V ol. ii., pp. 366-371 (A ugust 4, 1869).

Let Z7,, ... If. denote six linear com plexes. The m om ents of a straight line, 

w ith its conjugate polars w ith respect to If, ... If, are, w hen m ultiplied  by certain  

constants, the hom ogeneous co-ordinates of the straight line, and are denoted by  

ajj, ... xe. A rbitrary values of aij, & c., do not denote a straight line, unless a  

hom ogeneous function of the second degree vanishes*. If this condition be not 

satisfied, then a linear com plex is defined by the co-ordinates, and the function is 

called the invariant of the linear com plex. The simultaneous invariant of tw o  

linear com plexes is a function of the co-ordinates, and is equal to

A  sin <f> — (K + K') cos </>, 

w here K and K' are the param eters of the linear com plexes, A the perpendicular 

distance, and </> the angle betw een their principal axes.

The co-ordinates of a linear com plex are the sim ultaneous invariants of the  

linear com plex w ith each of six given linear com plexes m ultiplied by certain  

constants. The six linear com plexes can  be chosen so that each one is in involution  

w ith the rem aining five. The reader w ill easily perceive the equivalent theorem s 

in the Theory of Screw s. K and A ' ai’e the pitches, and the  sim ultaneous invariant 

is m erely double the virtual coefficient w ith its sign changed.

Z e u t h e n  (H , G .)— Notes sur un Systeme de coordonnées linéaires dans Vespace. 
M ath. A nn.; V ol. i., pp. 432-454 (1869).

The co-ordinates of a line are the com ponents of a unit force on the line decom ­

posed along the six edges of a tetrahedron. These co-ordinates m ust satisfy one  

condition, w hich expresses that six forces along  the edges of a tetrahedron  have a  

single resultant force. The author m akes applications to the theory of the linear 
com plex.

R egarding the six  edges as screw s of zero pitch, they are not co-reciprocal. It 

m ay, how ever, be of interest to show  how these co-ordinates m ay be used for a  

purpose different from  that for w hich the author now  quoted has used them . Let 

the virtual coefficients of the opposite pairs of edges be L, M, N. If the co­

ordinates of a screw  w ith respect to this system  be 0, ... 06 , then the pitch is

(L0& + M0S04 + N0506), 

and the virtual coefficient of the tw o screw s </>, 0 is

(0^, + 0^) + J  Jf + 0^3) + %N (0 5</>6 + 06</>6).

B a t t a g l in i (G .)— Suite serie die sistemi di forze. N apoli R endiconto, viii., 1869, 

pp. 87-94. G iornale di M atem at, x., 1872, pp. 133-140.

This m em oir deserves special notice in the history  of the subject inasm uch as 

alrB ädy rem arked in § 13 it contains the earliest announcem ent of the dynamical 
significance of the cylindroid. B attaglini here show s that the cylindroid is the  

locus of the screw s on w hich lie the w renches produced by the com position of tw o  

variable forces on tw o fixed directions. See also p. 520.

This equation expresses that the  pitch  of the screw  denoted by the co-ordinates is zero.
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B a t t a g i .i n i (G .)— Sulle dinami in involuzione. N apo li A tti A ccad . S ei., iv ., 1869  

(N o . 14). N apo li R end icon to , v iii., 1869 , pp . 166-167.

T he co -o rd ina tes of a  dynam e  are  the  six  fo rces w hich  acting  along  the edges of 

a te trahed ron are equ ivalen t to the dyuaine . T his m em oir investiga tes the  

properties of dynam es of w hich the co -o rd ina tes sa tisfy  one or m ore linear equa ­

tions. T he au tho r show s analy tica lly  the ex istence of tw o associa ted system s of 

dynam es such tha t all the dynam es of the firs t order are co rre la ted to all the  

dynam es of the second . T hese co rrespond to w hat w e call tw o rec ip rocal screw  

com plexes.

B a l l  (R . S .)— A Problem in Mechanics. To determine the small oscillations of a 

particle on any surface acted upon by any forces [1869], Q uart. Jou rn . 

M ath ., 1870 , pp . 220-228 .

W ith reference to th is paper I m ay m ention the fo llow ing fac ts connected  

w ith  the  h isto ry  of the  presen t vo lum e.
In the sp ring of 1869 I happened to attend a lec tu re at the R oyal D ublin  

S ocie ty , g iven  by  m y  friend D r G . Johnstone S toney , F .R .S .

F or one illu stra tion he used a con ica l pendu lum : he exh ib ited  and  exp lained  

the  prog ression  of the  apse  in  the ellip se  described by  a heavy  ball suspended  from  

a  long  w ire .  ,
I w as m uch  in terested  by  h is exposition , and  im m ed ia te ly  began ,  to  w ork at the  

m athem atica l theo ry of the sub jec t I w as thus led to investiga te som e genera l 

prob lem s re la ting to the sm all oscilla tions of a partic le on a su rface. C erta in  

resu lts , at w hich I arrived , seem ed to m e in teresting and novel. T hey  appeared  

in the paper now  referred  to . T his paper w as soon  fo llow ed  by  ano ther of a  m ore  

general charac ter and the sub jec t presen tly  began  to develop in to  w hat w as soon  

after called  the “T heory  of S crew s.”

B a t t a g l i n i (G  ) Sul movimento geometrico infinitesimo di un sistema rigido. 
N apo li R end icon to , IX ., 1870 , pp . 89-100 . G iornale d i M atem at., x ., 1872 , 

pp . 207-216.

In  th is paper te trahed ra l co -o rd ina tes are em ployed in the analy tica l develop ­

m ent of the statics of a rig id body , as w ell as the theo ry  of sm all d isp lacem en ts. 

B esides the papers by th is au tho r to w hich I have specia lly referred there are  

severa l o thers (genera lly  sho rt) in  N apo li R end icon to , y .-x ., bo th  inc lu sive , w hich  

are  of in terest in  connection  w ith the fundam en ta l no tions invo lved  in  the  theo ry  

of screw s.

M a n n h e i m  (A .)— Etude sur le deplacement d’une figure de forme invariable. 
Nouvelle methode des normales-, applications diverses. P aris, A cad . S ei. 

C om pt. R end ., Ixv i., 1868 , pp . 591 598 . P aris, E co le P o ly techn . Jou rn ., 

cap . 43 (1870), pp . 57-121  ; P aris, M ém . S avan ts E trang ., xx ., 1872 , 

pp 1-74 .

T his paper d iscusses the tra jec to ries of the  d ifferen t po in ts of a body w hen  its  

m ovem en t takes p lace under prescribed cond itions. It has been already cited  

(R 121) fo r a theo rem  abou t the screw s of zero p itch on a cy lind ro id A nother  

theo rem  of the sam e class is g iven by M . M annheim . W hen a rig id body has  

freedom  of the  th ird  order, then  fo r any po in t on  the  su rface of a  certa in  quadric  

the  possib le d isp lacem en ts are  lim ited  to  a  p lane .

T he  reader w ill easily  see tha t th is  is the  p itch  quadric .
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B a l l  (R . S .)— On the small oscillations of a Rigid Body about a fixed point under 

the action of any forces, and, more particularly, when gravity is the only 

force acting. T ra n sa c tio n s o f th e R o y a l I r ish  A c a d e m y ; V o l. x x iv ., p p . 

5 9 3 -6 2 8  (Ja n u a ry  2 4 , 1 8 7 0 ) .

C e rta in  d y n a m ic a l p ro b le m s  w h ic h  a re  h e re so lv e d  fo r th e ro ta tio n  o f a b o d y  

ro u n d a p o in t w e re so lv e d in su b se q u e n t p a p e rs fo r a b o d y re s tric te d in a n y  

m a n n er w h a tev e r . S o m e  o f th e  c h ie f re su lts  o b ta in e d  a re  g iv e n  in  § 1 9 7 .

I  h is  p a p e r h a s  i ts  g e o m e tr ic a l b a s is in  th e  fo llo w in g  th e o re m , d u e  a p p a ren tly  to  

D ’A le m b e rt. Recherches sur la Precession des Kquinoxes, P a ris , 1 7 4 9 , p . 8 3 .

A n y  sm a ll d isp la c e m e n t o f a r ig id b o d y ro ta tin g a ro u n d a f ix e d p o in t c a n  

b e  p ro d u c e d  b y  th e  ro ta tio n  a ro u n d  a n  a x is  p a ssin g  th ro u g h  th e  p o in t.

In 1 7 7 6 E u le r p ro v e d  th a t th e sa m e la w  w a s tru e fo r d isp la c e m e n ts o f f in ite  

m a g n itu d e . Formulae generates pro translations quacunque corporum Rigidorum. 
N o v i C o m m e n ta rii A c a d e m iae  P e tro p o lita n a e ; V o l. x x ., p p . 1 8 9 -2 0 7 .

K l e i n  (F .)— Notiz betreffend den Zusammenhang der Liniengeometrie mit der 

Mechanik starrer Körper. M a th . A n n .; V o l. iv ., p p . 4 0 3 -4 1 5  (Ju n e , 1 8 7 1 ) .

A m o n g  m a n y  in te re s tin g  m a tte rs th is p a p e r c o n ta in s th e  g e rm  o f th e  physical 
c o n c e p tio n  o f re c ip ro c a l sc re w s . W e  th u s  re a d  o n  p . 4 1 3 :— “ .E s lä s s t s ic h  n u n  in  

d e i- Ih a t e in  p h y sik a lisc h e r  Z u sa m m e n h a n g z w isc h e n K rä fte sy ste m e n  u n d  u n e n d ­

l ic h k le in e n B e w e g u n g en a n g e b en , w e lc h e r e s e rk lä r t, w ie so d ie b e id e n D in g e  

m a th e m a tisc h e o -o rd in ir t a u f tre ten . D ie se B e z ie h u n g  is t n ic h t v o n  d e r A rt, d a ss  

s ie  je d e m  K rä fte sy s te m  e in e  e in z e ln e  u n e n d lic h  k le in e  B e w eg u n g  z u o rd n e t, so n d e rn  

s ie  is t v o n  a n d e re r A rt, s ie  is t e in e  dualistiche.
K s se i e in K rä fte sy s te m  m it d o n C o o rd in a te n  B , H, Z, A , M, N, u n d e in e  

u n e n d lic h k le in e B e w e g u n g  m it d e n C o o rd in a te n H ', 11', Z', A ', M', N g e g e b e n , 

w o b e i m a n  d ie C o o rd in a te n  in d e r im  § 2 b e sp ro c h e n e n  W e ise  a b so lu t b e s tim m t 

h a b e n m a g . Dann repräsentiert, w ie h ie r n ic h t w e ite r n a c h g e w ie se n w e rd e n  so ll, 

der Ausdruck

A 'H  +  M'N + N'Z +  ,S 'A  +  H'M + Z'N

d a s Q u a n tu m  v o n A rb e it, w e lc h e s d a s g e g e b e n e K rä fte sy s te m  b e i E in tr itt d e r  

g e g e b e n e n  u n e n d lic h  k le in e n  B e w e g u n g  le is te t. Is t in sb e so n d e re

A 'H  +  M'H + N'Z +  H 'A  +  H'M + Z'N= 0 , 

so  le is te t d a s  g e g e b e n e  K rä fte sy s te m  b e i E in tr itt d e r  g e g e b e n e n  u n e n d lic h  k le in e n  

B e w e g u n g  keine A rb e it. D ie se G le ic h u n g  n u n  re p rä se n tir t u n s , in d em  w ir e in m a l  

H , H, Z, A , M, N, d a s  a n d e re  S , 11 , Z , A ', M', N' a ls v e rä n d e r lic h  b e tra c h te n , d e n  

Z u sa m m e n h a n g  z w isc h e n  K rä fto sy ste m c n  u n d  u n e n d lic h  k le in e n  B e w e g u n g e n .”

B a l l  (R . S .)— -The Theory of Screws—a geometrical study of the kinematics, 
equilibrium, and small oscillations of a Rigid Body. F irs t m e m o ir . T ra n s ­

a c tio n s o f  th e  R o y a l I r ish  A c a d e m y , V o l. x x v ., p p . 1 3 7 — 2 1 7  (N o v e m b e r 1 3 , 
1 8 7 1 ) .

T h is is th e o rig in a l p a p e r o n  th e T h e o ry o f S c re w s. A t th e t im e  th is  p a p e r  

w a s  p rin ted  (1 8 7 1 ) I h a d  n o  su sp ic io n  th a t th e  C y lin d ro id h a d  b e e n  e v e r s tu d ie d  

b y  a n y o n e b e s id e s m y se lf . I su b se q u e n tly le a rn e d th a t th e sa m e su rfa c e h a d  

b e e n  in v e stig a te d  b y  P liic k e r  tw o  o r th re e  y e a rs  p re v io u s ly  (1 8 6 8 -9 ) in  c o n n e c tio n  

w ith  th e  l in e a r c o m p le x  (se e  p p . 2 0 , 5 1 7 ) . I t a lso  a p p e a re d  th a t a b o u t th e sa m e  

t im e  (1 8 6 9 ) th is  su rfa c e  p re se n te d  i tse lf in th e R e sea rc h e s  o f  B a tta g lin i. In d e e d , 

to  th is  m a th e m a tic ia n  b e lo n g s , I  b e lie v e , th e  d is tin c tio n  o f h a v in g  b e e n  th e  f irs t to  

p e rc e iv e th a t th is p a r tic u la r c o n o id h a d a sp e c ia l d y n a m ic a l s ig n if ic a n c e (se e  

p p . 2 0 , 5 1 8 ) . P liic k e r  a n d  B a tta g lin i w e re  c e r ta in ly  in d e p e n d e n t  d isc o v e re rs  o f th e
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cylindroid, or rather rediscoverers, for neither of them  w as-the earliest discoverer, 

for as show n in p. 510 the cylindroid w as first introduced into science by Sir 

W . R. H am ilton so long ago as 1830. It is w orthy of note that three investi­

gators, and if I m ay add m y ow n nam e a fourth also, follow ing different lines 

of research, have each been independently led to perceive the im portance of this 

particular surface in various theories of systems of lines.

In the paper now before us I had developed the doctrine of reciprocal screw s 

w hich is of such fundam ental im portance in the theory. I had arrived at this 

doctrine independently, and not until after the paper w as printed did I learn that 

the essential conception of Reciprocal Screw s had been announced by Professor 

K lein a few  m onths before m y paper w as read (pp. 17, 18, 520).

These facts have to be m entioned in explanation of the circumstance that this 

first paper contains no references to the nam es of either Plücker and Battaglini or 

H am ilton and K lein.

So m o f f  (J.)— Sur les vitesses virtuelies d’une figure invariable, assujetties ä des 

equations de conditions quelconques de forme lineaire. St Pétersb. A cad. Sei. 

Bull., xviii., 1873, col. 162— 184.

This paper is an im portant one in the history of the subject. Its scope m ay  

be realized from  the paragraph here quoted.

“ D ans le m ém oire que j ’ai 1 ’honneur de presenter a 1 ’A cadém ie je donne un  

m oyen analytique pour determ iner les vitesses virtuelles d ’une figure invariable, en  

supposant que ces vitesses doivent satisfaire ä des equations de condition de la 

form e générale que je vients de citer. Je prends en m em e tem ps en considération  

les propriétés des com plexes H néaires de Plücker, auxquel les vitesses virtuelles 

d ’une figure invariable sont intim ement liées.”

The analytical developm ent of the Theory of the Constraints w hich follow s is 

founded upon the conventions proposed by M . Résal in his “  Traité de Cinématique 

pure.”
M . Som off studies conditions of constraint w hich he has generalized from  M . 

M annheim ’s “Étude sur le deplacement d’unefigure deforme invariable” (p. 519).

It is instructive to read M . SomofFs paper in the light of the Theory of Screw s. 

For exam ple on p. 179 lie gives the theorem that every system of “ virtual 

velocities” w hich satisfies three linear equations can be produced by tw o rotations 

around tw o rays com m on to the three corresponding linear com plexes. In our 

language w e express this by saying that any displacem ent of a body w ith three 

degrees of freedom  can be produced by rotation around tw o screw s of zero pitch  

belonging to the system . This is easily seen, for let 0 be the screw  about w hich  

the required displacement is a tw ist. Let </> be any other screw of the three- 

system , then the tw o screw s of zero pitch on the cylindroid (0, </>) are tw o axes of 

rotation that fulfil the required condition.

The cases of four and five degrees of freedom are also briefly discussed by  

Som off, but w ithout the conception of screw  m otion w hich he does not em ploy the  

results are som ew hat com plicated.

Reference m ay also be m ade to Som off, “ Theoretische Mechanik," translated  

from  the Russian by A . Ziw et, Leipzig, 1878— 9.

C l i f f o r d  (W . K .)— Preliminary Sketch of Biquaternions. Proceedings of the  

London M athem atical Society, .N os. 64, 65, V ol. iv., pp. 381— 395 (12th  

June, 1873).

This is one of the m odern developm ents of that rem arkable branch of m athe­

m atics w ith w hich the nam es of Lobachevsky and Bolyai are specially associated. 

A Biquaternion is defined to be the ratio of tw o tw ists or tw o w renches or
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more generally of two Dynames in Plücker’s sense or of two “motors” as Clifford 

prefers to call them. A “ motor” may be said to bear the same relation to a screw  

which a vector bears to a ray. The calculus of Biquaternions is generalized from  

that of quaternions and belongs to the non-Euclidian geometry. See Klein ’s 

celebrated paper, “Ueber die sogenannte nicht Euclidische Geometrie.” Math. 

Ann., Band IV., pp. 573-625. This paper of Clifford ’s has been the commence- 

ment of an extensive theory at which many mathematicians have since worked. 

Chap xxvi. discusses some of Clifford ’s theorems and in the course of these 

bibliographical notes there are several references to this theory. See under the 

names of Everett, Padeletti, Cox, Heath, Buchheim, Cayley, Burnside, Joly, 
Kotelnikof, and M ’Aulay.

Ba l l  (R. S.)— Researches in the Dynamics of a Rigid Body by the aid of the Theory 

of Screws. Second Memoir (June 19, 1873). Philosophical Transactions, 
pp. 15-40 (1874).

The chief advance in this paper is expressed by the theorem that a rigid body 

lias just so many principal screws of inertia as it has degrees of freedom. This 

theorem is a generalization for all cases of a rigid system, no matter what be the 

nature and number of its constraints, of the well-known property of the principal 

axes of a rigid body rotating around a fixed point.

It is shown that if the screws on one cylindroid be regarded as impulsive 

screws, the system of corresponding instantaneous screws lie on another cylindroid. 

Any four screws on the one cylindroid, and their four correspondents on the others 

are equi-anhannonic. This theorem leads to many points of connexion between 

theoretical dynamics and modern geometry. It has been greatly developed sub­
sequently.

A postscript to this paper gives a brief historical sketch which shows the rela­

tion of the theory of screws to the researches of Pliicker and Klein on the Theory 
of the Linear Complex.

Sk a t o w .—Zusammenstellung der Sätze von den übrigbleibenden Bewegungen eines 

Körpers, der in einigen Punkten seiner Oberfläche durch normale Stützen 

unterstützt wird. Schlömilch ’s Zeitschrift für Mathern, u. Physik, B. xviii., 

p. 224, 1873.

H a l ph e n —Sur le déplacement d’une solide invariable. Bulletin de la Soc. Math., 
Vol. ii., pp. 56-62 (23 July, 1873).

The study of the displacements of a rigid body is distributed into six cases 

according to the number of degrees of freedom. This paper like so many others on 

the present subject has been suggested by the writings of M. Mannheim. It 

gives for instance a proof of Mannheim ’s theorem that all the displacements of a 

solid restrained by four conditions could be produced by two rotations around two 

determinate lines. These are of course in our language the two screws of zero 

pitch on the cylindroid expi-essing the freedom. Halphen considers in some cases 

conditions more general than those of Mannheim and adds some theorems of quite 

a new class. Thus still referring to the case of a body restrained by four con­

ditions, i. e. with two degrees of freedom, he shows how the movements of every 

point are limited to a surface, and then calling the two screws of zero pitch the 

“ axes” we have as follows. “ Les projections, sur un plan donné, des éléments 

superficiels, décrit par les points du corps, sont proportionelles aux produits des 

segments interceptés, sur des sécantes paralleles issues de ces points, par un para- 

boloide passant par les deux axes, et ay  ant le plan donné pour plan directeur.”
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L in d e m a n n  (F.)— Ueber unendlich kleine Bewegungen und Uber Kraftsysteme bei 
allgemeiner projectivischer Massbestimmung. Math. Ann., V  ol. vii., pp. 

56-143 (July, 1873).

This is a memoir upon the statics and kinematics of a rigid body in elliptic or 
hyperbolic space. Among several results closely related to the Theory of Screws, 

we find that the cylindroid is only the degraded form in parabolic or common space 

of a surface of the fourth order, with two double lines. Lindemann both by this 
memoir and by that entitled “ Projectivische Behandlung der Mechanik starrer 

Körper” in the same volume has become the pioneer of an immense and most 

attractive field of exploration. He has laid down the principles of Dynamics in 

Non-Euclidian space. One small part of this subject I have endeavoured to 

develop in Chap. xxvi.

W e il e r  (A.)— Ueber die verschiedenen Gattungen der Complexe zweiten Grades. 
Math. Ann., Vol. vii,, pp. 145—207 (July, 1873).

In this elaborate memoir the author enumerates fifty-eight different species of 

linear complexes of the second order. The classification is based upon Kummer’s 

surface, which defines the singularities of the complex. These investigations are of 

importance in the present subject because, to take a single instance, the screws 

of a system of the fourth order form a linear complex of the second order. This 

complex is of a special type included among the 58 species.

Ba l l  (R. S.)—Screw Co-ordinates and their applications to problems in the 
Dynamics of a Rigid Body. Third memoir. Transactions of the Royal 

Irish Academy, Vol. xxv., pp. 259-327 (January 12, 1874).

The progress of the present theory was much facilitated by the introduction of 

screw co-ordinates. The origin and the use of such co-ordinates are here explained. 

It is, however, to be understood that screw co-ordinates, though no doubt arrived 

at independently, ought properly to be regarded as an adaptation for dynamical 

purposes of Klein ’s co-ordinates of a linear complex referred to six fundamental 

complexes, of which each pair are in involution or reciprocal, as we say in the 

terminolog}7 of this volume.
The pitch of a screw a as expressed in terms of its six co-ordinates a1, ... a6 

is where p ... p6, &c. are the pitches of the co-reciprocal screws of reference. 

The virtual coefficient of two screws a and ß is In the dynamical part

of the subject the chief result of this paper is the fundamental theorem that, 

when the six screws of reference are the six principal screws of inertia, then 

p O1) paif ... PiPs are the co-ordinates of the impulsive wrench which will make 

the body commence to move by twisting about the screw a, ... a6 .
This was, perhaps, all that could be desired in the way of a simple connexion 

between an impulsive screw and the corresponding instantaneous screw, so far as 

their co-ordinates were concerned. Long before this paper was published I had 

been trying to find a geometrical connexion between two such screws which would 
exhibit their relation in a graphic manner. But the search was not to be successful 

until the results in the Twelfth Memoir were arrived at.

Ev e r e t t  (J. D.)—On a new method in Statics and Kinematics. (Part I.) 

Messenger of Mathematics. New Series. No. 39 (1874), 45, 53 (1875).

The papers contain applications of quaternions. The operator w  + V<r ( ) is a 

tc motor,” us and <r being vectors, the former denoting a translation or couple, the
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latter a rotation  or force. The pitch is <S ’ ?. The equation to the central axis is 

P  = F -- -  æ <r. 1  he w ork done in a sm all m otion  is  -  - St s^. The existence

of k equations of the first degree betw een n m otors is the condition of their 

belonging to a screw system of the first degree, and of order n-k. Several of 

the leading theorem s in screw s are directly  deduced from m otor equations by the  
m ethods of determ inants.

S t u r m  (R udolf).— Sulle furze in equilibria. D arm stadt, 1875.

This is an interesting geom etrical m em oir in w hich the beautiful m ethods of 

M öbius in his Lehrbuch der Statik have been follow ed up.

B a l l  (R . S.)— The Theory of Screws. A  study  in the D ynam ics of a rigid body. 

D ublin, 8vo., 1876, pp. (1-194).

The substance of this volum e (now  out of print) has been incorporated in the  

present one. The necessity for a new w ork on the subject w ill be apparent from  

these bibliographical notes, from  w hich it w ill be seen how m uch the subject has 

grow n since 1876. It w ill be here sufficient to  give an extract from  the preface.

“The Theory  presented in the follow ing pages w as first sketched by the author 

in a Paper com m unicated to the R oyal Irish  A cadem y on the 13th of N ovem ber 

1871. This Paper w as follow ed by others, in w hich the subject w as m ore fully  

developed. The entire Theory has been re-w ritten, and system atically  arranged, in  

the present volum e.”

“ R eferences are m ade in the foot-notes, and m ore fully in the A ppendix, 

to various authors w hose w ritings are connected w ith the subject discussed in this 

book. I m ust, how ever, m ention specially the nam e of m y friend Professor Felix  

K lein, of M unich, w hose private letters have afforded m e m uch valuable inform a­

tion, in addition to that derived from his instructive m em oirs in the pages of the  

M athem atische A nnalen.”

A n abstract dated N ov. 1875 of the chief theorem s in this book has been  

given in M ath. A nnalen, V ol. ix ., pp. 541-553.

F i e d l e r  (W .)— Geometrie und Geomechanik. Vierteljahr Schrift der natur for sehenden 

Gesellschaft in Zürich (1876), xxi. 186, 228.

This valuable paper should be studied by any one desirous of becom ing  

acquainted w ith the history of the subject. D r Fiedler has presented a critical 

account of the m anner in w hich the Theory  of Screw s has grow n out of the w orks 

of the earlier m athem aticians w ho had applied the higher geom etry to D ynam ics, 

especially C hasles, Poinsot, M obius and Pliicker. The paper contains an account 

of the chief results in the Theory so far as they w ere know n in 1876. M any of 

the investigations are treated w ith m uch elegance, as m ight indeed have been  

expected from a m athem atician so accom plished as the G erm an translator of 

D r Salm on ’s great w orks.

R i t t e r s h a u s  (T .)— Die Kinematische Kette, ihre Beweglichkeit und Zwangläufig 

keit. D er C ivilingenieur, V ol. xxii. (1877).

This is the study  of the kinem atics of three rigid bodies w hereof the first and  

second are hinged together, as are also the second and third. The cylindroid is 

em ployed to obtain m any theorem s. O f course it w ill be understood that the  

“K inem atische K ette” is a conception quite distinct from that of the Screw -chain 

discussed in the present volum e (C hap. xxiv.). In a further paper (Zoc. cit. xxiv. 

1878) the author develops cases in w hich the conditions are of increased  generality .
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C l i f f o r d  (W . K .) Elements of Dynamics. 1878.

In this w ork, designed no doubt to be elem entary but perhaps rather illus­

trating the breadth of view  so characteristic of its gifted author, the fundam ental 

theorem  of the com position of tw ists and w renches by the cylindroid is assigned an  

im portant position at the basis of m echanics.

Sc h e l l  (W .).— Theorie der Bewegung und der Kräfte. 2nd edition. Leipzig, 1879. 

V ol. ii.

This is a com prehensive and valuable treatise on Theoretical D ynam ics. It 

m erits particular m ention here because it contains an excellent exposition in the  

G erm an language of m any of the m ost im portant parts of the Theory of Screw s. 

Part III., Chap, x., pp. 211-235, discusses the Cylindroid and reciprocal Screw s, 

and includes a general account of the properties of the different screw -system s. 

Part IV ., Chap, vm ., gives a general account of the D ynam ical parts of the  

Theory, including the principal Screw s of Inertia and H arm onic Screw s.

B a l l  (R . S.)— Note on the application of Lagrange's Equations of Motion to Pro­
blems in the Dynamics of a Rigid Body. Proceedings of the Royal Irish  

A cadem y. 2nd Ser., V ol. iii., p. 213 (1879).

In  this paper it is show n from Lagrange ’s w ell-know n equations of m otion in  

generalized co-ordinates that if T be the kinetic energy of a body tw isting about a  

screw  w hose n screw co-ordinates referred to any co-reciprocal system w ith pitches 

Pt, ■■■ Pn, are ^n, then the im pulsive w rench w hich w ould have been capable 

of producing  from  rest the actual m otion w hich the body possesses m ust have as its  

coordinates (§ 86)
1 dT 1 dT

Pt d0t" ’ pnd0f

B a l l  (R . S.)— Extension of the Theory of Screws to the Dynamics of any Material 
System. (Fourth M em oir.) Transactions of the Royal Irish A cadem y, V ol. 

xxviii., pp. 99— 136 (1881).

The conception of a screw -chain is here introduced. The screw -chain is a  

geom etrical entity w hich bears to an entire system , no m atter how com plex its  

parts oi' tbeir connexions, the sam e relation w hich a screw beai's to a single rigid  

body. O ne screw -chain can alw ays be found w hich is reciprocal to Gy - 1 screw ­

chains w here p. is the num ber of m aterial parts in the system .

O ne of the chief results obtained show s the extension of the notion of the  

principal screw s of inertia of a single rigid body to a system  of rigid bodies.

Chap. xxiv. of the present volum e contains the essential parts of this m em oir.

Sc h e l l  (W .)— Die sechs Grade der Beweglichkeit eines unveränderlichen Systems. 
Central Zeitung  für O ptik und M echanik, 1881.

H ere is an interesting geom etrical study of the degrees of freedom of a rigid  

body under the several conditions that 1, 2, 3, 4 or 5 of its points shall be con­

strained to lie on given surfaces.

If a force be applied along a norm al to the surface at the point of the body  

w hich is constrained to lie on that surface then that force w ill be counteracted by  

the constraints. Every m otion of the body w hich is possible m ust be a tw ist 

about a screw  reciprocal to a screw  of zero pitch on that norm al.
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C o n stra in t o f th e  m o st g en era l n a tu re  can n o t, h o w ev er, b e so p ro d u ced . It is  

su ffic ien t to m en tio n th a t in th e case o f freed o m  o f th e fif th o rd e r th e sc rew  

rec ip ro ca l to  th e sy stem  m u st h av e ze ro p itch , if th e co n stra in t is o f th e  n a tu re  

su p p o sed  b y  S ch e ll, w h ile  in  th e  g en era l case  th e  p itch  m ay  h av e  an y  v a lu e .

B a l l  (R . S .)— On Homographic Screw Systems. P ro ceed in g s o f th e R o y a l Irish  

A cad em y, S er. 2 , V o l. iii. p . 4 3 5  (1 8 8 1 ).

T h e th eo ry o f H o m og rap h ic S crew s sh o w s th e co n n ec tio n b e tw een ce rta in  

g eo m etrica l th eo rie s o f an ab strac t n a tu re an d D y n am ics . T h e  in tim a te  a llian ce  

. b e tw een  g eo m etry  an d  th e  h ig h e r b ran ch es  o f R ig id  D y n am ics  is illu s tra ted  in  th is  

p ap er. In v a rian t fu n c tio n s o f e ig h t sc rew s a re  s tu d ied , an d  a  g en era lized  ty p e  o f  

h o m o g raph ic  ra tio  in v o lv in g  e ig h t sc rew s is co n sid e red . (S ee C h ap , x ix .)

B a l l  (R . S .)— On the Elucidation of a question in Kinematics by the aid of Non- 

Euclidian Space. R ep o rt o f B ritish  A sso cia tio n , Y o rk , 1 8 8 1 , p . 5 3 5 .

C erta in p ecu lia ritie s  w h ich p resen ted  th em se lv es in  th e  g eo m etrica l rep resen ta ­

tio n  o f th e  sc rew s o f a  th ree -sy s tem  b y  p o in ts in  a  p lan e  a re  h ere  sh o w n  to  b e  d u e  

to th e co n v en tio n s o f E u c lid ian sp ace . T h e sc rew s o f a th ree -sy s tem  in n o n -  

E u c lid ian sp ace can b e a rran g ed in eq u a l p itch h y p erbo lo id s, w h ich h av e e ig h t 

co m m o n p o in ts an d e ig h t co m m o n tan g en t p lanes . In E u c lid ian sp ace th e co r­

re spo n d in g q u ad ric s a re in sc rib ed in a co m m o n te trah ed ro n an d p ass th ro u gh  

fo u r co m m o n  p o in ts as ex p la in ed  in  C h ap . x v .

B a l l  (K . S .) Certain Problems in the Dynamics of a Rigid System moving in 

Elliptic Space. (F ifth  M em o ir.) T ran sactio n s  o f th e R o y a l Irish  A cad em y  

V o l. x x v iii., p p . 1 5 9 -1 8 4  (1 8 8 1 ).

Ilie ch ie f th eo rem  p ro v ed in th is p ap er is , th a t th o u g h  th e  v irtu a l m o m en t o f  

tw o  h o m o n y m o u s v ec to rs is ze ro o n ly  w h en  th e  tw o  v ec to rs a re “  rec tan g u la r,” y e t 

th e  v irtu a l m o m en t o f tw o  h e te ro n y m o u s v ec to rs is a lw ay s  ze ro .

I m ay h ere m en tio n an o th e r m em o ir w h ich b ea rs o n th e sam e su b jec t. T h e  

title  is , On the Theory of the Content.—T ran sactio n s o f th e R o y a l Irish  A cad em y  

V o l. x x ix ., p p . 1 2 3 -1 8 1 (1 8 8 7 ).

In th is it is sh o w n th a t th e o rd e r in w h ich tw o h e te ro n y m o u s v ec to rs in  

e llip tic sp ace a re ap p lied to a rig id sy stem  m ay b e in v e rted w ith o u t a ffec tin g  

th e  re su lt, w h ich is , h o w ev er, n o t a  v ec to r a t a ll. O n  th e o th e r h an d , w h en  tw o  

h o m o n ym o u s v ec to rs in e llip tic sp ace a re  ap p lied to a rig id sy stem , th e  re su lt is , 

in ev e ry  case , a h o m o n y m o u s v ec to r  ; b u t th en th e o rd e r o f ap p lica tio n  co u ld n o t 

b e  in v e rted  w ith o u t ch an g in g  th e  re su lt.

T h ese  p ap ers h av e  co n trib u ted  to  C h ap . x x v i. o f th e  p resen t v o lu m e .

P a d e l e t t i (D in o )— Osservazioni sulla teoria delle dinami (Theory of Screws). 
R en c licon to d e lla R . A ccad em ia d i S c ien ze F is. e N at. d i N ap o li F asc ico lo  
2 ° F eb . 1 8 8 2 .

T h e au th o r h ere g iv es a g en era l acco u n t o f th e  T h eo ry  o f S crew s so  fa r as it  

h ad  b een  d ev e lo p ed  u p  to  1 8 7 6 . T h e m eth o d h e h as em p lo y ed fo r d ed u c in g th e  

eq u a tio n s o f th e  cy lin d ro id is n o v e l an d  in s truc tiv e . T h e  sam e  au th o r in  th e  sam e  

jo u rn a l fo r M ay 1 8 8 2 h as a p ap er en titled , Su un Calcolo nella teoria delle 

dinami analogo a quello del quaternioni.
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Cox (Homersham)— On the application of Quaternions and Grassmann’s Aus­
dehnungslehre to different kinds of Uniform Space. Cambridge Philosophical 

Transactions, Vol. xiii., Part II., pp. 69—143 (1882).

So far as the Theory of Screws is concerned the chief result in this paper is 

the demonstration that the homologue of the cylindroid in non-Euclidian space 

which Lindemann had already shown to be of the fourth degree may be represented 

by the equation

(^« - pf) (w2 + «2) scy =  (1 -  PaPß) (æ2 + ff) wz.

The function known as the sexiant (§ 230) is here generalized into the corre­

sponding function of six screws in non-Euclidian space. It is of course a 

fundamental theorem that a ray crossing two screws of equal pitch meets the 

cylindroid again in a third screw which it cuts perpendicularly (§ 22). This is here 

generalized into the theorem that a transversal across two screws of equal pitch on 

the cylindroid in elliptic space intersects that surface also in two other generators 

which are conjugate polars with respect to the absolute.

I may take this opportunity to observe that the function —— which enters

into the above equation of the surface has an instructive property. If p«. and pp 

be transformed into P,l + m an(j Ppffff reSpectively, where m is different from  
1 + mplk 1 + mpß

unity, then the above function is unaltered. Hence it follows that if the pitch p 

of every screw on a screw-system of the nth order in non-Euclidian space receive 

the transformation into -------then the screws so altered will still constitute an
1 + mp

n-system. Thus we generalize that well-known feature of an «.-system of screws 

in ordinary space which asserts that if the pitches of the screws in an n-system be 

augmented by a constant the screws so altered will remain an n-system. (See 

Proceedings of the Royal Irish Academy, 2nd Series, Vol. iv., p. 256 (1884).)

Pa d e l e t t i (Dino)—Sulla piu semplice forma dell’ equazioni di equilibria di im 

sistema rigido vincolato. Rendiconto della R. Accademia Scienze Fis. e 

Mat. di Napoli, Fascicolo 1°, 1883.

In this short paper the author discusses separately two different cases of 

freedom and by the aid of the reciprocal screw-system gives in each case the 

equations of equilibrium.

H e a t h  (R. S.)— On the Dynamics of a Rigid Body in Elliptic Space. Phil. Trans. 

Part ii., 1884, pp. 281-324.

“ The special features of the method employed are the extensive use of the 

symmetrical and homogeneous system of coordinates given by a quadrantal tetra­

hedron, and the use of Professor Cayley’s co-ordinates in preference to the ‘Rotors’ 

of Professor Clifford to represent the position of a line in space.” The Theory of 

Screws is considered and the nature of the cylindroid in Elliptic Space discussed. 

The general equations of motion referred to any moving axes are then found, and 

in a particular case they reduce to a form corresponding to Euler’s equations. 

When there are no acting forces these equations are solved in terms of the theta- 

functions. This paper lias been already cited in §§ 412, 420.
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B u c h h e im  (A .)— On the Theory of Screws in Elliptic Space. Proceedings of the  
London M ath. Soc., V ol. xiv., p. 83; V ol. xvi., p. 15; V ol. xvii., p. 240; 
V ol. xviii., p. 88.

In  these papers the m ethods of the A usdehnungslehre  of G rassm ann  have been  
applied to the B iquaternions of C lifford. R eference should also  be m ade  to  another 
paper by the sam e author, “A Memoir on Biquaternions.’’ (A m erican Journal of 
M athem atics, V ol. vii., N o. 4, p. 23, 1884.) If A, B be tw o biquaternions they  
determ ine a linear singly infinite series of biquaternions XA + yB w hen Å , p are  
scalars : this set is called a cylindroid, so that if C is any biquaternion of the  
cylindroid A, B w e have C = Å.A + pß. A rem arkable investigation of the  
equation to  this surface in elliptic space is given, and  a generalization of the plane  
representation of the cylindroid is show n. In these w ritings it is the m ethods 
em ployed  that are chiefly noticeable. W e find how ever m uch m ore than is im plied  
by the m odest disclaim er of the lam ented w riter, w ho in the last letter I had from  
him says, “I have been but slaying the slain, i. e. discovering over again results 
obtained by you and C lifford.”

S e g r e  (0.)— Sur une expression nouvelle du moment mutuel de deux complexes 
linéaires. K ronecker ’s Journal, pp. 169-172 (1885).

A  rem arkable form  for the expression of the virtual coefficient of tw o screw s on  
a cylindroid is given in this paper. Translated into  the  term inology of the present 
volum e w e can investigate Segre ’s theorem  as follow s.

Let tw o screw s on the cylindroid m ake angles 0, <f>, w ith  one of the principal 
screw s, w hile the zero pitch screw s m ake angles + a, — a. Let p be the anharm onic  
ratio of the pencil parallel to these foui’ screw s so that

sin  (Ö  —  a) sin  (</> +  a) 

sin  (0 +  a) ’ sin  (</> —  a) ’

Then as usual

Pe - Po. + m cos 2Ö ,

o  =p0 + m cos 2a ; 
w hence

pe = 2 m sin  (a  —  6) sin  (a + 0),

p,(, = 2m sin  (a  —  </>) sin  (a  + f); 
w hence

4m 2 sin 2 (0  —  a) sin 2 (</> +  a) - ppep<p 
Thus

2  m  sin  (0  -  a) sin  (</> +  a) =  Jp Jpep^,

2 m sin  (0 + a) sin  (</> -  a)  =  Jp~' Jp^ ;

adding, w e easily obtain

= i (Jp + V p -1 ) JPeP*-
If therefore w e m ake

P — ®21'> 
w e have as the result Segre ’s theorem  that 

^Jps'JN cos e -

D ’E m il io  (R ).— Gli assoidi nella statica e nella cinematica. Nota su la teoria delle 
dinami. A tti del R eale Istituto V eneto di scienze, (6) iii. 1135-1154  
(1885).

This is an account of the fundam ental law s of the different screw -system s.
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M i n c h i n  (G . M .)— Treatise on Statics. 3 rd  e d itio n , V o l. i i . (1 8 8 6 ).

In  p p . 1 7 — 4 3 o f th is s ta n d a rd  w o rk  th e  T h e o ry  o f S c re w s is  d isc u sse d . A n  

in s tru c tiv e c o n s tru c tio n  fo r  th e  c y lin d ro id  is g iv e n  o n  p . 2 0 . W e m a y  a lso n o te  

th e fo llo w in g th e o re m  p ro v e d o n p . 2 5 , “ I f th e w re n ch o n a n y sc re w  o f th e  

c y lin d ro id is re p la c e d  b y  a  fo rc e a n d  a c o u p le a t th e c e n tre o f th e p itc h -c o n ic  

(c e n tre  o f th e  c y lin d ro id ) th e  a x is o f th is c o u p le w ill l ie a lo n g  th e  p e rp e n d ic u la r  

to  th e  d ia m e te r o f th e  p itc h -c o n ic  w h ic h  is c o n ju g a te  to  th e  d ire c tio n  o f th e  fo rc e —  

o r  in  o th e r  w o rd s , th e  p la n e  o f th e  c o u p le  w ill b e  th a t o f th e  a x is o f th e  c y lin d ro id  

a n d  th is  c o n ju g a te  d ia m e te r .”

S c h ö n f l i e s  (A rth u r)— Geometrie der Bewegung in synthetischer Darstellung, p p . 

1 — 1 9 4 , 8 v o . L e ip z ig , 1 8 8 6 .

T h e  th ird  c h a p te r  o f  th is w o rk , p p . 7 9 -1 9 2 , is  d e v o te d  to  th e  g e o m e tr ic a l s tu d y  

o f  th e  m o v e m e n t o f a  r ig id  sy s te m . T h e  a u th o r u se s th e  w o rd  parameter to  e x p re s s  

w h a t w e  h a v e  d e s ig n a ted  a s  th e  pitch. A s  a n  i l lu s tra tio n  o f th e  th e o re m s  g iv e n  I  

c ite  th e  fo llo w in g  f ro m  p . 9 2 , “  Bewegt sich ein unveränderliches System beliebig im 

Raume, und ist in irgend einem Augenblick eine Gerade desselben senkrecht zur 

Tangente der Bahn eines ih/rer Punkte, so ist sie es zu den Bahntangenten aller 

Punkte
In  th e la n g u a g e o f th e p re se n t v o lu m e  in  w h ic h  th e  d y n a m ic a l a n d  k in e tic a l 

c o n c e p tio n s a re so c lo se ly  in te rw o v e n , th is th e o re m  a p p e a l 's a s fo llo w s . L e ^  tw o  

sc re w s a  a n d  ß b e re c ip ro c a l a n d  le t th e  p itc h  o f a b e z e ro . A  tw is t o f a r ig id  

b o d y  a b o u t ß c a n  d o  n o  w o rk  a g a in st a  fo rc e o n  a. B u t a m a y  b e  c o n s id e re d  to  

a c t o n  th e  r ig id  b o d y  a t a n y  p o in t in  i ts l in e o f a p p lic a tio n . H e n c e  th e  d isp la c e ­

m e n ts  o f e v e ry  su c h  p o in t m u s t b e  p e rp e n d ic u la r to  a .

T h e  fo llo w in g  su g g e s tiv e  th e o re m s m a y  b e  q u o te d  f ro m  p p . 1 1 6 , 1 1 7  :

“ D ie sä m m tlic h e n P u n k te d e s S y s te m s d e re n B a h n e n n a c h e in e m  fe s te n  

P u n k te  D  d e s R a u m e s  g e r ic h te t s in d , l ie g e n  in  je d e m  A u g e n b lic k  a u f e in e r R a u m -  

c u rv e  d ritte r O rd n u n g  0 .”

“ D ie R a u m c u rv e C e n th ä lt d ie u n e n d lic h fe rn e n im a g in ä re n K re isp u n k te  

d e r  z u r A x e  d e r  S c h i-a u b en b e w e g u n g  se n k re c h te n  E b e n e n .”

T h is  w o rk  c o n ta in s  in d ee d  m u c h  th a t i t w o u ld  b e  in te re s tin g  to  q u o te . I  m u s t  

h o w e v e r c o n ten t m y se lf w ith  o n e m o re re m a rk  f ro m  p . 1 5 3 , w h ic h  I  sh a ll g iv e  in  

o u r o w n  te rm in o lo g y . W h e n  a  r ig id  b o d y  h a s f re ed o m  o f th e  se c o n d  o rd e r i t c a n  

o f c o u rse b e tw is te d a b o u t a n y  sc rew  o n  a  c y lin d ro id . S u c h  a  tw is t c a n  a lw ay s  

b e d e c o m p o se d  in to  tw o  ro ta tio n s a ro u n d th e tw o sc re w s o f z e ro p itc h  P a n d  Q. 
T h e ro ta tio n  a ro u n d  P d o e s n o t a lte r P. H e n c e  w h a te v e r b e th e sm a ll d isp la c e ­

m e n t o f th e sy ste m  th e m o v e m e n t o f P c a n n e v e r b e o th e r th a n a ro ta tio n  

a ro u n d  Q, a n d  th e  m o v e m e n t o f Q c a n  n e v e r b e  o th e r  th a n  a  ro ta tio n  a ro u n d  P.

B a l l  (R . S .)— Dynamics and Modem Geometry: a new chapter in the Theory of 

Screws. S ix th  M e m o ir . C u n n in g h a m  M e m o irs  o f th e  R o y a l I r ish  A c a d e m y , 

N o . iv ., p p . 1 -4 4  (1 8 8 6 ) .

W e re p re sen t th e se v e ra l sc re w s o n  th e c y lin d ro id b y  p o in ts o n  th e c irc u m ­

fe re n c e o f a c irc le . T h e a n g le b e tw e e n tw o sc re w s is th e a n g le w h ic h th e ir  

c o rre sp o n d in g p o in ts su b te n d  a t th e c irc u m fe re n c e . T h e  sh o r te s t d is ta n c e  o f a n y  

tw o  sc re w s is  th e  p ro je c tio n  o f th e c o rre sp o n d in g  c h o rd  o n  a  f ix e d  ra y  in  th e  p la n e  

o f th e  c irc le . A n y  c h o rd  p a ssin g  th ro u g h  th e  p o le  o f th is ra y  in te rse c ts  th e .  c irc le  

in p o in ts c o rre sp o n d in g to re c ip ro c a l sc re w s . T h e p itc h o f a n y sc re w  is th e  

d is tan c e  o f i ts  c o r i ’e sp o n d in g  p o in t f ro m  th is  ra y . A  sy s te m  o f p o in ts re p re se n tin g  

in s ta n tan e o u s sc re w s a n d th e c o rre sp o n d in g sy s te m  re p re se n tin g th e im p u ls iv e  

sc re w s a re  h o m o g ra p h ic . T h e  d o u b le  p o in ts o f th e  h o m o g ra p h y  c o rre sp o n d  to  th e
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two principal screws of inertia. This paper is the development of an earlier one. 
See Proceedings of the Royal Irish Academy, 2nd Series, Vol, iv. p. 29. The 
substance of it has been reproduced in Chaps v. and xn. of the present volume.

Ba l l  (R. S.)—On the Plane Sections of the Cylindroid. Seventh Memoir. Trans, 
of the Royal Irish Academy, Vol. xxix., pp. 1-32 (1887).

This is a geometrical study of the cylindroid regarded as a conoidal cubic with 
one nodal line and three right lines in the plane at infinity. Plane sections of the 
cylindroid are shown in plates drawn to illustrate calculated cases. It is shown 
that the chord joining the points in which two reciprocal screws intersect a fixed 
plane envelops a hyperbola which has triple contact with the cubic curve in which 
the fixed plane cuts the cylindroid. See Chap. xni. of the present volume.

I may take this opportunity of mentioning in addition to what has been said 
on the subject of models of the cylindroid in Chap. xm. that very simple and 
effective models of this surface can now be obtained from Martin Schilling. Halle a 
Saale. See his catalogue for Feb. 1900.

Ro b e r t s  (R. A.)—Educational Times, xlvi. 32-33 (1S87).

In this it is shown that under the circumstances described the shadow of the 
cylindroid z (x2 + y2) — 2mxy = 0 on the plane z = 0 exhibits the hypocycloid with 
three cusps.

Ba l l  (R. S.)—A Dynamical Parable, being an Address to the Mathematical and 
Physical Section of the British Association. Manchester, 1887.

This has been given in Appendix n. p. 496. It may be added here that it has 
been translated into Hungarian by Dr A. Seydler, and into Italian by G. Vivanti.

Ta r l e t o n  (F. A.)—On a new method of obtaining the conditions fulfilled when 
the Harmonic Determinant has equal roots. Proceedings of the Royal Irish 
Academy, 3rd Series, Vol. i. No. 1, p. 10 (1887).

This discusses the case of equal roots in the harmonic determinant so important 
in the Theory of Screws as in other parts of Dynamics. It should be studied in 
connection with § 85 of the present volume; also Note n. p. 484. See also 
Zanchevsky, p. 531.

Ba l l  (R. S.)—How Plane Geometry illustrates general problems in the Dynamics oj 
a Rigid Body with Three degrees of Freedom. Eighth Memoir. Transactions 
of the Royal Irish Academy, Vol. xxix., pp. 247-284 (1888).

The system of the third order is of such special interest that it is desirable 
to have a concise method of representing the screws which constitute it. We here 
show that the screws of such a system correspond to the points in a plane. This 
is the development of an earlier paper communicated to the Royal Irish Academy 
in 1881. Proceedings, 2nd Series, Vol. iii., pp. 428-434.

In this method of representation the screws on a cylindroid belonging to the 
system are represented by the points on a straight line. The screws of any given 
pitch will have as their correspondents the points on a certain conic. A pair of 
points conjugate to the conic of zero pitch will correspond to a pair of reciprocal 
screws. The conic which represents the screws of zero pitch, and the conic which 
represents the screws of infinite pitch, will have a common conjugate triangle. 
The vertices of that triangle correspond to the principal screws of the system. It 
is proved that the pitch quadrics of a three-system are all inscribed in a common 
tetrahedron and have four common points on the plane at infinity.
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The points which represent a series of impulsive screws and the points which 

represent the series of corresponding instantaneous screws are homographic. The 

three double points of the homography represent the three principal screws of 

inertia.

The three harmonic screws about any one of which the body would oscillate for 

ever in the vicinity of a position, of stable equilibrium are determined as the 

vertices of the common conjugate triangle of two conics.

This memoir is the basis of Chap. xv. in the present volume.

Hy d e  (E. W.)—Annals oj Mathematics, Vol. iv., No. 5, p. 137 (1888).

The author writes: “I shall define a screw to be the sum of a point-vector 

and a plane-vector perpendicular to it, the former being a directed and posited 

line, the latter the product of two vectors, hence a directed but not posited plane.” 

Prof. Hyde proves by his calculus many of the fundamental theorems in the present 

theory in a very concise manner.

G r a v e l iu s (Harry)— Theoretische Mechanik starrer Systeme. Auf Grund der 

Methoden und Arbeiten und mit einem Vorworte von Sir Robert S. Ball. 
Berlin, 1889. 8vo., p. 619.

The purport of this volume is expressed in the first paragraph of the preface : 

“Das vorliegende Werk stellt sich die Aufgabe, zusammenhängend und als Lehr­

buch die in zahlreichen Arbeiten von Sir Robert Ball geschaffene Theorie der 

Mechanik starrer Systeme darzustellen. Es umfasst somit dem Inhalte nach 
sämmtliche Abhandlungen des Herrn Ball.” Thus the work is mainly a trans­

lation of the Theory of Screws and of the subsequent memoirs up to the date 1889. 

Herr Gravelius has however added much, and his original contributions to the 

theory are specially found in Chap. xix. “ Projective Beziehungen räumlicher 

Schraubengebilde.” I feel very grateful to Herr Gravelius for his labour in render­

ing an account of the subject into the German language.

Za n c h e v s k y  (I.) —  Theory of Screws and its Application to Mechanics, pp. i— xx., 

1— 131. Odessa, 1889.

I must first acknowledge the kindness with which my friend Mr G. Chawner, 

Fellow of King ’s College, has assisted me by translating the Russian in which this 

book is written. I here give some passages from the introduction.

Zanchevsky remarks that in the Theory of Screws I omitted to give a proof of 

the reality of all the roots of the equation of the nth degree which determines the 

principal Screws of Inertia, and then he gives a proof derived from a theorem  

of Kronecker. “Zur Theorie der linearen und quadratischen Formen." Monats­

berichte der Acad. der Wissenschaften zu Berlin, 1868, p. 339. The theorem  is as 

follows. Let U and V be two homogeneous quadratic forms with n variables. If 

the. discriminant of \U + yV when equated to zero gives a single imaginary root 

then no member of the system \U + y.V can be expressed as the sum of n squares. 

We should, however, in this matter refer to the earlier paper of Weierstrass, p. 513. 

From this theorem Zanchevsky proves the reality of the roots of the Harmonic 

Determinant. (See § 85.) Then follows a discussion of the principal Screws of 

Inertia for a constrained system.
Chap. I. contains an exposition of Plilcker’s theory of the linear complex of 

the 1st order. Here will be found the conception of the screw, its co-ordinates, the 

virtual coefficient of two screws, and the connection between the systems of vectors 

which determine reciprocal screws. He remarks that this connection may be 

directly derived from the works of Lornoff.

34— 2
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Chap. ii. is devoted to groups of screw s. H e discusses in detail groups con­

taining three m em bers, investigating some special cases not dw elt on before. H e  

then gives the form ulæ  for w hat are term ed “O blique Co-ordinates.”

In Chap. in. the application of the Theory of Screw s to m echanics is discussed  

and the leading parts of the Theory of Screws in relation to dynam ical problem s 

w ith freedom  of the «th order are set forth, and he adds, “The lack of books on the  

Theory of Screw s both in Russia and  abroad m akes us hope that our w ork w ill be  

received -w ith indulgence.”

B a l l  (R . S.)— The Theory of Permanent Screws. N inth M em oir. Transactions of 

the Royal Irish A cadem y, V ol. xxix., pp. 613— 652. 1890.

U sing Screw -chain co-ordinates an em anent (see Salmon ’s Higher Algebra, 
§ 125, or Elliott’s Algebra of Quantics) is here show n to  vanish. This involves a  

general property of the function T w hich expresses the kinetic energy.

dT dT „
«1 . + Xn -j— =  0.

doc

It is show n that for the perm anent screw -chains,

aaij dxn

The special cases for the different degrees of freedom  of a single rigid body are  

considered in detail. If the rigid body has three degrees of freedom  then there 

are three perm anent screw s, about any one of w hich the body w ill continue to  

tw ist if once set tw isting.

In general, if the body be set tw isting about a screw  0, a restraining w rench 

on some other screw  y w ould be necessary if the m otion w ere to continue as a tw ist 

about 0.
To find y w e em ploy the plane representation. W e construct first a system  

of points hom ographic w ith the points 0. The double points of the hom ography  

are representative of the three perm anent screw s. If w e draw  the ray connecting  

0 w ith  its correspondent, then y is the pole of this ray w ith respect to the conic of 

zero pitch, w hile the pole of the same ray w ith respect to the conic of inertia gives 

the screw  about w hich the acceleration is im parted to 0.
For freedom  of the first and second orders there is only one perm anent screw  ; 

for freedom of the third, fourth, and fifth, there are three perm anent screw s. 

W hen the body is quite free the perm anent screw s are triply infinite. The Theory  

of Perm anent Screw s is given in Chap. xxv.

H e n r ic i (O .)— The Theory of Screws. N ature, xlii. 127-132. London, 1890.

U nder the form  of a review of the w ork of G ravelius (see p. 531) w e have here  

an original and suggestive discussion of the entire subject. Professor H enrici has 

pointed out several prom ising lines along w hich new  departures m ight be taken in  

the further developm ent of the present theory.

K ü p p e r  (C .)— Die Schraubenbewegung, das Nullsystem und der lineare Complex. 
M onatshefte für M athematik und Physik. V ienna,. 1890, pp. 95-104.

In  this the theory of the linear com plex has been developed  from  the Theory of 

Screw s. The object appears to have been to introduce the study of the subject 

into the H igh Schools in G erm any.
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Ca y l e y  (A.)—Non-Eudidian Geometry. Transactions of the Cambridge Philo­

sophical Society, Vol. xv., pp. 37-61 (1894). Read Jan. 27, 1890. See 

also Collected Papers, Vol. xiii., p. 480.

This is perhaps the best paper in the English language from which to obtain a 

general view of the Non-Euclidian Geometry. The development is here conducted 

mainly along geometrical lines. On this account a study of this paper is specially 
recommended in connection with Chap. xxvi. of the present volume.

Bu d d e  (E.)—Allgemeine Mechanik der Punkte und starren Systeme. 2 vols. 8vo. 

Berlin, 1891.

This comprehensive work may be cited in illustration of progress made in the 

use of the Theory of Screws in advanced text-books of Dynamics in Germany. 
There is an excellent account of the theory of the cylindroid in Vol. II., pp. 

596—603. The only exception, and it is a very small one, which I feel inclined to 

take to this part of Professor Budde’s work is that he speaks of the composition of 

Screws. It seems to me better to preserve the notion of a screw as simply a 
geometrical entity and to speak of the composition rather of twists or of wrenches 

on the screws than of composition of the screws themselves. Vol. II. pp. 639-644 

gives an account of the fundamental parts of the theory of reciprocal screw 

systems. The geometrical construction for the cone of screws which can be drawn 

through any point reciprocal to a cylindroid (§ 22), and which was originally given 

in the Theory of Screws, 1876, p. 23, has been here reproduced. A good account 
is also given, Vol. n., pp. 905-908, of the geometrical theory of the restraints of 
the most general type. This subject is developed both by the elegant methods of 

Mannheim and also by those of the Theory of Screws.

Ro u t h  (E. J.)—Treatise on Analytical Statics, Vol. i., 2nd Edition, 1896.

In this standard work several of the fundamental Theorems of the Theory of 

Screws will be found. See pp. 202-208.

K l e in  (F.)—  Nicht-Eudidische Geometrie: Vorlesung. 1889-90. Ausgearbeitet von 

Fr. Schilling. Göttingen, 1893.

This is a lithographed record of Klein’s lectures. It is invaluable to any one 

who desires to become acquainted with the further developments of that remark­

able Theory which is of such great importance in the subject of this volume as in 
so many other departments of Mathematics. The bearing of the Theory of Screws 

in its relation to the Non-Euclidian geometry is discussed by the author.

Bu r n s id e  (W.)—On the Kinematics of Non-Euclidian Space. London Math. Soc. 

Proceedings, xxvi. 33-56, Nov. 1894.

The paper consists of a number of applications of a construction for the 

resultant of two displacements (or motions), the construction being formally 

independent of the nature of the space, Euclidian, elliptic or hyperbolic, in which 

the motions are regarded as taking place.
§ II. of the paper gives the application to elliptic space. The main point 

in this case is to deduce' synthetically, from the construction, the existence of finite 
motions winch correspond to the velocity-systems that Clifford has called right- 

and left-vectors (the Scime words tii'6 here applied to the finite displacements 
themselves). This deduction is materially aided by considering the system of 

equidistant surfaces of a given pair of conjugate lines, the two sets of generators 

on which constitute respectively the right-parallels and the left-parallels of the
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g iv e n p a ir . T n th is w a y th e e x is te n c e o f tw o se ts o f f in ite m o tio n s , e a c h  

in d iv id u a l m o tio n  o f w h ic h  le a v e s  u n c h a n g e d  e a c h o f a d o u b ly - in fin ite  n u m b e r o f  

s tra ig h t l in e s  is d e m o n stra te d  ( th e r ig h t- a n d  le f t-v e c to rs ) . I t is a lso sh o w n  th a t, 

w h e n a r ig h t- ( le f t- ) v e c to r is re p re se n te d a s th e re su ltan t o f tw o ro ta tio n s  

th ro u g h  tw o  r ig h t a n g le s , th e  a x e s o f th e tw o  ro ta tio n s a re le f t- ( r ig h t-) p a ra lle ls . 

H e n c e f ro m  th e o rig in a l c o n s tru c tio n  th e re su lta n t o f tw o  r ig h t- ( le f t- ) v e c to rs  is  

a g a in  a  r ig h t- ( le f t- ) v e c to r .

L a s tly  i t is sh o w n , s till sy n th e tica lly , th a t e v e ry r ig h t-v e c to r is p e rm u ta b le  

w ith  e v e ry  le f t-v e c to i - , th u s p ro v in g in a d iffe re n t w a y  w h a t is g iv e n  in  §  4 2 7  o f  

th is  v o lu m e . S e e a lso  p . 5 2 6 . I t is  a lso sh o w n  th a t th e  la w s a c c o rd in g  to  w h ic h  

r ig h t- ( le f t- )  v e c to rs c o m b in e  to g e th e r  a re  th e  sa m e  a s  th o se  b y  w h ic h  f in ite  ro ta tio n s  

ro u n d  a  f ix e d  p o in t c o m b in e .

T h e re m a in d e r o f § I I . is c o n c e rn e d w ith th e d e te rm in a tio n o f a ll d is tin c t 

ty p e s  o f “ c o n tin u o u s  g ro u p s ” o f m o tio n s  in  e llip tic  sp a c e .

§ I I I . g iv e s th e a p p lic a tio n  o f th e c o n s tru c tio n to h y p e rb o lic sp a c e . H e re  

a tte n tio n  is  f irs t d ire c te d  to  a  ty p e o f d isp la c e m e n t w h ic h  le a v e s  n o  f in ite  p o in t o r  

l in e u n d isp la c e d . I t is a lso sh o w n th a t n o d isp la c e m e n t in h y p e rb o lic sp a c e  

c a n le a v e m o re th a n o n e re a l l in e u n c h a n g e d . T h is fa c t, c o m b in e d w ith th e  

p ro p e r tie s  o f th e  p re v io u sly  m e n tio n e d  sp e c ia l ty p e  o f d isp la c e m en ts , is  th e n  u se d  to  

d e te rm in e  a ll th e  d is tin c t ty p e s  o f c o n tin u o u s  g ro u p s  o f m o tio n  in  h y p e rb o lic  sp a c e .

J o l y  (C . J .)— The Theory of Linear Vector Functions. T ra n sa c tio n s  o f th e  R o y a l  

I r ish  A c a d e m y , V o l. x x x ., p p . 5 9 7 -6 4 7  (1 8 9 4 ) .

In  th is m e m o ir th e c lo se c o n n e x io n b e tw e e n  th e q u a te rn io n  th e o ry  o f l in e a r  

v e c to r fu n c tio n s  a n d  th e  T h e o ry  o f S c re w s  is  d e v e lo p e d . “  T h e  a x e s  o f th e  sc re w s  

o f th e  re su lta n ts o f a n y  w re n c h es  a c tin g  o n  th re e  g iv e n  sc re w s b e lo n g  th e re fo re  to  

o n e o f th e c o n g ru en c ie s o f l in e s tre a te d o f in th e p re se n t p a p e r , a n d e v e ry  

g e o m e tr ic a l re la tio n d e sc r ib e d in i t m a y b e a p p lie d to p ro b le m s in R a tio n a l  

M e c h a n ic s .” A  re m a rk a b le q u in tic su rfac e is d isc o v e re d w h ic h u n d e r c e r ta in  

c o n d itio n s d e g ra d e s in to th e c y lin d ro id . A t th e c lo se o f th e m e m o ir th e  l in e a r  

v e c to r fu n c tio n s e x p re ss in g sc re w -sy s te m s o f th e th ird , fo u r th a n d f if th o rd e rs  

a re  d isc u sse d .

B a l l  (R . S .)— The Theory of Pitch Invariants and the Theory of Chiastic 

llomography. T e n th  M e m o ir . T ra n sa c tio n s o f th e  R o y a l I r ish  A c a d e m y , 

V o l. x x x ., p p . 5 5 9 -5 8 6  (1 8 9 4 ) .

I t  is  sh o w n  th a t if a2 . . . a 6 b e  th e  s ix  c o -o rd in a te s o f a  sc rew  a, w h ile  hlt ... hti 
a re  th e  a n g les  w h ic h a  m a k e s  w ith  th e s ix  c o -re c ip ro c a l sc re w s o f re fe re n c e , th e n  

e x p re ss io n s  o f th e  fo rm

a x  c o s  hx +  . . . +  a 6  c o s

a re in v a r ian ts in th e se n se th a t th e y  a re  u n a lte re d  fo r e v e ry sc rew  o n  th e sa m e  
ra y  a s  a .

I f klt ... Z :6 b e  th e  s im ila r a n g le s fo r  a n y  o th e r  sc re w , th e n

c o s  7 t; c o s  kr c o s  å 2  c o s  k2 c o s  h6 c o s  kf-
Pi p2 + ''' 4 ’

w h e re  pr ... pt a re  th e  p itc h e s o f th e  sc re w s o f re fe re n c e .

I f tw o in s ta n ta n e o u s sc re w s a a n d  ß a n d  th e  c o rre sp o n d in g  im p u ls iv e  sc re w s  

V a n d  c a re so re la te d th a t a is re c ip ro c a l to f , th e n  ß m u s t b e re c ip ro c a l to  y. 
l li is c le a rly  im p lie d th a t th e re m u s t in  a ll c a ses b e so m e re la tio n  b e tw e en  th e  

v ir tu a l c o e ff ic ie n ts a n d T h e  re la tio n  is h e re  sh o w n  to  b e

P* pl3
c o s (a > /)® ß l c o s^ ) 0 7“ ’ -



BIBLIOGRAPHICAL NOTES. 535

In this paper also the notion of chiastic homography is introduced. The 
characteristic feature of chiastic homography is, that every three pairs of corre­

spondents a, y; ß, i; y, C, fulfil the relation

The homography of impulsive and instantaneous systems is chiastic, and the 

relation has other physical applications. The substance of this paper has been 

reproduced in Chaps, xx. and xxi. of the present volume.

Ap pe l l  (B.) Sur le Cylindroide. Revue de mathématiques speciales, 5th year, 

1895, pp. 129, 130.

It had been shown in the Theory of Screws, 1870, that the projections of any 

point on the generators of a cylindroid form an ellipse. Appell lias here shown 
conversely that if the projections of a point on the generators of a conoxdal surface 
lie on a plane curve, then the conoid can be no other than a cylindroid. Ro u b a d i 
(O-)> PP- 181—183 of the same volume, gives some further geometrical investigations 

about the cylindroid.

We may now enunciate a theorem still more general, that if the projections of 

every point on the generators of a ruled surface other than a cylinder are to form  

a plane curve then that curve must be an ellipse and the ruled surface must be 

the cylindroid (see p. 20).

Ba l l  (R. S.)—  Further Development of the Relations between Impulsive Screws 
and Instantaneous Screws. Eleventh Memoir. Transactions of the Royal 

Irish Academy, Vol. xxxi., pp. 99-144 (1896).

It is shown that when y is the impulsive screw and a the instantaneous screw, 

the kinetic energy of the mass M twisting about a with a twist velocity a is

J/å3 —
COS (a?/)

The twist velocity acquired by a given impulse is proportional to

COS (ay)

Pa

There is a second general relation, besides that proved in the last Memoir, 

between two pairs of impulsive screws y, %, and their corresponding instantaneous 

screws a, ß for a free rigid body.
This relation is as follows

— ; cos (ßy) + —^Tßt\ cos (“£) = 
cos (ay) cos (pf)

The following theorem is also proved.
If two cylindroids be given there is, in general, one, and only one, possible 

correlation of the screws on the two surfaces, such that a rigid body could be 

constructed for which the screws on one cylindroid would be the impulsive screws, 

and their correspondents on the other cylindroid the instantaneous screws.

Ko t e l n ik o f  (A. P.)— Screws and Complex Numbers Address delivered 5th May 
1896. Printed (in Russian) by order of the Physical Mathematical Socie y 

in the University of Kazan.

After an introduction relating to the place of the Theory of Screws in
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D ynam ics the author in troduces the com plex num bers called B iquaternions by  

C lifford. A gain, M r C haw ner translates :

The m oie I studied these num bers the m ore clearly I grasped tw o properties  

in them  to w hich I assign very great im portance. First I found that I had only  

to nave recourse to a little artifice to  m ake the Theory of B iquaternions perfectly  

analogous, nay, perfectly identical, w ith  the Theory  of Q uaternions. I found that 

I had only to in troduce the idea of the functions of com plex num bers of the form  

“  +  0,6 w here " is a sym bol w ith the property  o?  =  0 and at once all form ulæ  in the  

Theory  of Q uaternions could be  regarded  as form ulæ  in  the  Theory  of B iquaternions. 

Second, I found that to the various opei'ations in biquateriiions there correspond  

various, m ore or less valuable, constructions of the Theory  of Screw s, and  conversely  

that to the constructions of the Theory  of Screw s, w hich are so im portant to us, 

there correspond various operations w ith biquaternions. To these results I attach  

great im portance. Thanks to biquaternions I can produce perfect parallelism  

betw een the constructions and theorem s of the Theory of V ectors and those of the  

Iheory of Screw s. This I call the Theory of Transference and devote a great 

part of m y book to  it.” (Theory of V ectors K asan, 1899.)

«•n??e a ^S° m ent'onK/^e  Screw  Integrals of certain differential equations and  says, 

If ri  om  tw o  screw  in tegrals corresponding  to tw o  given screw s (w e w ill call them  

“ and ß) w e construct a th ird w ith  the aid of Poisson ’s brackets, then the screw  of 

the latter w ill be the vector product of the screw s a and ß of the  given  in tegrals. 

This circum stance allow s us to use biquateriiions in order to investigate the  

properties of screw  in tegrals and their groups.”

B a l l  (R . b.) Ike Twelfth and concluding Memoir on the Theory of Screws, with 

a Summary of the Twelve Memoirs. Tw elfth M em oir. Transactions of the  

R oyal Irish A cadem y, V ol. xxxi., pp. 145-196  (1897).

A t last I succeeded in accom plishing w hat I had attem pted from the first, 

could not develop the com plete theory until I had obtained a geom etrical m ethod  

tor finding the instantaneous screw  from  the im pulsive screw . This has been set 
forth m  th is M em oir, and in C hap. xxn. of th is volum e.

R e n é  d e  S a u s s u r e .— Principles of a new Line Geometry. C atholic U niversity  

B ulletin , Jan. 1897, V ol. iii. N o. 1. W ashington, D .C .

The distance and the angle betw een tw o rays are here represented as a single 

com plex quantity know n as the Distangle, P + QI, w here I is a geom etrical unit 

sym bol like V - 1. The quantity (P+Q 1)^-1 w iH fee regarfled as the angular 

m easure of the sam e in terval and w ill be know n as the codistangle form ed by the  

tw o lines. A  Codistangle is a com plete representation of a w rench, and the law s 

ot the com position of w renches are obtained.

M °A u l a y  (A lex.)— Octonions, a development of Clifford’s Bi-quaternions. 8vo„  

pp. l-2o3. C am bridge (1898),

A ? °ctonion ’s a Q uantity  w hich requires for  its specification  and  is com pletely  

specified by  a m otor and tw o scalars of w hich one is called its ordinary scalar and  

the othor its convert. The axis of the m otor is called the axis of the octonion.” 

In  C hap. v. a large num ber of exam ples are given of the applications of O ctonions 

to the Theory  of Screw s. M any of the w ell-know n theorem s in the subject are  

presented in an in teresting m anner. A discussion of Poinsot’s theory of rota­

tion is also given by the octonion m ethods. O n p. 250 M r M 'A ulay  has kindly  

pointed out that the “ reduced w rench” is a conception w hich cannot have place in
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th e  s p e c ia l c a se  w h e n  tw o  re c ip ro c a l s c re w -s y s te m s  h a v e  a  s c re w  in  c o m m o n . I  h a d  
o v e r lo o k e d th is e x c e p tio n (§ 9 6 ) . T h e e x is te n c e o f n re a l p r in c ip a l s c re w s o f  
in e r tia  o f a  r ig id  b o d y  w ith  n d e g re e s o f f re e d o m  is p ro v e d  a ls o b y  O c to n io n s , 
p , 2 4 8 , a n d  a lso  th e  n h a rm o n ic  s c re w s , p . 2 4 8 .

J o l y  (C . J .)— The Associative Algebra applicable to Hyperspace. P ro c e e d in g s o f  
th e  R o y a l I r is h  A c a d e m y , 3 rd  S e r ., V o l. v ., N o . 1 , p p . 7 3 -1 2 3  (1 8 9 8 ) .

T h e a lg e b ra c o n s id e re d in  th e p re s e n t p a p e r is th a t w h e re u n its in i2...iH 
s a tis fy  e q u a tio n s o f th e  ty p e  % 2  =  -1  a n d  i,it + iti, =  0 . In  th is  p ro fo u n d  m e m o ir  
th e re  is a  d is c u ss io n  o f th e T h e o ry  o f S c re w s in  a  s p a c e o f m d im e n s io n s . W e  
le a rn th a t “ w h e n a s y s te m  c o m p o u n d e d f ro m  m s c re w s is d e f in e d b y  a l in e a r  
fu n c tio n  ( /) , th e re c ip ro c a l s y s te m  is d e f in e d  b y th e n e g a tiv e o f th e c o n ju g a te  
o f th a t fu n c tio n ( - / ')■” T h e  c a n o n ic a l re p re s e n ta tio n  o f a  s c re w  in  H y p e rsp a c e  
is  g iv e n  a n d  th e  v e c to r  e q u a tio n  to  th e  lo c u s  w h ic h  is  th e  a n a lo g u e  o f  th e  c y lin d ro id .  
T h e  fo llo w in g  re s u lt , p . 1 0 6 , is  o f m u c h  in te re s t . “  T h u s  in  s p a c e s  o f  e v e n  o rd e r , th e  
g e n e ra l d is p la c e m e n t o f a  b o d y  m a y  b e  e f fe c te d  b y  ro ta tio n s  o f d e f in ite  a m o u n ts  in  
a  n u m b e r  o f d e f in ite  h y p e r-p e rp e n d ic u la r  p la n e s , o n e  d e te rm in a te  p o in t b e in g  h e ld  
f ix e d ■ in s p a c e s o f o d d  o rd e r , a  tra n s la tio n a l d isp la c e m e n t m u s t b e  a d d e d  to  th e  
g e n e ra liz e d  ro ta tio n  ; b u t b y  p ro p e r  c h o ic e  o f b a s e -p o in t th is  d is p la c e m e n t m a y  b e  
m a d e  p e rp e n d ic u la r to  a ll th e  p la n e s o f ro ta tio n .” T h is re m a rk  is i l lu s tra te d  b y  
th e w e ll-k n o w n  la w s o f th e d is p la c e m e n t o f a b o d y  in  tw o  o r th re e  d im e n s io n s  

re s p e c tiv e ly .

J o l y  (C . J .)— B is h o p L a w ’s M a th e m a tic a l P r iz e E x a m in a tio n  in  th e  U n iv e rs ity  
o f D u b lin , M ic h a e lm a s , 1 8 9 8 .

M a n y o f S ir W illia m H a m ilto n ’s d is c o v e r ie s in q u a te rn io n s w e re f ir s t 
a n n o u n c e d  in  q u e s tio n s w h ic h h e p ro p o s e d  f ro m  t im e to  t im e a t th e L a w  P r iz e  
e x a m in a tio n . T h is  is , s o  fa r  a s  I  k n o w , th e  o n ly  e x a m in a tio n  in  w h ic h  q u a te rn io n  
p ro b le m s a re  s til l h a b itu a lly p ro p o s e d . P ro fe ss o r C . J . J o ly  in  th e L a w  P r iz e  
p a p e r  fo r  1 8 9 8  h a s  g iv e n  th e  fo llo w in g  q u e s tio n s c o n ta in in g  a p p lic a tio n s  o f Q u a te r ­

n io n s  to  th e  T h e o ry  o f S c re w s .

(a )  T h e o r ig in  b e in g  ta k e n  a s b a s e -p o in t, le t p a n d  Å  d e n o te  th e  c o u p le  a n d  

th e  fo rc e  o f a n y  w re n c h , th e n  th e  tra n s fo rm a tio n

A A A

c o n ta in s P o in so t ’s  th e o re m  o f th e  C e n tra l M o m e n t.

(6) p = V + x (A , +  s X 2 )
x  '  A i 4 - S A 2

is th e v e c to r e q u a tio n o f a ru le d  s u r fa c e ( th e c y lin d ro id ) fo rm e d b y  th e  c e n tra l  
a x e s  o f w re n c h e s  c o m p o u n d e d  f ro m  tw o  g iv e n  w re n c h e s ( /* „ X J  a n d  ( /j 2 , Å 2 ) .

(c ) T h e fo rm  o f th is e q u a tio n s h o w s th a t th e lo c u s o f th e fe e t o f p e r ­
p e n d ic u la rs  d ro p p e d  f ro m  a n  a rb itra ry  p o in t o n  th e  g e n e ra to rs  o f a  c y lin d ro id  is a  

c o n ic  s e c tio n .

(d) I f Å ) is a n y  w re n c h  c o m p o u n d e d  f ro m  th re e  g iv e n  w re n c h e s A ,) , 
Å .,) , a n d (p3, X j, th e c o u p le o f th is w re n c h is a d e te rm in a te l in e a r v e c to r  

fu n c tio n  o f th e  fo rc e , o r p < £ A , a n d  th e  fu n c tio n  < /> a d e q u a te ly  d e f in e s th is ‘ th re e -  

s y s te m ’ o f w re n c h e s .
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(e) Examine the scalar and vector parts of the quaternion </>Å. X-1. Show 
that the pitch of any wrench of the system is inversely proportional to the square 
of that radius of a certain quadric which is parallel to its axis; also that the locus 
of feet of perpendiculars drawn from the origin to the central axes of the system 
is a surface (Steiner’s Quartic) containing three double lines intersecting in the 
origin.

(/) The screws (/z, Å) and (//, Å') being reciprocal if SpX + Shp = show 
that the screws reciprocal to the system p = </>X belong to the system p = - 
or that a linear vector function and the negative of its conjugate determine, 
respectively, a 1 three-system ’ of screws and its reciprocal ‘three-system.’

Two other theorems communicated to me by Professor Joly may also find a 
place here.

If a body receive twists about four screws of a three-system and if the ampli­
tude of each twist be proportional to the sine of the solid angle determined by the 
dii-ections of the axes of the three non-corresponding screws, then the body after 
the last twist will have regained its original position.

If four wrenches equilibrate and if their axes are generators of the same system 
of a hyperboloid, their pitches must be equal.

Wh it e h e a d  (A. N.)—Universal Algebra, Vol. i., Cambridge (1898), pp. i-xxvi, 
1-586.

It would be impossible here to describe the scope of this important work, the 
following parts of which may be specially mentioned in connection with our present 
subject.

Book v. Chap. i. treats of systems of forces, in which the inner multiplication 
and other methods of Grassmann are employed. Here as in many other writings 
we find the expression Null lines, and it may be remarked that in the language of 
the Theory of Screws a null line is a screw of zero pitch.

Chap. ii. of the same book contains a valuable discussion on Groups of 
Systems of Forces. Here we find the great significance of anharinonic ratio in 
the higher branches of Dynamics well illustrated.

Chap. in. on Invariants of Groups continues the same theories and is of much 
interest in connection with the Theory of Screws.

Chap. iv. discusses among other things the transformation of a quadric into 
itself, and is thus in close connection with Chap. xxvi. of the present volume.

Whitehead’s book should be specially consulted in the Theory of Metrics, 
Book vi. The Theory of Forces in Elliptic Space is given in Book vi. Ch. 3, in 
Hyperbolic Space in Book vi. Chap. 5, and the Kinematics of Non-Euclidian Space 
of all three kinds in Book vi. Chap. 6. There are also some passages of importance 
in Statics in Book vn. Chaps. 1 and 2, Book vm. Chap. 4, and on Kinematics in 
Book vii. Chap. 2 and Book vm. Chap. 4. The methods of Whitehead enable 
space of any number of dimensions to be dealt with almost as easily as that of 
3 dimensions.

St u d y  (E.)—Eine neue Darstellung der Kräfte der Mechanik durch geometrische 
Figuren. Berichte über die Vei’handlungen der königlich-sächsischen 
Gesellschaft der Wissenschaften zu Leipzig. Mathematisch-physische 
Classe, Vol. li., Part ii ., pp. 29-67 (1899).

This paper is to develop a novel geometrical method of studying the problems 
referred to.
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Ca r d in a a l  (J.) The representation of the screws of Ball passing through a point or 
lying in a plane according to the method of Caporali. Koninklijke Akademie 

van Wetenschappen te Amsterdam, 23rd Feb. 1899.

This is a development of a lecture before the Gesellschaft deutscher Natur­
forscher und Aerzte, Düsseldorf (Sept. 1898). The object of this memoir is to 
obtain from the principles of the Theory of Screws a representation of the rays of 
a certain quadratic complex treated of by R. Sturm and Caporali. See Sturm s 
Liniengeometrie, iii. pages 438-444. See also a paper by Cardinaal, “ Uber die 
Anwendung der Caporali’schen Abbildung des Strahlencomplexes zweiten Grades 
auf die Bewegung eines starren Körpers mit Freiheit vierten Grades,” Jahresbencht 
der Deutschen Mathematiker-Vereinigung, vii. 1. This is the lecture above referred 

to, and it should be studied in connection with the geometrical theory of screw­

systems of the fourth order.

Jo l y  (C. J.)—Asiatics and quaternion functions. Proceedings of the Royal Irish 

Academy, 3rd Series, Vol. v. No. 3 (pp. 366-369), 1899.

St u d y  (E.)—Die Geometrie der Dynamen. Deutsche Mathematiker-Vereinigung 
vni. 1, 1900.
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